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PREFACE, 

.  ,.    , — * — 

The  present  book  may  be  regarded  as  in  many  respects 
an  enlarged  edition  of  the  authors'  Text  Bogh  of  Statics. 
It  now  includes  most  of  those  portions  of  Statics  which  can 
be  satisfactorily  treated  without  the  use  of  higher  analytical 
methods.  The  earlier  chapters  can  still  be  read  by  students 
having  little  or  no  knowledge  of  Trigonometry,  as  the  few 
instances  in  which  trigonometrical  expressions  occur  involve 
practically  nothing  more  than  the  mere  definitions  of  the 
sine, '  cosine,  and  tangent.  We  are  indebted  to  Mr.  A. 
Cracknell,  M.A.,  who  is  responsible  for  the  later  chapters. 
These  deal  with  the  general  conditions  of  equilibrium  of 
forces  in  one  plane ;  the  principles  of  virtual  work  and 
virtual  velocities,  the  laws  of  friction,  and  the  centres  of 
gravity  of  such  bodies  as  circular  arcs,  spherical  zones, 
and  the  like. 

Although  "Virtual"  Work  thus  forms  a  separate  chapter, 
the  Principle  of  Work  is  freely  employed  throughout  the 
book  as  furnishing  verifications  or  alternative  proofs  of 
results  which  have  been  established  independently.  Those 
Who  wish  to  omit  all  considerations  relating  to  Work  till 
the  end  will  have  no  difficulty  in  doing  so,  as  the  sections 
in  question  have  been  kept  distinct  and  can  readily  be 
picked  out  by  their  headings.  We  may,  perhaps,  call 
attention  to  the  modification  of  Newton's  proof  of  the 
Parallelogram  of  Forces,  which  will,  we  think,  be  found 
more  instructive  than  most  "dynamical"  proofs,  which 
generally  practically  consist  in  the  mere  statement  that  the 
proposition  is  included  in  Newton's  Second  Law. 

Two  sizes  of  type  are  used,  all  the  important  bookwork 
being  printed  in  the  larger  type,  while  hints,  explanations, 
examples,  alternative  proofs,  and  a  few  of  the  less  impor- 
tant theorems   are  printed  in  smaller   type.      The   more 
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fundamental  propositions — such  as  the  Parallelogram  of 
Forces — have  their  numbers  as  well  as  their  headings  printed 
in  dark  type  (thus  — 136).  These  the  student  should  be 
be  able  to  reproduce  from  memory. 

The  "  Summaries  of  Results"  at  the  end  of  each  chapter 
are  intended  to  facilitate  a  final  revision  of  the  whole 
subject,  but  they  must  only  be  used  with  great  caution 
when  the  text  has  been  thoroughly  mastered. 

Where  results  are  given  as  corollaries,  it  is  not  in  most 
cases  sufficient  in  proving  them  to  quote  the  result  of  the 
proposition  on  which  they  depend;  the  student  will  do  well 
to  write  out  complete  proofs,  employing,  as  far  as  desirable, 
the  same  methods  of  proof  as  are  used  for  the  propositions 
themselves. 

In  the  letterpress,  letters  which  denote  points  in  figures 
are  printed  thus — P,  Q,  so  that  PQ  will  denote  a  line  and 
PQR  an  angle  or  a  triangle.  Letters  denoting  algebraic 
magnitudes,  such  as  forces,  are  printed  in  ordinary  italics 
thus — P,  Q,  so  that  PQ  and  PQR  denote  products  of  two 
and  three  algebraic  quantities,  respectively.  In  a  few  of 
the  figures  this  rule  has  not  been  adhered  to  where  no 
confusion  is  likely  to  arise. 

It  is  hoped  that  the  earlier  chapters,  which  have  been 
taken  almost  intact  from  the  Text  Booh  of  Statics  (now  out 
of  print)  will  appeal  to  the  same  class  of  readers  who 
formerly  used  the  latter  book,  and  that  the  additional 
matter  will  render  the  book  serviceable  to  those  students 
who  wish  to  pursue  the  subject  further. 

October,  1896. 
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PART     I. 

EQUILIBRIUM  OF  FORGES  AT  A  POINT. 


CHAPTER    I. 


THE   PARALLELOGRAM   OF   FORCES. 

1.  Statics  is  that  branch  of  Mechanics  which  deals 
with  forces  applied  to  a  body  or  a  number  of  bodies  at 
rest. 

For  the  present  we  shall  only  consider  the  properties  of 
forces  applied  to  a  single  particle.  In  Chap.  IV.  we  shall 
treat  of  forces  acting  on  a  body  of  extended  size. 

2.  Force  is  defined  as  that  which  changes  or  tends  to 
change  a  body's  state  of  rest  or  motion. 

A  particle  is  a  body  whose  size  is  so  small  that  it  may 
be  regarded  as  a  quantity  of  matter  collected  at  a  single 
point. 

3.  Two  forces  are  said  to  be  equal  if,  when  they  are 
applied  to  the  same  body  for  equal  intervals  of  time,  they 
tend  to  impart  the  same  velocity,  or  change  of  velocity,  to 
the  body. 

If  one  force  imparts  double  the  change  of  velocity  that 
would  be  imparted  on  the  same  body  in  an  equal  interval 
of  time  by  another  force,  the  first  force  is  said  to  be  double 
the  second,  and  so  on.  Thus  forces  are  proportional  to 
the  velocities  they  would  impart  to  the  same  body  in 
equal  intervals  of  time.  In  this  way  different  forces  may 
be  compared,  and  the   magnitude   of   a   force   may   be 
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measured  in  terms  of  any  force  which  is  chosen  as  the 
standard  or  "  unit  of  force." 

The  direction  of  a  force  is  defined  as  the  direction  of 
the  velocity  which  it  tends  to  impart  to  the  body  on 
which  it  acts. 

Thus  force  is  characterized  by  having  both  magnitude 
and  direction. 

4.  When  a  force  is  applied  to  start  a  body  from  rest,  the  actual 
distance  traversed  in  any  time  is  proportional  to  the  force*,  and  the 
actual  direction  of  motion  is  the  direction  of  the  force.  Thus,  if  a 
body  initially  at  rest  is  pulled  with  a  force  of  2  lbs.,  it  will  move  in  the 
direction  in  which  it  is  pulled,  and  the  distance  which  it  will  move 
over  in  one  minute  will  be  twice  what  it  would  move  over  if  pulled 
by  a  force  of  1  lb.  for  the  same  time. 

5.  Equilibrium. —  Resultant  force.  —  If  two  equal 
forces  act  on  the  same  particle  in  exactly  opposite  direc- 
tions, the  motion  which  one  force  tends  to  impart  is 
exactly  the  reverse  of  that  which  the  other  tends  to 
impart.  The  particle  cannot  move  in  opposite  directions 
at  the  same  time,  and  there  is  no  reason  why  it  should 
move  in  one  direction  rather  than  the  other.  Hence  it 
will  remain  at  rest,  and  the  two  forces  will  be  said  to 
balance,  or  be  in  equilibrium. 

When  several  independent  forces  are  applied  simulta- 
neously to  a  single  particle  at  rest,  the  particle  may  either 
remain  at  rest  or  begin  to  move  in  some  direction. 

If  it  remains  at  rest,  the  forces  are  said  to  balance,  or 
be  in  equilibrium. 

If  it  starts  into  motion  in  any  direction,  this  motion 
must  be  the  same  as  would  be  produced  by  a  certain 
single  force  of  suitable  magnitude  applied  in  that  direc- 
tion. This  force  is  called  the  resultant  of  the  several 
forces. 

Conversely,  any  forces  which  have  a  given  force  for 
their  resultant  are  called  components  of  the  given  force. 

It  should  not  be  forgotten,  however,  that  forces  are  in  equilibrium 
when  the  body  on  which  they  act  moves  uniformly  in  a  straight  line 
just  as  well  as  when  it  is  at  rest. 

*  This  follows  at  once  from  the  equations  of  dynamics     P  =  mf,     s  =  \fP. 
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6.  Systems  of  forces.  —  The  forces  with  which  we 
shall  deal  in  Statics  will  always  be  supposed  to  be  kept 
in  equilibrium.  But  it  is  often  necessary  to  consider 
the  properties  of  some  of  the  forces  apart  from  the  rest. 
Any  number  of  forces  may  be  called  a  system  of  forces, 
and  may  subsequently  be  referred  to  as  "the  system"  to 
avoid  repeatedly  specifying  what  forces  are  meant. 

When  a  number  of  forces  have  a  resultant  we  may 
reduce  them  to  a  system  in  equilibrium  by  applying  an 
additional  force  equal  and  opposite  to  that  resultant. 
For  the  whole  system  is  then  equivalent  to  two  equal  and 
opposite  forces  (viz.,  the  original  resultant  and  the  added 
force),  and  is  therefore  in  equilibrium.  This  additional 
force  is  sometimes  called  the  equilibrant. 

Conversely,  when  any  number  of  forces  are  in  equili- 
brium, each  force  is  equal  and  opposite  to  the  resultant 
of  all  the  rest  taken  together. 

7.  Point  of  application  of  a  force. — The  conditions 
of  equilibrium  of  a  system  of  forces  do  not  depend  on  the 
nature  and  mass  of  the  body  on  which  they  act,  but  only 
on  the  forces  themselves.  We  may,  therefore,  speak  of  a 
force  as  acting  at  a  point,  meaning  a  force  "  applied  to 
any  particle  placed  at  that  point."  And  the  point  of 
application  of  the  force  is  "  the  point  at  which  the 
particle  acted  on  by  the  force  is  situated." 

These  must,  however,  he  regarded  merely  as  ahbreviations,  for 
force  can  only  act  where  there  is  matter  for  it  to  act  on. 

8.  Statical  units  of  force. — 'The  forces  which  occur 
most  frequently  in  Statics  are  those  due  to  weight.  Hence 
the  most  convenient  statical  unit  of  force  is  the  weight  of 
a  pound,  and  this  we  call  "  a  force  of  1  lb."  Larger  forces 
may,  however,  be  measured  in  hundredweights  or  tons. 

If  the  French  system  of  weights  and  measures  is  used, 
the  statical  unit  of  force  will  be  the  weight  of  a  gramme 
or  of  a  kilogramme  (1,000  grammes),  according  to  which 
is  the  most  convenient. 

Thus,  in  Statics,  forces  are  always  measured  in  gravitation 
units  unless  otherwise  stated. 


4  STATICS. 

9.  Forces  may  be  represented   by  straight  lines. 

— In  order  to  define  a  force  statically,  it  is  necessary  to 
specify  (i.)  its  point  of  application, 

(li.)  its  direction, 
(iii.)  its  magnitude. 
All  these  data  will  be  specified  by  a  straight  line  of 
finite  length,  provided  that 

(i.)  the  line  is  drawn  from  the  point  of  application 

of  the  force, 
(ii.)  it  is  drawn  pointing  in  the  direction  of  the  force, 
(iii.)  its  length  is  proportional  to  the  magnitude  of 
the  force. 
Such  a  straight  line  is  said  to  represent  the  force. 
The  sense  of  the  direction  may  be  shown  by  an  arrow 
drawn  on  or  by  the  side  of  the  line,  or  by  the  order  of  the 
letters  used  in  naming  the  line.     Thus  AB  represents  a 
force  acting  from  A  towards  B,  BA  a  force  acting  from  B 
towards  A. 

10.  On  the  choice  of  a  scale  of  representation.  -  In  order 

that  the  length  of  a  straight  line  may  represent  the  magnitude  of  a 

force,  the  line  should  properly  contain  as  many  units  of  length  as  the 

force  contains  units  of  force.     Thus,  if  a  line  1  inch  long  represents 

a  force  of  1  lh.,  a  line  2  inches  long  will  represent  a  force  of  2  lbs., 

and  so  on.     Very  often,  however,  it  is  necessary  to  adopt  some  other 

scale  of  representation  suggested  by  the  conditions  of  the  problem. 

We  may  so  choose  the  scale  of  representation  that  one  of  the  forces  is 

represented  by  a  straight  line  of  any  length  we  please.     When  this  has 

been  done,  a  line  of  double  that  length  will  represent  double  that 

force,  and  so  on,  so  that  the  lines   representing  all  other  forces  will 

be  fully  determined. 

[Thus  it  might  be  convenient  for  some  reason  to  agree  to  represent  a 
force  of  7  lbs.  by  a  length  of  ^  inch.  On  this  scale  a  length  of  \  inch 
would  represent  a  force  of  14  lbs.,  and  so  on.] 

11.  It  is  often  necessary  to  represent  a  force  in  magnitude  and 
direction  only  by  a  straight  line  not  drawn  from  its  point  of  applica- 
tion. A  force  will  be  represented  to  this  extent  by  any  straight  line 
drawn  equal  and  parallel  to  the  line  which  fully  represents  it,  for 
parallel  straight,  lines  are  to  be  regarded  as  having  the  same  direction. 
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12.    THE    PARALLELOGRAM    OP    FORCES.— 

If  two  forces  acting  on  the  same  particle  be  repre- 
sented by  two  adjacent  sides  of  a  parallelogram, 
drawn  from  their  point  of  application,  their  resul- 
tant shall  be  represented  by  the  diagonal  of  the 
parallelogram  drawn  from  that  point. 

Let  two  constant  forces  P,  Q  be  applied  to  a  particle  at 
rest  at  A,  in  directions  AB,  AD,  respectively. 

Let  AB  be  the  distance  the  particle  would  traverse  in 
a  given  time  t  if  it  were  set  in  motion  by  the  constant 
force  P  alone. 

Let  AD  be  the  distance  traversed  in  the  same  time  if 
acted  on  similarly  by  Q  alone. 

Complete  the  parallelogram  ABGD,  and  join  AG. 

Then  shall  AG  be  the  distance  traversed  by  the  particle 
in  the  time  t  if  set  in  motion  by  both  forces  P,  Q  acting 


on  it  simultaneously  in  directions  parallel  to  AB,  AD, 
respectively. 

Also  AB,  AD  shall  represent  the  forces  P,  Q,  and  AG 
shall  represent  their  resultant  on  the  same  scale. 

(i.)  For,  since  the  force  Q  always  acts  parallel  to  the 
line  BG,  it  can  have  no  effect  in  changing  the  rate  at 
which  the  particle  approaches  BG  in  consequence  of  the 
other  force  P.  Therefore  the  particle  will  reach  the  line 
BG  in  the  same  time,  whether  the  force  Q  be  applied  or 
not.  Therefore  at  the  end  of  the  time  t  it  must  be  some- 
where in  the  line  BG. 

Similarly  it  must  be  somewhere  in  DG. 
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Therefore  it  must  be   at   C,   the   intersection    of    BC 
and  DC. 

That  is,  AC  is  the   distance  actually  traversed  in  the 
time  t. 

D  c 


(ii.)  Hence  the  resultant  of  P  and  Q  must  be  that  force 
which  would  move  the  particle  from  rest  along  AC  in  the 
time  t.     It  must  therefore  act  in  the  direction  AC. 

And  since  the  distance  traversed  in  the  given  time  t  by 
a  particle  starting  from  rest  is  proportional  to  the  force 
acting  on  it  (§  4),  therefore  AB,  AD,  AC  are  proportional 
to  P,  Q  and  their  resultant. 

That  is,  AB  represents  P,  AD  represents  Q,  and  AC 
represents  the  resultant  of  P  and  Q,  all  on  the  same  scale. 

Therefore  fhe  resultant  is  represented  by  the  diagonal  of  the 
parallelogram  whose  sides  represent  the  two  forces*  [Q.E.D.] 


13.  Experimental  verification  of  the  Parallelogram 
of  Forces. 

(a)  Mechanical  Details.  —  Take  three  strings;  knot 
them  together  in  a  point.  To  their  ends  attach  any  three 
weights  P,  Q,  /?,  say  P,  Q,  B  lbs.,  respectively  (any  two  of 
which  are  together  greater  than  the  third).  Allow  one 
string  to  hang  freely  with  its  suspended  weight  /?,  and 
pass  the  other  two  over  two  smooth  pulleys  //,  K,  fixed  in 
front  of  a  vertical  wall  (Fig.  2). 

(6)  Geometrical  Construction.  —  When  the  strings 
have  taken  up  a  position  of  equilibrium  with  the  knot  at 


*  The  above  proof  is  an  adaptation  of  Newton's  original  proof  to  the  case  of 
constant  forces. 
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A,  measure  off  along  AH,  AK  lengths  AB,  AD,  containing  P 
and  Q  units  of  length,  respectively.  On  the  wall  com- 
plete the  parallelogram  A  BCD,  and  join  AG. 


(o)  Observed  Facts. — Then  it  will  be  invariably  found 
(i.)   that  the  diagonal  AG  is  vertical, 
(ii.)   that  AG  contains  E  units  of  length. 

(d)  Deductions. — Now  the  knot  A  is  in  equilibrium 
under  the  pulls  P,  Q,  B  acting  along  the  strings,  respect- 
ively. Therefore  the  resultant  of  P,  Q  is  equal  and 
opposite  to  the  weight  B. 

Therefore  it  is  a  force  of  B  lbs.  acting  vertically 
upwards. 

But  AG  is  vertical, 

AG  represents  the  resultant  in  direction. 

Also  AG  -contains  B  units  of  length  ; 

.'.     AG  represents  the  resultant  in  magnitude. 

But  AB,  AD  represent  the  forces  P,  Q. 

Therefore  the  diagonal  of  the  parallelogram  represents  the 
resultant  of  the  two  forces  which  are  represented  separately 
by  its  sides.  [Q.E.D.] 
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14.  Fig.  2  is  drawn  for  the  case  in  which  P  =  2  lbs.,  Q  =  3  lbs., 
R  =  4  lbs.  The  measured  lengths  /4fi,  >4Z)  must  therefore;  contain 
2  and  3  units  of  length  respectively.  When  the  parallelogram  is 
constructed,  the  diagonal  AC  will  be  found  to  be  vertical  and  to 
contain  4  units  of  length.  Each  experiment  proves  the  Parallelogram 
of  Forces  to  hold  good  for  one  particular  set  of  forces  only.  To  give 
a  satisfactory  proof  it  would  be  necessary  to  perform  a  large  number 
of  such  experiments,  using  different  arrangements  of  weights. 

Example. — To  find  graphically  the  resultant  of  forces  of  7  lbs.  and 
11  lbs.,  whose  directions  include  an  angle  of  60°. 

Take  any  unit  of  length  and  measure  off  AB,  AD  containing  7  and 
11  units  respectively,  making  LBAD  =  60°.  Complete  the  parallelo- 
gram A  BCD. 


Then  AC  represents  the  resultant. 

On  AC  mark  off  from  A  a  scale  of  the  selected  units.  Then  C  will 
be  found  to  lie  between  the  15th  and  16th  marks,  so  that  AC  contains 
about  15f  units. 

Therefore  the  resultant  force  =  15  j  lbs.  wt.  roughly. 


15.  Half  the  parallelogram  is  sufficient.  Since  BO 
is  equal  and  parallel  to  AD,  it  represents  the  force  Q  in 
magnitude  and  direction  (though  not  in  position — see 
§  11).  Hence,  if  two  forces  acting  on  a  particle  are 
represented  in  magnitude  and  direction  by  two  sides  of  a 
triangle,  AB,  BO,  their  resultant  is  represented  in  magni- 
tude and  direction  by  the  third  side  AC,  its  point  of  appli- 
cation being  that  of  the  forces.  This  leads  to  the  following 
theorem. 
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16.  The  Triangle  of  Forces.  —  If  three  forces  activg 
on  the  same  particle  can  he  represented  in  magnitude  and 
direction  {but  not  in  position)  by  the  sides  of  a  triavgle  taken 
in  order*  they  shall  be  in  equilibrium. 

Let  three  forces  P,  Q,  B,  acting  on  the  same  particle 
at  0,  be  represented  in  magnitude  and  direction  (but  not 


*P 


R  B  C 

Fig.  4.  Fig.  5. 

in  position)  by  the  sides  BC,  CA,  AB  of  the  triangle  ABC, 
respectively. 

Then  shall  P,  Q,  E  be  in  equilibrium. 

Complete  the  parallelogram  ABGD. 

The  forces  P,  P  are  represented  in  magnitude  and 
direction  by  AB,  AD,  and  they  act  at  0.  Hence,  by  the 
Parallelogram  of  Forces,  their  resultant  is  similarly 
represented  by  AC,  and  also  acts  at  0. 

But  Q  is  represented  by  CA. 

Therefore  the  resultant  of  P,  P  is  equal  and  opposite 
to  the  third  force  Q. 

Therefore  the  three  forces  are  in  equilibrium.    [Q.E.D.] 

The  angle  between  any  two  of  the  forces  is  the  supple- 
ment of  the  corresponding  interior  angle  of  the  triangle. 

Thus 
Z  between  P,  P  [i.e.,   Z  POP  in  Fig.  4)  =   Z  BAD  -  ISO0-  i  ABC 
Observation. — The  three  forces  must  not  act  along  the  sides  of  the 

triangle.      They  must  act  at  a  point  in  directions   parallel  to  these 

sides,  as  in  Fig.  4  ;  otherwise  they  cannot  be  applied  to  the  same 

particle,  and  the  proof  fails. 

*  The  sides  of  a  triangle  or  polygon  are  said  to  be  taken  in  order  when  of  any 
two  adjacent  sides  one  is  drawn  towards  and  the  other  away  from  their  common 
angular  point. 
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17.  Converse  of  the  Triangle  of  Forces. 

If  three  forces  acting  on  a  particle  are  in  equilibrium, 
any  triangle  whose  sides  are  parallel  to  the  directions  of 
the  forces  shall  have  the  lengths  of  these  sides  proportional 
to  the  magnitudes  of  the  forces. 

Let  P,  Q,  B  be  three  forces  in  equilibrium  acting  at  0, 
and  let  ABC  be  any  triangle  whose  sides  BC,  CA,  AB  are 
parallel  to  P,  Q,  B. 

Then,  if  the  scale  of  representation  be  properly  chosen, 
BO,  CA,  AB  shall  represent  P,  Q,  B  in  magnitude  as  well 
as  direction. 

For  let  the  length  BO  be  chosen  to  represent  P.    (§10.) 

If  CA  does  not  represent  Q,  let  OK  represent  Q. 

Then,  by  the  Parallelogram  or  Triangle  of  Forces,  the 
resultant  of  P  and  Q  is  represented  by  BK.     But  P,  Q,  B 


-*P 


Fig.  6.  Fig.  7. 

are  in  equilibrium.  Hence  B  must  be  represented  by  KB, 
equal  and  opposite  to  BK.  But  this  is  contrary  to  hypo- 
thesis, since  B  acts  in  the  direction  AB.  Therefore  Q 
cannot  be  represented  in  magnitude  by  any  other  length 
than  CA,  and  therefore  also,  by  the  above  reasoning,  B  is 
represented  by  AB. 

Observation.  —  The  above   conditions  may  be  expressed  by  the 

i  «««.  P      BC      Q       CA      P       AB  ,  •  ,  , 

relations  —  =  — ,     —  =  -— ,     —  *— .      which  may  also 

Q       CA      P       AB      P       BC 

be  written  ~  =  SL  =  A. 

BC       CA       AB 

It  is  proved  in  Euclid,  Book  VI.,  Prop.  4,  that  any  triangle  whose 
angles  are  equal  to  those  of  ABC  has  its  sides  proportional  to  those  of 
ABC.  Hence,  if  any  triangle  be  drawn  whose  sides  are  parallel  to  BC, 
CA,  AB,  these  sides  also  will  represent  P,  Q,  P,  but  on  a  different  scale. 
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18.  The  Polygon  of  Forces. — If  any  number  of  forces 
acting  on  the  same  particle  can  be  represented  in  magnitude 
and  direction  by  the  sides  of  a  closed  polygon  taken  in  order, 
they  shall  be  in  equilibrium. 

Let  the  forces  P,  Q,  R,  S,  acting  on  a  particle  at  0,  be 
represented    in   magnitude    and    direction    (but   not 

Q, 


in 


5  A  P 

Fig.  8.     .  Fig.  9. 

position)  by  the  sides  AB,  BG,  CD.  DA  of  a  polygon  ABCD. 

Then  shall  the  forces  be  in  equilibrium. 

For,  as  in  the  Triangle  of  Forces,  or  §  15,  the  resultant 
of  the  forces  P,  Q  is  represented  in  magnitude  and  direc- 
tion by  AG. 

Therefore  the  resultant  of  P,  Q,  R  is  the  same  in  mag- 
nitude and  direction  as  that  of  forces  AG  and  CD,  and 
therefore  similarly  represented  by  AD. 

But  the  force  S  is  represented  by  DA. 

Therefore  8  is  equal  and  opposite  to  the  resultant  of 

P,  Q,  R 

Therefore  the  forces  P,Q,R,S  are  in  equilibrium.  [Q.E.D.] 

The  observations  at  the  end  of  §  16  are  equally  applicable  to  the 
Polygon  of  Forces. 

We  have  considered  the  case  of  four  forces,  but  the  proof  may  be 
similarly  extended  to  any  number  ol  forces. 

19.  To  construct  the  resultant  of  any  number  of 
forces  acting  on  a  particle. 

Let  the  given  forces  be  represented  by  the  straight 
lines  AB,  BG,  CD,  taken  in  order,  forming  all  the  sides  but 
one  of  a  polygon.  Then,  if  the  polygon  be  completed  by 
drawing  the  remaining  side  from  A,  the  extremity  of  the 
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first  side,  to  D,  the  extremity  of  the  last  side,  the  line  AD 
will  represent  the  resultant  force. 
This  is  evident  from  the  last  article. 

It  is  immaterial  in  what  order  the  forces  are  represented. 

The  form  of  the  polygon  will  depend  on  which  force  is  represented  first, 
which  next,  and  so  on  ;  but  the  line  representing  the  resultant  will 
be  the  same  in  every  case. 

[For,  consider  the  case  of  two  forces  P,  Q,  acting  at  A  (Fig.  1).  If 
we  represent  P  first  and  Q  second,  the  lines  representing  them  will  be 
AB,  BO,  respectively,  and  the  resultant  will  be  represented  by  AC. 
If  we  represent  Q  first  and  P  second,  the  lines  representing  them  will 
be  the  opposite  sides  AD,  DO,  respectively,  and  therefore  the  resultant 
will  still  be  represented  by  AO.  The  same  property  may  be  extended 
to  any  number  of  forces  by  interchanging  their  order  of  successive 
representation,  taking  two  at  a  time.] 

20.  Converse  of  the  Polygon  of  Forces. 

If  any  number  of  forces  acting  on  a  particle  are  in 
equilibrium,  a  closed  polygon  can  be  drawn  whose  sides 
represent  these  forces  bo_th  in  magnitude  and  direction. 

Let  the  forces  P,  Q,  jB,  S,  acting  at  0,  be  represented 
by  AB,  BO,  CD,  DE,  respectively,  these  lines  being  placed 


Fig.  11. 


end  to  end.  Then,  if  the  figure  ABODE  be  not  a  closed 
polygon,  the  forces  will  have  a  resultant  represented  by 
AE  (§  19),  and  will,  therefore,  not  be  in  equilibrium. 

Therefore   the    lines  representing  forces  in  equilibrium 
must  be  capable  of  forming  a  closed  polygon. 
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21.  The  converse  of  the  Polygon  of  Forces 
is  less  complete  than  that  of  the  Triangle.— 

For,  if  there  are  more  than  three  forces, 
we  can  draw  any  numher  of  different 
polygons,  such  as  A  BOD,  A  Bed  (Fig.  12), 
each  having  its  sides  parallel  to  the  direc- 
tions of  the  forces,  and  the  sides  of  one 
polygon  are  not  necessarily  proportional  -pig.  12. 

to  those  of  another.     The  sides  of  each 

polygon  represent  a  system  of  forces  in  equilibrium  acting  in  these 
directions,  but  not  necessarily  the  system  we  started  with.  In  fact 
there  are  any  number  of  such  systems  all  different.  We  cannot, 
therefore,  except  in  the  case  of  three  forces,  determine  the  ratios  of 
the  forces  from  merely  knowing  their  directions. 

22.  Applications  of  the  Parallelogram,  Triangle, 
and  Polygon  of  Forces. 

(1)  The  resultant  of  two  equal  forces  bisects  tlie  angle 
between  them. 

(2)  If  any  three  forces  are  in  equilibrium,  any  two  of  the 
forces  are  together  not  less  than  the  third.  For,  in  the 
Triangle  of  Forces,  any  two  sides  are  together  greater 
than  the  third  (Euc.  I.  20). 

If  two  forces  are  together  equal  to  the  third,  they  will  balance  if 
the  first  two  forces  act  in  the  same  straight  line  and  in  the  opposite 
sense  to  the  third. 

(3)  The  resultant  of  two  forces  P,  Q  is  greatest  when 
both  act  in  the  same  direction,  and  is  then  P+Q.  It  is 
least  when  they  act  in  opposite  senses  in  the  same  straight 
line,  and  is  then  either  P—Q  acting  in  the  direction  of  P 
or  Q  —  P  in  the  direction  of  Q. 

This  is  an  easy  inference  from  (2). 

(4)  If  three  equal  forces  are  in  equilibrium,  the  angle 
between  any  two  of  them  is  120°.  For  the  Triangle  of 
Forces  is  equilateral ;  therefore  each  of  its  angles  is  60° 
and  the  angle  between  the  corresponding  pair  of  forces 

=  180° -60°=  120°. 
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(5)  The  Perpendicular  Triangle  of  Forces.  —  If  three 
forces  proportional  to  the  sides  of  a  triangle  act  on  a 
particle  in  directions  perpendicular  to  these  sides  taken 
in  order,  they  shall  be  in  equilibrium. 


Fig.  13. 

For  if  the  triangle  ABC  be  turned  through  a  right 
angle  into  the  position  DEF,  its  sides,  taken  in  order, 
will  be  brought  parallel  to  the  forces,  and  will  therefore 
represent  the  forces  both  in  magnitude  and  direction. 
Therefore  they  will  be  in  equilibrium. 

Conversely,  if  three  forces  acting  perpendicularly  to  the 
sides  of  a  triangle  keep  a  particle  in  equilibrium,  they 
shall  be  proportional  to  these  sides.* 

(6)  The  Perpendicular  Polygon.  —  Similarly,  if  any 
number  of  forces  proportional  to  the  sides  of  a  closed 
polygon  act  on  a  particle  in  directions  perpendicular  to 
these  sides  taken  in  order,  they  shall  be  in  equilibrium. 

(7)  If  two  forces  be  represented  bij  the 
sides  of  a  triangle  both  drawn  from 
their  point  of  application,  their  resultant 
is  represented  by  twice  the  bisector  of  the 
base  drawn  from  that  point. 

For  let  AB,  AD  represent  the  forces. 
Complete   the  parallelogram    of   forces 
ABGD,  then  AG  represents  the  resultant.  Bat  the  diagonals 
of  a  parallelogram  bisect  each  other.     Hence  AG  bisects 
BD  in  £,  and  AG  is  twice  the  bisector  AE. 


Fig.  14. 


*  This  theorem  has  an  important  application  to  Hydrostatics,  in  proving  that 
the  pressure  at  a  point  in  a  fluid  is  the  same  in  all  directions. 


THE    PARALLELOGRAM    OF    FORCES. 


15 


Fig   15. 


(8)  To  find  where  a  particle 
0  must  he  'placed  inside  a  tri- 
angle ABC  so  that  it  may  be 
in  equilibrium  under  forces  to 
the  vertices  represented  by  OA, 
OB,  OC. 

Let  D  be  the  middle  poiut 
of  BC.  Then,  by  the  last 
proposition,  the  forces  OB, 
OC  have  a  resultant  20D 
along  OD.  This  must  be 
equal    and    opposite    to    the 

third  force  OA.     Hence  0  must  lie  on  the  bisector  AD  at 
a  point  such  that  OA  =  2D0. 

.-.    DA  s  BDO    and    DO  =  ±DA. 

[The  point  0  is  the  centre  of  gravity  of  the  triangle  ;  see  Chap.  XII.] 

Example.  —  Two  forces  act  along  the  sides 
AB,  AC  of  a.  triangle,  and  are  represented  in 
magnitude  by  AB  and  three  times  AC  respec- 
tively. To  find  where  their  resultant  cuts  the 
base,  and  to  determine  its  magnitude. 

Let  the  resultant  cut  the  base  in  0.  Then, 
by  the  Triangle  of  Forces,  the  force  AB  is 
equivalent  to  forces  AO  along  AO,  OB  at  A 
parallel  to  OB. 

Similarly  the  force  2AC  is  equivalent  to  forces 
3/10  along  AO,  SOC  at  A  parallel  to  OC. 

Therefore  the  two  given  forces  are  equivalent 
to  forces  of  magnitude  and  direction  4A0,  OB,  and  SOC. 

If  the  resultant  acts  along  AO,  the  two  latter  forces  must  balance. 
.-.     OA '■  =  2>0C,     and     BC  =  ±0C  ; 


OC  -  \BC,     and     BO 


\BC. 


Also  the  resultant  is  the  remaining  force,  viz.  4A0  acting  along  AO. 


23.  Two  forces  act  along  two  sides  of  a  triangle, 
and  their  magnitudes  are  given  multiples  of  these 
sides.     To  find  their  resultant. 


n 


Case  1.  Let  the  forces  be  m.AB  acting  along   AB,  and 
.AC  along  AC  (Fig.  17). 
Let  their  resultant  cut  the  base  BO  in  0- 
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Replace  each  force  by  two  component  forces   along  AO 
AE  and  parallel  to  BG. 


Fig.  18. 

Then,  by  the  Triangle  of  Forces,  the   force  m .  AB  is 
equivalent  to  forces    m  .  AO  along  AO, 

m  .OB  at  A  parallel  to  OB. 
Similarly,  the  force  n .  AC  is  equivalent  to  forces 
n  .  AO  along  AO, 
n  .00  at  A   parallel  to  00. 
Hence  the  two  forces  together  are  equivalent  to 
(m  +  n)  AO  along  AO, 
n  .  00— 01  .BO  at  A  parallel  to  BO. 
But,  if  the  resultant  acts  along  AO,  the  latter  component 
must  vanish. 

.'.     n.OC  =  m.BO; 

.'.     (m  +  n)0G  =  m(B0  +  0G)  =  m.BC, 
(m  +  n)  BO  =  n(B0  +  0G)  =  n  .  BO  ; 


B0  = 


n 


BO, 


00  = 


m 


m  +  n 


BO; 


m  +  n 
which  determine  0. 

Also,  the  resultant  is  the  remaining  force,  (m  +  n)  AO 
acting  along  AO. 

Case  2.  Let  the  forces  be  m  .  AB  acting  along  AB,  and 
n  .  CA  along  OA  (in  the  opposite  sense  to  AG,  Fig.  18). 

If  m  =  n,  the  resultant  is  a  force  m  .  OB  parallel  to  OB 
(§§  15,  16). 

If  not,  let  the  resultant  cut  GB  produced  in  0. 

The  components  of  the  force  m  .  AB  are  m  .  AO  and 
m  .  OB  as  before,  but  those  of  n.CA  are  represented  in 


the  parallelogram  of  forces. 
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magnitude,  direction,  and  sense  by  n .  CO  and  n.OA, 
respectively.  Hence  the  two  forces  are  now  equivalent 
to  forces  (m  —  n)  AO  along-  AO, 

in  .  OB-n   00  at  /parallel  to  BO  : 
.'.     as  before      m  .  OB  =  n  .  00  ; 
.-.     (m-n)  OB  =  n  (00 -OB)  =  n  .  BO, 
(m-n)  00  =  m  (00-OB)  =  m  .  BO  ; 


OB  = 


m — n 


BO,     00  = 


m 


m 


BO) 


and  the  resultant  is  (m  —  n)  AO  along  AO. 

[This  case  might  be  deduced  from  Case  1  by  writing 
— n  for  n.~] 

Example. — ABC  is  a  triangle,  and  E  the  middle 
point  of  BO.  To  find  the  resultant  of  forces  at  A 
represented  in  magnitude,  direction,  and  sense  by 
IB  A,  2AE,  and  AC  respectively. 

By  the  Triangle  of  Forces,  the  resultant  of 
forces  IB  A,  2AE  is  a  force  WE  parallel  to  BC. 
But  2  BE  =  BC ;  therefore  the  three  forces  are 
equivalent  to  forces  BC,  AC  acting  at  A. 

Produce  BC  to  F,  so  that  CF  -  BC. 

Then  the  two  last  forces  are  represented  by 
CF,  AC  respectively,  and  they  act  at  A. 

Therefore  the  required  resultant  is  represented 
by  AF. 

24.  To  find  the  magnitude  of  the  resultant  of 
two  forces  _P,  Q  in  directions  at  right  angles  to 
one  another. 


Fig.  19. 


P 

Fig.  20. 

Let  AB,  AD  represent  the  two  forces  P,  Q. 
Complete  the  rectangle  ABGD. 

STAT.  C 
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Then  AC  represents  the  resultant  force. 
Let  this  be  =  R.     Then,  by  Euclid  I.  47, 
AG2  =  ABi  +  BG'i  =  AB2^ADi; 

...     B2  =  P2  +  Q2  (1); 

or  resultant  force  JB  =  s/  (JP2  +  Q2)- 

Example.— To  find  the  resultant  of  three  forces  of  1  lb.  acting  at  a 
point,  the  angle  between  the  first  and  second  being  90°,  and  that 
between  the  second  and  third  being  45°. 

Draw  AD,   DC,   CE,   each  of      A 
unit    length,    parallel    to    the 
forces.    Then  AC  repi'esents the 
resultant  of  the  two  first  forces, 
and  AE  that  of  the  three. 

Now 

AC2  =  AD2  +  DC2  -  12  +  12  =  2. 
Also    AO    is    evidently    the 
diagonal  of  the  square  ABCD  ; 

.-.     lACD  =  io°.  J)  C 

But,  by  J  16,  Observation,  Fig  21. 

iDCE  =  supplement  of  angle  between  forces  =  180°— 45°  =  135°; 

.-.    ACE  =  90°; 
.'.    AE2  =  AC2  +  CE*  -  2  +  l2  =  3,     i.e.,  AE  =  V3  =  1-732.... 
Therefore  the  resultant  =  1-732  lbs.,  approximately. 
On  measuring  Z  BAE  with  a  protractor,  it  will  be  found  to  he  about 
10°.      Hence  the  resultant   makes  an  angle  of  about  10°  with  the 
middle  force. 

[As  an  exercise  the  student  should  draw  the  diagram  on  a  large  scale,  and  by 
actual  measurement  verify  that  AE  is  approximately  1*732  times  AB.] 

[25.  Application  to  velocities  and  accelerations. — 

Since  forces  on  a  particle  are  compounded  by  the  same 
law  as  component  velocities  and  accelerations,  it  follows 
that  all  the  properties  proved,  both,  in  this  and  the  next 
chapter,  hold  equally  for  velocities  or  accelerations.! 


Summary  of  Results. 

A  straight  line  can  represent  a  force  (i.)  in  point  of 
application,  (ii.)  in  direction  and  sense,  (iii.)  in  magni- 
tude. (§  9.) 

The  Parallelogram  of  Forces. — If  two  forces  acting  on 
the  same  particle  be  represented  by  two  adjacent  sides  of 
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a  parallelogram  drawn  from  their  point  of  application, 
their  resultant  shall  be  represented  by  the  diagonal  of 
the  parallelogram  drawn  from  that  point.  (§  12.) 

The  Triangle  and  Polygon  of  Forces. — If  three  or  more 
forces  acting  on  the  same  particle  can  be  represented,  in 
magnitude  and  direction  (but  not  in  position)  by  the 
sides  of  a  triangle  or  closed  polygon  taken  in  order,  they 
shall  be  in  equilibrium.  (§§  16,  18.) 

Converse  of  "  Triangle." — If  three  forces  (P,  Q,  B)  acting 
on  a  particle  balance,  amj.  triangle  {ABC),  whose  sides  are 
parallel  to  the  forces,  shall  have  these  sides  proportional 
to  their  magnitudes  (§  17),  or 

P_        Q  =JB 
BC      CA      AB' 

Converse  of  "Polygon."  —  If  more  than  three  forces 
balance,  &  polygon  can  be  drawn  whose  sides  represent 
them  in  magnitude  and  direction.  (§§  20,  21.) 

Resultant  of  forces  m.AB  and  n.AG  along  AB,AG  is 

force  (m  +  w)  A0  along  A0,  where  m  .  BO  —  n  .  OC.    (§23.) 

Resultant  of  two  perpendicular  forces  P,  Q  is  B,  where 

E3  =  P2  +  Q2 (1).     (§24.) 

EXAMPLES  I. 

1.  Draw  a  diagram,  as  well  as  you  can  to  scale,  showing  the 
resultant  of  two  forces,  equal  to  the  weights  of  6  and  12  lbs.,  acting 
on  a  particle,  with  an  angle  of  60°  between  them  ;  and,  by  measuring 
the  resultant,  find  its  numerical  value. 

2.  The  greatest  resultant  which  thjee  given  forces  acting  at  a  point 
<jan  have  is  30  lbs.,  and  the  least  is  2  lbs.  What  is  the  magnitude  of 
the  greatest  force  ? 

3.  The  greatest  resultant  which  three  given  forces  acting  at  a  point 
can  have  is  30  lbs.,  and  the  least  is  0.  Find  the  limits  between 
which  the  greatest  force  must  lie. 

4.  ABO  is  a  triangle.  Find  the  resultant  of  forces  at  A  represented 
in  magnitude  and  direction  and  sense  by 

(i.)  SAB  and  oAC  ;        (hi.)  BA  and  ZAG ;  (v.)  4AB,  6 AC,  6BC  ; 

(ii.)  2BA  and  2CA  ;        (iv.)  iAB  and  bCA  ;        (vi.)  3AB,  iGA,  5CB, 
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5.  A  body  is  pulled  north,  south,  east,  and*  west  "by  four  strings 
whose  directions  meet  in  a  point,  and  the  forces  of  tension  in  the 
strings  are  equal  to  10,  15,  20,  and  32  lbs.  weight  respectively. 
What  is  the  magnitude  of  the  resultant  ? 

6.  Forces  P,  2P,  3P  act  at  a  point  in  directions  parallel  to  the  sides 
of  an  equilateral  triangle  taken  in  order.     Find  their  resultant. 

7.  Show  how  to  find,  graphically  or  otherwise,  the  resultant  of  a 
number  of  forces  acting  on  a  rigid  body  at  one  point,  and  apply  your 
method  to  find  the  resultant  of  forces  1  in  an  easterly  direction,  V2 
in  a  north-easterly  direction,  and  1  to  the  north. 

8.  What  angle  must  two  forces  of  5  and  12  lbs.  include  if  they  are 
balanced  by  a  force  of  13  lbs.  ? 

9.  Show  that  the  resultant  of  two  perpendicular  forces  P+Q  and 
P-  Q  is  equal  in  magnitude  to  the  resultant  of  two  perpendicular 
forces  v'2Pand  V2Q. 

10.  The  sides  BC,  CA,  AB  of  a  triangle  are  bisected  in  D,  E,  r, 
respectively.    Find  the  resultant  of  forces  represented  by  DA,  EB,  FC. 

11.  ABC  is  any  triangle.  At  A  are  applied  forces  k.BC,  I.  CA,  m.AB, 
parallel  to  BC  and  along  CA,  AB,  respectively.  Show  that  their 
resultant  is  the  resultant  of  forces  (k  —  I)  AC  along  AC,  and  (m-k)AB 
along  AB,  and  hence  find  where  it  cuts  the  base  BC 

12.  ABDC  is  a  parallelogram;  f  is  a  point  in  AC.  Find  a  point  F 
in  BD  such  that  the  resultant  of  forces  represented  by  AE  and  AF 
may  act  in  the  direction  AD. 

13.  If  A,  B,  C  are  any  three  points  in  a  straight  line,  0  any  point 
not  in  that  straight  line ;  if  a  force  represented  in  magnitude  and 
direction  by  OA  act  from  0  to  A  ;  if  a  force  represented  in  magnitude 
and  direction  by  BO  act  from  B  to'  0,  and  a  force  represented  in 
magnitude  and  direction  by  CO  act  from  C  to  0  ;  then  show  that  the 
resultant  of  these  three  forces  cuts  the  straight  line  ABC  in  a  point  D 
such  that  AB  =  CD. 

14.  Forces  P,  Q,  whose  resultant  is  P,  act  atva  point  0,  and  a  line 
is  drawn  meeting  their  directions  in  L,  M,  N ;  show  that 

PjOL  +  Q/OM  =  P/ON. 


CHAPTER    II. 


RECTANGULAR  RESOLUTION   OF   FORCES. 

26.  Resolution  of  Forces.  —  The  Parallelogram  of 
Forces  tells  us  that  auy  two  forces  acting  on  a  particle 
are  equivalent  to  a  single  resultant  force  represented  by  the 
diagonal  of  the  parallelogram  whose  sides  represent  the 
forces  themselves.  Conversely,  if  a  single  force  be  repre- 
sented by  a  straight  line,  and  we  draw  any  parallelo- 
gram having  this  line  for  a  diagonal,  the  given  force  may 
be  replaced  by  two  forces  represented  by  the  sides  of  the 
parallelogram. 

In  like  manner,  the  Polygon  of  Forces  (or  rather  the  construction 
of  §  19)  tells  us  that  a  force  represented  by  one  side  of  a  polygon  may 
be  replaced  by  a  number  of  forces  having  the  same  point  of  applica- 
tion, and  represented  in  magnitude  and  direction  by  the  remaining 
sides  of  the  polygon  taken  the  other  way  round. 

Definitions. — The  process  of  replacing  a  single  forcf 
by  two  or  more  forces  having  that  force  for  their  resultant 
is  known  as  the  resolution  of  forces,  and  is  the  reverse 
process  to  the  composition  of  forces. 

The  several  forces  are  called  the  components  of  the 
given  force. 

Thus  we  speak  of  resolving  a  force  into  components,  and 
of  compounding  two  or  more  forces  into  a  single  resultant. 

To  resolve  a  force  into  components  in  tivo  given  directions  AB,  AD,  it  is 
only  necessary  to  draw  the  straight  line  AO  representing  the  given 
force,  and  to  draw  CD,  CB  through  C  parallel  to  BA,  DA,  respectively. 
Then,  by  the  Parallelogram  of  Forces,  AB,  AD  will  represent  the 
required  components. 
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27.  A  force  P  is  inclined  at  an  angle  1  to  a 
given  line.  To  resolve  JP  into  components  along 
and  perpendicular  to  that  line. 

Let  AG  represent  the  given  force  P,  and  AB  be  the 
given  line,  so  that  L  BAG  =  A. 

Draw  AD  perpendicular  to 
AB,  and  complete  the  paral- 
lelogram ABGD.  Then  AB, 
AD  represent  the  two  required 
components.  Let  X,  Y  denote 
these  components  respect- 
ively. 

Since  BG  is  perpendicular 
to  AB,  therefore,  by  Trigonometry, 


cos  BAG 


AB 
AG 


and      sin  BAG  = 


w 


BG 
AG 


and 


AB  =  BG  cos  BAG  =  AG  cos  A 

AD  =  AG  s'mBAG  =  AG  sin  A. 

X=FcosA      and      Y  =  F  sin  A 


..(1). 


Cor.  The  student  will  have  no  difficulty  in  verifying 
the  following  important  results  : — * 


Where  the  angle  A     = 

30° 

45° 

60° 

(X     = 

The  component  -! 

[t   = 

W3.P 
I* 

£a/3.P 

Example. — (1)  A  force  of  10  lbs.  makes  an  angle  of  135°  with  a 
given  line.  To  resolve  it  into  components  along  and  perpendicular  to 
that  line. 

Let  XAO  =  135°,  and  let  AC  represent 
10  lbs. 

Produce  XA  to  B,  and  complete  the  rect- 
angle ABOD. 

Then  AB,  AD  represent  the  required  com- 
ponents. 

Now      ABAC  =  180°- 35°  =  45°.  Fig.  23. 

*  These  results  should  either  be  remembered,  or  the  student  should  be  able  to 
obtain  them  instantly, 
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Hence  the  components  along  AB  and  AD  are 

AB  =  ACVi  =  10  x  £a/2  =  5  S2  lbs., 

40  *  AC*/\  =  10x1^/2  =  5  a/2  lbs. 

But  the  force  5  a/2  lbs.  along  >4Z?  acts  in  the  opposite  direction  to 
that  in  which  AX  is  drawn;  hence  this  force  is  to  be  regarded  as  a 
minus  quantity. 

Therefore  the  required  components  are 

—  5  a/2  lbs.  along  AX,  +  5  V2  lbs.  perpendicular  to  AX. 

Alternative  Method. — Or,  by  the  formula  (1)  aud  Trig.  §  18,  we 
have  at  once 

X  =  10  cos  135°  =  10  x  -%V2  =  -5  a/2  lbs., 

Y=  10  sin  135°  =  10  x     \  a/2  =+  5  a/2  lbs. 


(2)  Three  forces  of  5  lbs.,  6  lbs.,  and  4  lbs.  are  inclined  to  one 
another  at  angles  of  120°.  To  replace  them  by  two  forces  acting 
along  and  perpendicular  to  the  force  of  5  lbs.,  and  to  find  the 
resultant  of  the  three. 

Let  OP,  OQ,  OR  represent  the  three 
forces.  Produce  PO  to  B,  and  draw  DOE 
perpendicular  to  OP. 

Then  BOQ  =  BOB  =  60°. 

Therefore  the  force  6  lbs.  along  OQ  is 
equivalent  to 

6  x  £  lbs.  along  OB 

and         6x| a/3  lbs.  along  OD, 

or  to  —3  lbs.  along  OP 

and  3  a/3  lbs.  along  OD. 

Similarly,  the  force  4  lbs.  along  OR  is  equivalent  to 

4  x  |  lbs.  along  OB    and    4  x  J  a/3  lbs.  along  QE, 
or  to  —2  lbs.  along  OP    and     -2  a/3  lbs.  along  0D, 

We  also  have  the  force  5  lbs.  along  QP. 
Therefore  the  three  forces  are  equivalent  to 

5  _  3  _  2  lbs.  along  OP    and     3  a/3-  2  a/3  lbs,  along  OD, 
i.e.,  zero  along  OP    and  a/3  lbs.  along  OD. 

Therefore  the  required  resultant  acts  along  OD,  and  its  magnitude 
=»  V3  lhs.=  V732  lbs,  nearly. 


Fig.  24. 
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28.  Definition.— The  resolved  part  or  resolute  of 
a  force  along  a  given  straight  line  is  the  component  of 
the  force  along  that  line  when  the  other  component  is 
perpendicular  to  that  line. 

Thus,  let  AB  be  the  given  straight  line,  and  let  the 
given  force  P  be  represented  by  AC.  Drop  CM  perpen- 
dicular on  AB. 

Then  AM,  MO  represent  the  components  of  P  along  and 
perpendicular  to  AB. 

Therefore  AM  represents  the  resolved  part  of  P  along  AB. 

This  is  the  -X-componeut  of  §  27  ;  the  J-component  is  called  the 
resolved  part  perpendicular  to  the  line. 


Fig.  25. 

Since  AM  =  AC  cos  MAO. 

.'.    resolved  part  of  r  along  AM  =  P  .  cos  MAC, 

or  the  resolved  part  of  a  force  in  a  given  direction  is  equal  to  the  product 
of  the  force  into  the  cosine  of  the  angle  which  it  makes  with  the  given 
direction. 

For  the  angles  30°,  45°,  60°  the  resolved  parts  are  therefore  |a/3  P, 
%V2P,  %T,  respectively  (§  27,  Cor.). 

If  P  is  along  or  parallel  to  the  line,  X  =  P. 

If  P  is  perpendicular  to  the  line,  X  =  0. 

If  the  angle  is  ohtuse,  the  resolved  part  is  considered  negative,  as 
in  §  27,  Exs.  1,  2. 

If  a  force  is  resolved  into  two  components  in  directions  which  are 
not  at  right  angles,  these  components  are  not  called  the  resolved  parts 
of  the  force. 

Example  2  of  §  27  shows  that  the  resultant  of  any  number  of  forces 
may  sometimes  best  be  found  by  first  resolving  each  force  into  two 
components  at  right  angles.  We  shall  now  consider  this  method 
generally,  and  shall  first  prove  the  following  important  theorem. 
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29.  The  algebraic  sum  of  the  r<  solutes  of  two 
forces  in  any  direction  is  equal  to  the  resolute 
of  their  resultant  in  the  same  direction. 

Let  AX  be  the  given  direction,  and  let  the  forces  P,  Q 
and  their  resultant  H>  be  represented  as  in  Fig.  26. 
Draw  the  perpendiculars  BL,  CM,  DN  on  AX- 
Then  AL,  AN,  AM  represent  the  resolutes  of  P,  Q,  li. 
Now  it  is  easy  to  prove  geometrically*  that  AN  =  LM. 


Fig.  26. 


Therefore       AL  +  AN  —  AL  +  LM  =  AM  ; 

i.e.,      sum  of  resolutes  of  P  and  Q  =  resolute  of  It. 

Cor.  The  algebraic  sum  of  the  resolutes  of  any  number  of  forces  on 
a  particle  is  equal  to  the  resolute  of  their  resultant  in  the  same 
direction. 

This  follows  at  once  by  applying  the  theorem  successively  to  the 
resultant  of  two  of  the  forces,  that  compounded  of  this  resultant  with 
a  third  force,  and  so  on. 

Example. — (1)  To  find  the  resultant  of  two  forces  of  1  lb.  and  3  lbs. 
inclined  at  an  angle  30°. 

Resolve  the  second  force  into  components  along  and  perpendicular 
to  the  first.   These  components  are  3  x  |a/3  and  3  x  \  lbs.  respectively. 
Hence  the  two  forces  are  together  equivalent  to  forces  1  +  f  -/3  lbs. 
and  f  lbs.  acting  along  and  perpendicular  to  the  first  force. 
Let  their  resultant  be  E.     Then,  by  §  25, 

i22=(l+3V3)2+(3)2=  i+3VHV-  +  f=  10  +  3^3; 
.-.     R  -  V(10  +  3^/3)  =   v/(10  +  3x  1-732)  =  a/15'196  ; 
.*.     the  resultant  =  3-898  lbs.  nearly. 

*  For,  drawing  BK  parallel  to  AX,  tjie  triangles  DA/V,  CBK  are  equal  in  every 
respect;    .-.  AN  =  BK  =  LM. 
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30.  To  find   the   magnitude    of  the   resultant   of 
two  forces  inclined  to  each  other  at  a  given  angle. 

Let  AB,  AD  represent  the  components  P,  Q. 
Let  X  be  the  resolved  part  of  Q  along  AB. 
Complete  the  parallelogram  ABGD.    Then  AG  represents 
the  resultant  R. 

Drop  CM,  DN  perpendicular  on  AB. 
Then  BM  =  AN  =  X. 


Fig.  27. 

By  Euc.  II.  12,  AC2  =  AB2  +  BC'  +  2AB.BM. 
Therefore  B?  =  JPS+Q2+ 2PX (2). 

Or,  if  BAD,  the  angle  between  the  forces,  be  denoted  by 
A,  then  X  =  Q  cos  A,  and  therefore 

Ii=  F2+Q2  +  2PQcosA    (2a). 

The  above  relation  may  be  al^o  written 

Jl"=  1>  +;>  +2l>Q  C08{F,  Q)      (2b). 

If  I  BAD  is  obtuse,    Z  ABC  is  acute,  and  X  is  negative,  and  the 
same  thing  follows  from  Euc.  II.  13. 


If  the   Z  between 
the  forces  is 

0° 

30° 

45° 
-v/2 

60° 

90° 

120° 

135° 

150° 

180° 

then  X-  =  P3  +  Q- 
+  2FQ  time? 

2 

*/a 

+  — 

2 

^1 
+  — 
2 

2 

_a/1 

2 

_  a/2 
2 

a/3 
2 

a/4 
2 

Examples. — (1)  To  find  the  resultant  of  forces  of  7  lbs.  and  11  lbs. 
inclined  at  an  angle  of  G0°. 

The  resolved  part  of  the  second  force  in  the  direction  of  the  first 
=-  11  cos  60°  =  5|  lbs. 
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Therefore,  if  the  resultant  contains  R  lbs., 
i?2  =  72+ll2  +  2.7.5£ 
-  49  +  121  +  77  =  247, 
whence       H  =  V247  =  15-716  lbs.  wt.  (rf.  §  14,  Ex.). 

(2)  To  find  the  resultant  when  the  same  forces  include  an  angle 
of  120°. 

If  the  direction  of  the  7  lb.  force  is  produced  backwards,  the  11  lb. 
force  will  be  found  to  make  an  angle  60°  with  it.  Hence  the  resolved 
part  of  the  latter  force  is  5J  lbs.  in  the  reverse  direction  to  the 
7  lb.  force.  It  must  therefore  be  considered  negative  and  called 
-5ilbs. 

Hence  -R2  =  72  +  ll2  +  2  .  7  .  (-5|) 

-  49  +  121-77  =  93, 
whence  It  =  ^/93  =  9-643  lbs.  wt. 

31.  To  find  the  resultant  of  any  number  of  fbroes 
acting  on  a  particle  in  one  plane. 

Let  PM  P2,  P3 ...  denote  several  forces  acting  at  0. 

Take  any  direction  OX  in  the  plane  of  the  forces,  and 
draw  OY  perpendicular  to  OX.  Resolve  each  force  into 
two  components  in  the  directions  OX,  OY  (§  27). 

Let  the  components  of  Px  be  Xx,  Yv  respectively, 

JJ  51  -^2      »  2'     "Ml  5» 

and  so  on ;  these  components  being  taken  with  the  sign 
+  or  — ,  according  to  the  direction  in  which  they  act. 

Thus  the  system  of  forces  is  equivalent  to  forces  Xlt  X2, 
X3 ...  along  OX,  and  Yv  Y2,  Ys ...  along  OY. 

Now  these  forces  may  be  compounded  in  any  order  (§  19). 

Let  us  first  compound  together  all  the  forces  acting 
along  OX.     Then,  if  X  denote  their  resultant,  we  have 

X  =  X1  +  X2-rX8+.... 

Let  us  next  compound  together  all  the  forces  acting 
along  OY.     Then,  if  Y  denote  their  resultant,  we  have 

r=r1+r2+r3+.... 

The  whole  system  of  forces  is  therefore  reduced  to  two 
known  forces — X  along  OX,  and  Y  along  OY.  Hence,  if 
B  denote  the  final  resultant  of  all  the  forces, 

JK2  =  X3+r2;=(X1+Xa+...)2  +  (Y1-r-F2+...)2...(3). 
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*32.  To  find  the  resultant  of  two  forces  P,  Q,  when  the  angle  between 
their  directions  is  any  multiple  of  1 5°. 

In  §  30,  the  expressions  for  the  resultant  are  given  for  all 
angles  that  are  multiples  of  15°,  with  the  exception  of  15°,  75°, 
105°,  165°. 

.If  the  angle  hetween  the  forces  has  any  one  of  these  four  values, 
we  must  draw  two  perpendicular  lines  OX,  0  Y  inclined  at  angles  of 
45°  to  the  direction  of  one  of  the  forces,  say  P.  Then  it  will  be  seen 
from  Figs.  28-31  that  the  other  force  Q  makes  angles  of  30°  and  60° 
with  the  lines  OX,  OY,  or  these  lines  produced.  Hence  the  forces 
P,  Q  can  be  replaced  by  their  components  along  OX,  OY,  as  in  §  27, 
Cor.,  and  their  resultant  may  be  found  as  in  §  31. 

Y 

X  \  2 

/ 


■X 

Fig.  28. 
Angle  between  forces  =  15°. 


Fig.  30 
Angle  between  forces  =  10oc 


Fig.  29. 

Angle  between  forces  =  75°. 


Fig.  31. 
Angle  between  forces  =  165°. 
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Example 4 — To  find  the  resultant  of  two  forces  of  4  lbs.  and  2  lbs. 
inclined  at  an  angle  of  165°. 

Let  OP,  OQ  (Fig.  31)  represent  the  directions  of  the  forces  of  2  lbs. 
and  4  lbs. 

Draw  XOx  making  an  angle  45°  with  OP,  and  draw    YOy  perpen- 
dicular to  XOx. 

Then  LxOQ  =  POQ-POY-YOx  =  16o°-45o-90°  =  30°, 

L  QOy  =  60°. 
Therefore  the  components  of  the  force  of  4  lbs.  acting  along  OP  are 
4  x  <v/£  or  2  a/2  lbs.  along  OX, 
4  x  a/|  or  2  a/2  lbs.  along  0  Y ; 
and  the  components  of  the  force  of  2  lbs.  acting  along  OQ  are 
2x|a/3  or  a/ 3  lbs.  along  Ox, 
2x}        or       1  lb.   along  Oy. 
Therefore  the  given  forces  are   equivalent  to  forces  X,   T  along 
OX,  0  Y,  where  X  =  2  a/2  -  a/3, 

Z=2a/2-1. 
Therefore,  if  -K  he  the  required  resultant, 

i22  =  X2+F2  =  (2a/2-a/3)2+(2a/2-1)2 
=  8-4a/6  +  3  +  8-4a/2  +  1 
-  20-4  (  a/6  +  a/2)  =  4  (5- a/6- a/2); 
.-.     i?  =  2  a/  (5  -a/6  -a/2)  lbs. 

=  2*13  lbs.  approximately  (by  calculation). 


33.  Conditions  of  equilibrium.  —  In  order  that  a 
system  of  forces  acting  on  a  particle  in  one  plane  may 
be  in  equilibrium,  it  is  necessary  and  sufficient  that  the 
sums  of  the  resolved  parts  of  the  forces  along  two  straight 
lines  at  right  angles  shall  be  separately  zero. 

Let  OX,  OK  be  two  straight  lines  at  right  angles.  Then, 
by  §  31,  the  resultant  B  is  given  by 

X  =  Xl  -f-  ^2  +  •  •  •  —  sum  °^  res°l vec*  parts  of  forces  along  OX. 

x>.rt+rt+...=    „        H        ,.        „        oy. 


30 


STATICS. 


Now,  for  equilibrium,  B  must  =  0.  Hence  X2  +  Y2  must 
=  0.  Bat  square  quantities,  such,  as  X2  and  Y2,  cannot 
be  negative ;  hence  they  mnst  ssverally  be  zero.  Thus 
the  condition  B  =  0  involves  the  pair  of  conditions 
X  =  0  and  Y  =  0. 

Conversely,  if  these  two  conditions  are  satisfied,  B  =  0, 
and  the  forces  are  in  equilibrium. 

Observations. — If  X  were  zero  and  Y  were  not  zero,  the  forces 
would  have  a  resultant  Y  perpendicular  to  0X% 

The  proposition  shows  that,  if  the  forces  are  in  equilibrium,  the  sum  of  the 
resolved  parts  along  every  straight  line  is  zero.  But  this  will  necessarily  be  the 
case  if  the  sums  of  their  resolved  parts  along  two  perpendicular  straight  lines  be  zero. 

The  same  thing  is  true  if  the  two  straight  lines  are  not  perpendicular.  For, 
if  the  forces  were  not  in  equilibrium,  their  resultant  would  have  to  be  perpendicular 
to  both  lines,  which  is  impossible. 

Example. — Three  forces  of  2  lbs.,  Q  lbs.,  and  R  lbs.,  acting  on  a 
particle,  are  in  equilibrium,  where  the  second  and  third  include  an 
angle  of  150°,  and  the  third  and  first  an  angle  of  45°.     To  find  Q,  R. 

Let  OP,  OQ,  OR  be  the  lines  of  action  of  the  forces. 


Fig.  31. 

Take    any  point  X  on  OR.      Produce  X0  to  x,  and  draw    Y0y 
perpendicular  to  it. 

Then  the  components  of  the  force  of  2  lbs.  along  OP  are 

VI  lbs.  along  OX  and  a/2  lbs.  along  0  Y. 
The  components  of  the  force  of  Q  lbs.  along  0Q  are 

\  /3 .  Q  lbs  along  Ox  and  %Q  lbs.  along  0y ; 
and  we  have  also  a  foice  of  R  lbs.  along  OX  ; 
.*.     the  three  forces  are  equivalent  to  forces  of 

v/2  -  \  v/3  .  Q  +  R  lbs.  along  OX,     V2  -  \Q  lbs.  along  0  Y. 
But  these  are  each  zero. 
Therefore  Q  =  2^2  lbs.,  R  =  V6-  a/2  lbs. 
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*34.  Lami's  Theorem. — If  three  forces  keep  a  particle 
in  equilibrium,  each  force  is  proportional  to  the  sine  of  the 
angle  between  the  other  tivo. 

Let  the  forces  P,  Q,  E  act  along  OP,  OQ,  OR.  If 
they  are  in  equilibrium,  we  have,  by  §  33, 

sum  of  resolved  parts  perpendicular  to  OR  =  0. 

But  B  has  no  resolved  part  perpendicular  to  OR. 

Therefore  resolved  parts  of  P,  Q  perpendicular  to  OR 
are  equal  and  opposite. 


o) >F 

/ 

?- 

§-v 

R 

< 

f 

Fig.  32. 

.'.     P  sin  ROP  =  Q  sin  QOR. 

P  __  sin  QOR 

Q  "    sin  ROP  ' 

Similarly,  by  resolviug  perpendicular  to  OP,  we  have 

Q  _^  sin  ROP 
R       sin  POQ  ' 

•           P       =       g       =       B  (to 

sinQOR      sin  ROP       sinPOQ     W 

as  was  to  be  proved. 

[This  relation  is  usually  deduced  from  the  Triangle  of  Forces,  by  means  of 
a  well-known  theorem  in  Trigonometry  which  asserts  that  in  any  triangle 
each  side  is  proportional  to  the  sine  of  the  angle  between  the  other  two.] 
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35.  To  find  the  direction  of  the  resultant  of  twd 
given  forces  X9   Y  acting  at  right  angles. 

If  the  forces  X,   Y  are  represented  by  AB,  AD,  tbeir 
resultant  is  represented  by  AC,  the  diagonal  of  the  paral- 


Fig.  33. 

lelogram  ABCD.     Also,  since  X,  Y  are  at  right  angles, 
the  angle  ABC  is  right. 
Hence,  by  Trigonometry, 

^BAC  =  M  =  i »■ 

This  determines  the  tangent  of  the  angle  BAG,  and 
from  it  the  angle  itself  may  be  found. 

If  tan  BAC  is  ^\/3,  1,  or   a/3,  we  know  that  the  corresponding 
values  of  the  angle  BAG  are  30°,  45°,  and  60°  respectively. 
The  magnitude  of  the  resultant  is  R  where 

&  =  X*+Y*    (§24). 

Hence  the  resultant  is  completely  determined  both  in  magnitude 
and  direction  by  its  two  components  X,  Y. 

Example. — Two  forces  of  a/3  lbs.  and  1  lb.  include  an  angle  of 
150°.     To  find  the  direction  and  magnitude  of  their  resultant. 

Eeplace  the  forces  by  two  forces  X,  Y  acting  along  and  perpen- 
dicular to  the  direction  of  the'force  of  a/3  lbs.     Then,  as  in  §  28, 

X=  a/3-|a/3.  1  =  |v/3  1bs., 


.-.     —  =  —  =  tan  30° ; 
X        a/3 

the  resultant  makes  an  angle  30°  with  the  force  of  a/3  lbs. 


A.lso 


m 


x2+r2=  \ 


=  i 


resultant  R  =  1  lb. 
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36.  Work. — Definition. — If  a  particle  C >p 

be   moved  from  A  to  C  under  the  action         > 


of  a  constant  force  P  acting   parallel  to       A     B  *p 

AB,  and  if  CB  be  drawn  perpendicular  to  Fig.  34. 

AB,  then  the  prodnct 

P  X  (distance  AB) 
is  called  the  work  done  by  the  force  on  the  particle  in 
changing  its  position. 

The  distance  moved  AC  is  called  the  displacement  of  the 
particle,  and  AB  is  called  the  projection  of  this  displace- 
ment on  the  direction  of  the  force. 

Observation. — This  definition  holds  good  whether  the  displacement 
AC  is  large  or  small,  provided  that  the  force  P  remains  constant  while 
the  particle  is  moving  from  A  to  0. 

37.  The  work  done  by  a  force  is  the  product  of 
the  displacement  of  its  point  of  application  into 
the  resolved  part  of  the  force  in  the  direction  of 
that  displacement. 

Let  AP  represent  any  force  P,  and  let  the  particle  on 
which  it  acts  be  moved  from  A  to  C.     Drop  PM,  CB  per- 


Fig.  35. 

pendicular  on  AC,  AP.  Then  AM  represents  the  resolved 
part  of  P  along  AC.  Since  the  angles  ACP  and  AMP  are 
right,  a  circle  whose  diameter  is  CP  will  pass  through 
B,  C,  M,  P,  and  therefore,  by  Euc.  III.  36,  Cor.,  ; 

AP.AB  =  AC.AM; 
that  is,  PxAB  =  AC*  (resolved  part  of  P  along 

AG), 

or,  work  done  by  force  P  =  displacement  X  resolved  part 

of  P  along  direction  of  dis- 
placement. 

CTAT.  D 
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38.  Principle    of    work    for    a    single   particle. — 

When  a  particle  is  moved  from  one  position  to  another  under 
the  action  of  any  number  of  forces,  the  algebraic  sum  of  the 
works  done  by  the  several  forces  is  equal  to  the  work  done  by 
the  resultant. 

For  if  the  particle  move  from  A  to  C,  then  algebraic 
sum  of  works  done  by  the  several  forces 

=  AC  x  algebraic  sum  of  resolved  parts  of  the  several 
forces  along  AC 

=  AC  X  resolved  part  of  resultant  along  AC  (§  29) 

=  work  of  resultant. 

39.  From  this  we  get  the  following  important  corol- 
lary : — 

Cor.  If  a  particle,  acted  on  by  any  number  of  forces  in 
equilibrium,  is  moved  from  one  position  to  another,  the  al- 
gebraic sum  of  the  works  done  by  the  several  forces  is  zero. 

For,  in  this  case,  the  algebraic  sum  of  the  resolved 
parts  of  the  forces  along  AC  is  zero,  whence  the  result 
follows  at  once. 

Summary  of  Results. 

Components  of  P  along  and  perpendicular  to  line  inclined 
at  angle  A  are  X  =  P  cos  A,  Y  =  P  sin  A  ...([),  (§27.) 
and  X  is  called  the  resolved  part  of  P  along  the  line.  (§  28.) 

For  A  =  30°,     X  =  a  v/3  .  P,       Y  =  f  P. 

For  A  =  60°,      Y  =  |  v/3  .  P,       X  =  fP. 

For  ^  =  45°,     X=Y  =  |v/2.P 

Magnitude  of  the   resultant  of  any   two  forces  P,   Q  is 

given  by  B?  =  P2+Q2+2PX  (2),  (§30.) 

=  P2+<22  +  2PQcos(P,  Q), 

Where  X  =  resolved  part  of  Q  along  P, 

and  (P,  Q)  =  angle  between  forces  P,  Q. 

If  B  is  resultant  of  forces  whose  rectangular  com- 
ponents are  Xv  Yl ;  X2,  Y2,  &c, 

&=(x1+x2+...y+(Y1+Y2+...y ...  (3).    (§31.) 

For  equilibrium  both 

J^  +  Xj-K..  =0  and  Yl  +  Y2+...=0.  (§33.) 
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If  three  forces  P,  Q,  E  balance, 

?. = § = ...  (4).     a  34) 

sin  (Q,  B)       sin  (M,  P)       sin  (P,  Q)       K  '      ^       J 

Direction  of  resultant  of  perpendicular  forces  X,  Y  makes 

with  X  an  angle  whose  tangent  =  Y/X (5).     (§  35.) 

Work  done  by  P  in  displacement  AG 

=  P  X  (projection  of  AG  on  P)  (§  36.) 

=  AG  X  resolved  part  of  P  along  >4tf.       (§  37.) 

Principle  of  Work. — Algebraic  sum  of  works  of  com- 
ponents =  work  of  resultant.  (§  38.) 

EXAMPLES  II. 

1.  Resolve  the  following  forces  into  components,  along  and  perpen- 
dicularto  the  straight  lines  to  which  they  are  inclinedatthe  given  angles: 

(i.)  4  lbs.,  30°;         (iv.)  3  tons,  90°;  (vii.)  8  cwt.,  150°; 

(ii.)  8  a/2  oz.,  -45°  ;      (v.)  12  grammes,  120°;    (viii.)  4  mgr.,  180°; 
(iii.)  10  kilog.,  60°;   (vi.)  5  lbs.,  135°  ;  (ix.)  6  stone,  0°. 

2.  A  force  equal  to  20  lbs.  weight,  acting  vertically  upwards  is  re- 
solved into  two  forces,  one  of  which  is  horizontal  and  equal  to  10  lbs. 
weight.   What  is  the  magnitude  and  direction  of  the  other  component  ? 

3.  A  force  of  \/3  lbs.  bisects  the  angle  between  two  straight  lines 
which  include  an  angle  of  60°.  Find  (i.)  the  components,  (ii.)  the 
resolved  parts,  of  the  force  along  these  lines. 

4.  Find  the  magnitudes  of  the  resultants  of  the  following  pairs  of 
forces  inclined  at  the  given  angles,  namely — 


(i- 

(ii. 

(iii 

(iv 

(v 


3  and  4  lbs.,  0°  ;  (vi.)  2  and  4  lbs.,  60° ; 
10  and  24  grammes,  90° ;  (vii.)  5  and  10  lbs.,  120°  ; 
5  and  6  tons,  180°;  (viii.)  4  and  12  mgr.,  30°; 
1  and  3  a/2  kilog.,  45°;  (ix.)  4  and  6  oz.,  150°. 

4  V2  and  1  cwt.,  135°; 


5.  Two  forces  of  4  lbs.  and  10  lbs.  respectively  act  at  a  point  and 
are  inclined  to  each  other  at  an  angle  of  60°.  "What  is  the  magnitude 
of  their  resultant  ? 

6.  Indicate  two  forces,  at  right  angles  to  each  other,  which  could 
maintain  equilibrium  with  the  above  (see  Ex.  5). 

7.  Show  how  to  find  the  resultant  of  two  forces  represented  by  the 


36  STATICS. 

diagonal  of  a  square  and  one  of  the  sides  meeting  the  diagonal,  both 
acting  from  the  point  where  they  meet.  Prove  that  its  magnitude 
=  Vo  x  a  side. 

8.  A  force  of  10  lbs.,  acting  northwards,  is  rtsolved  into  three 
components,  of  which  one  is  6  lbs.  north-eastwards,  and  another 
2  lbs.  westwards.     Find  the  third  component. 

9.  A  straight  line  COB  has  a  line  OA  at  right  angles  to  it,  and 
forces  each  of  7  lbs.  act,  one  along  OA,  another  along  OB,  and  a  third 
along  the  bisector  of  the  angle  CO  A.  Find  the  magnitude  of  the 
resultant. 

10.  What  is  the  resultant  of  three  forces,  3,  4,  and  5  lbs.,  acting 
at  a  point  along  lines  making  angles  of  120°  with  each  other  ? 

11.  If  two  forces  Pand  Q  act  upon  a  particle  (i.)  when  the  angle 
between  their  directions  is  60°,  (ii.)  when  it  is  120°,  and  if  JR  and  S 
are  the  resultants  in  these  two  cases,  prove,  geometrically  if  possible, 
that  P2  +  S2  =  2(P2+Q2). 

12.  P,  tfare  the  smallest  and  greatest  forces  which,  along  with  P 
and  Q,  can  keep  a  particle  at  rest.  Show  that,  if  P,  Q,  VRS  keep 
a  particle  at  rest,  two  of  the  forces  are  perpendicular  to  each  other. 

13.  Two  forces,  of  magnitudes  1  and  3,  have  a  certain  resultant  when 
their  directions  contain  a  certain  angle ;  the  square  of  the  resultant 
is  doubled  if  the  direction  of  one  of  the  forces  is  reversed.  Find  the 
resolved  part  of  the  former  force  along  the  direction  of  the  latter. 

14.  Find  the  cosine  of  the  angle  between  the  directions  of  forces 
of  5  and  7  units,  which  have  a  resultant  of  8  units.  Show  that  the 
angle  itself  exceeds  90°. 

15.  A  force  of  IOaA!  lbs.  is  inclined  at  angles  75°  and  15°  to  two 
perpendicular  straight  lines.  Find  the  resolved  parts  of  the  force 
along  these  lines  by  first  replacing  it  by  its  components  along  the 
internal  and  external  bisectors  of  the  angles  between  them. 

16.  Calculate,  to  two  places  of  decimals,  the  resultants  of  5\/2  and 
10  lbs.  when  the  angle  between  them  is  15°  and  when  it  is  105°  ; 
also  the  resultants  of  2  a/2  and  3  lbs.  at  an  inclination  of  75°  and 
also  of  165°. 

17.  If  P  be  the  resultant  of  forces  P+X  and  Y  acting  at  right 
angles,  write  down  the  expression  forP2;  and  if  X,  Y  are  the  resolved 
parts  of  a  force  Q  along  and  perpendicular  to  the  direction  of  P, 
deduce  the  formula  P2  =  P2  +  Q?  +  2PX. 
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EXAMINATION  PAPER  I. 

1.  What  is  meant  by  the  resultant  of  two  forces,  and  how  can  it  be 
determined  ? 

2.  State  the  proposition  known  as  the  "  Parallelogram  of  Forces," 
and  describe  an  apparatus  for  verifying  it  experimentally. 

3.  Assuming  the  truth  of  the  "  Parallelogram  of  Forces,"  enun- 
ciate and  prove  the  proposition  known  as  tho  "  Triangle  of  Foices." 

4.  Forces  of  2,  3,  and  4  lbs.  act  at  a  point  0  in  directions  parallel 
to  the  sides  AB,  AC,  BG  of  an  equilateral  triangle,  respectively. 
Find  their  resultant. 

5.  State  the  proposition  known  as  the  "  Polygon  of  Forces."  How 
far  is  the  converse  true  ? 

6.  If  P  be  a  point  in  a  straight  line  AB  such  that  m.AP  =  n.PB, 
and  if  0  be  any  other  point,  prove  that  two  forces  represented  by 
m .  OA  and  n .  OB  have  a  resultant  represented  by  (m  +  n) .  OP. 

7.  Show  that  a  force  may  be  resolved  into  two  components  in  ai.y 
number  of  different  ways,  and  explain  what  is  meant  by  the  resolved 
part  of  a  force  in  any  given  direction. 

8.  ABDC  is  a  parallelogram ;  £  is  a  point  in  CD.  Find,  when 
possible,  a  point  Fin  AB  such  that  the  magnitude  of  the  resultant  of 
two  forces  represented  by  AE,  AF  may  be  represented  in  magnitude 
by  AD. 

9.  State  and  prove  the  formula  giving  the  magnitude  of  the 
resultant  of  any  two  forces  in  terms  of  the  components  and  the 
resolved  part  of  one  component  along  the  line  of  action  of  the  other. 

10.  Three  forces  act  at  a  point  and  keep  equilibrium ;  find  their 
ratios,  having  given  the  angles  between  them. 
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THE   INCLINED  PLANE. 

40.    Equilibrium    on    a   smooth    inclined  plane. — 

The  conditions  of  equilibrium  of  a  weight  resting  on  an 
inclined  plane  may  be  found  very  readily  by  means  of 
cither  the  Triangle  of  Forces  or  the  Principle  of  Work, 


when  the  weight  is  either  pushed  against  the  plane  by 
a  horizontal  force,  or  is  supported  by  a  force  acting  along 
the  plane. 

The  force  employed  to  support  or  raise  the  weight  is  sometimes 
called  the  effort  or  power. 

The  length,  base,  and  height  of  the  plane  will  sometimes  be  denoted 
by  the  letters  I,  b,  h;  the  meaning  of  these  terms  is  evident  from  Fig.  36. 

In  diagrams  it  is  usual  to  represent  an  inclined  plane  by  its  section 
ABO. 

In  what  follows  we  shall  have  to  make  use  of  Newton's 
Third  Law,  which  asserts  that  action  and  reaction  are  equal 
and  opposite. 

When  the  surface  of  a  body  is  perfectly  smooth,  the 
reaction  which  it  exerts  on  any  other  body  is  always  per- 
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pendicular  to  the  surface,  this  being  the  definition  of 
smoothness.  This  reaction  is  often  called  a  thrust  or 
force  of  pressure  (incorrectly  termed  a  pressure). 

When  one  smooth  body  slides  on  another,  no  work  is  done  by  or 
against  their  reactions. 

41.  Equilibrium  on  an  inclined  plane  under  a 
supporting  force  applied  horizontally. 

Let  a  body  of  weight  W  be  supported  at  any  point  0 
on  the  plane  ABC  by  a  horizontal  force  P. 

It  is  required  to  find  P,  the  dimensions  of  the  section 
ABC  being  supposed  given. 

The  three  forces  which  keep  the  body  in  equilibrium 
are : 

(i.)  The  weight  W  acting  vertically  downwards,  and 
therefore  perpendicular  to  AB. 

(ii.)  The  applied  force  P  acting  horizontally,  and  there- 
fore perpendicular  to  BO.  # 

(iii.)  The  reaction  of  the  plane,  acting  perpendicular  to 
CA.     Let  this  reaction  be  denoted  by  R. 


Fig.  37 


Therefore  the  three  forces  W,  P,  B  act  perpendicular 
to  AB,  BG,  CA  respectively, 
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Turn  the  inclined  plane  round,  through  a  right  angle, 
into  the  position  DEF,  so  that  its  base  DE  is  now  vertical 
and  its  height  EF  horizontal  (Fig.  38).  Then  the  forces 
W,  P,  B  are  parallel  to  DE,  EF,  FD. 

Hence,  by  the  Triangle  of  Forces,  the  three  sides  of  the 
triangle  DEF  can  represent  the  three  acting  forces  W,  P,  R 
both  in  direction  and  in  magnitude. 

Also  the  triangles  DEF,  ABC  are  equal  in  all  respects ; 


therefore 


P_ 
EF 


W 
DE 


FD' 


or 


P^ 
BC 


W 
AB 


GA 


Fig.  37. 


Therefore 


h 


W 

b 


T' 


or 


T  =  TTX 


B=  Wx 


height  of  plane 
base  of  plane 

length  of  plane 
base  of  plane 


(i). 


(2). 


Since  action  and  reaction  are  equal  and  opposite  (by 
Newton's  Third  Law),  the  weight  presses  against  the 
plane  with  a  force  equal  and  opposite  to  the  reaction  of 
the  plane,  and  the  magnitude  of  this  force  of  pressure  is 
therefore  It  and  is  given  by  (2). 
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42.  Alternative  method.  —  The  expression  for  the  supporting 
force  P  also  follows  very  simply  from  the  Principle  of  Work. 

Let  the  force  P,  acting  horizontally,  push  the  weight  up  the  plane 
from  A  to  C  with  uniform  velocity.*  Then  the  horizontal  and  vertical 
distances  traversed  hy  the  weight  are  AB,  BC  respectively ;  hence  the 
works  done  hy  Pand  against  Ware  Px  AB  and  IV  x  BC.  Therefore, 
since  the  work  of  R  is  zero,  we  have,  hy  the  Principle  of  Work, 

PxAB  =  WxBC; 

•*•    P=7FxB^=Wx^^    (1), 

AB  base 

as  before. 

[It  would  be  less  easy  to  determine  the  reaction  P  by  means  of  the 
Principle  of  Work.] 

43.  Trigonometrical  Expression. — If  A  denote  the  angle  of  inclinu- 

BO 
tion  BAC,  we  have  tan  A  —  • — , 

AB 

.-.     P=  JFt&nA    (la). 

[This  relation  may  also  be  found  by  equating  the  resolved  parts  of  P  and  W 
along  the  plane.    For  P  makes  an  angle  A  with  the  plane,  while  W  makes  an 
angle  A  with  a  line  perpendicular  to  the  plane.    Hence  we  obtain 
P  cos  A  =  W  sin  A  ; 

...    p  -  JF«HLd  =  j^tan  a.      [Trig.  §  14.] 
cos  A 

In  like  manner,  by  resolving  vertically,  we  should  have 

R  cos  A  =  W, 

a  result  in  accordance  with  (2)]. 

Cor.  The  following  results  should  be  verified  by  the 
student  as  an  exercise : — 

If  the  inclination  of  the  plane  is 

0°,         30°,         45°,         60°, 
the  horizontal  force  required  to  support  W  is 
0,        </\W,       TT,       v/3TF, 
and  the  force  of  pressure  on  the  plane  is 
W,       J$W,    y/2W,      2W. 

*  If  the  velocity  were  not  uniform,  the  forces  W,  P,  R  would  not  be  in 
equilibrium,  and,  moreover,  we  should  have  to  take  account  of  the,  work  done 
la  producing  kinetic  energy. 
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Example. — To  find  the  horizontal  force  which  will  support  a  weight 
of  half  a  ton  on  an  incline  of  30°. 

Here  LBAO  =  30°, 

.-.    BO  -  A B  tan  30°  =  AB  x  a  a/3  ; 
also    W  =  \  ton  =10  cwt.,  and  the  applied  force  P  acts  horizontally ; 

.*.    P=  7FxAa/3  =Jf  V3cwt., 
or  required  force  =  5-7735  ...  cwt. 

=  5  cwt.  3qrs.  2f  lhs.  wt.  nearly. 


44.  Equilibrium  on  an  inclined  plane,  the  sup- 
porting force  acting  along  tlie  plane. 

Let  a  given  weight  W  rest  on  a  smooth  inclined  plane 
of  given  section  ABO,  and  let  it  be  kept  from  sliding  down 
by  a  force  P  acting  up  the  plane. 


Fig.  30. 


Fig.  40. 


It  is  required  to  find  the  magnitude  of  P. 
Let  B  be  the  reaction  of  the  plane. 
Then  the  forces  acting  on  the  weight  are 

P,  acting  in  the  direction  AC  ; 

W,  acting  vertically  downwards  ; 

R,  acting   perpendicular  to  the  plane  (since  the 
plane  is  smooth). 

Produce  the  vertical  0B   to    D,    and    make    CD  =  CA. 
Also   draw   DE  perpendicular  on  the  plane,     Then  the 
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triangles  ABC,  DEC  are  equal  in  all  respects,  and  theref oi  e 

EC  =  BC,    DE  =  AB. 

Now,  the  forces  P,  W,  B  are  parallel  to  the  sides  EG, 
CD,  DE  of  the  triangle  DEC.     Therefore,  by  the  Triangle  of 

Forces        -^-K-A.    or    L_  -  W  -  A 
s,      EC~CD~DE'    °V    BC~CA~AB' 


whence 


h  '     I         b 


Therefore         F  =  ,F  x  height  of  plane    (3) 

length  of  plane 

M=  Wx    base  of  plane      (4)_ 

length  of  plane 

45.  Alternative  method. — The  expression  for  P  also  follows  very 
simply  from  the  Principle  of  Work. 

Let  the  force  P  applied  along  an  inclined  plane  pull  the  weight  W 

from  the  bottom  to  the  top  of  the  plane  with  uniform  velocity.     Then 

P  moves  its  point  of  application  along  the  length  AC,  and  the  weight 

W  is  raised  against  gravity  through  the  vertical  height  BC  of  the 

plane.    Equating  the  two  amounts  of  work,  we  have 

Px  length  of  plane  —  Wx  height  of  plane, 

p  =  w  x  height  of  Plane  /3\ 

length  of  plane 

Example. — A  road  rises  440  feet  in  a  mile.  To  find  the  pull  that  a 
horse  must  exert  on  a  cart  weighing  6  cwt.  to  draw  it  up  the  road. 

Let  the  force  he  P  cwt.  Then  work  done  by  P  in  moving  its  point 
of  application  through  1  mile  =  work  required  to  lift  6  cwt.  through 
440  feet;  .-.     Px  5280  =  440  x  6  ; 

=  6x440  =  A  =  i  cwt.  =  56  lbs.  wt. 
5280         12       2 

46.  Trigonometrical  Expressions. — Taking  iBAC  =  A, 

BC  AB 

we  have  sin  A  =  — - ,    cos  A  =  —  : 

AC  AC 

therefore  P=  WsinA (3a), 

Ji  -  ^Tcos^,,,, (4«). 
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[These  expressions  may  also  be  found  by  resolving  along  the  plane  and 
perpendicular  to  it,  for  the  resolved  parts  of  W  perpendicular  and  along  the 
plane  are  W  cos  A  and  IF  sin  A,  and  these  are  equal  respectively  to  P  and  R.~\ 

Cor.  The  following  results  should  be  verified  by  the  student 
as  an  exercise : — 

If  the  inclination  of  the  plane  is 

0,        30°,        45°,        60°,        90°, 

the  force  up  the  plane  which  will  support  W  is 

o,     j\w,   j\w,   sw,  S*w, 

and  the  force  of  pressure  on  the  plane  is 

y/iW,    yfTT,    v/fJF,     </W,        0. 

Example. — To  find  the  force  acting  up  an  incline  of  30°  that  will 
support  a  weight  of  |  cwt. 

In  this  case  the  required  force 

=  weight  x  ^igji^plane  =  .  ^  x  ^  3QO 

length  or  plane 
=  |  cwt.  =  28  lbs.  wt. 

47.  Equilibrium   on  an   inclined  plane,  the    supporting1 
force  being"  applied  in  any  direction  whatever. 

When  the  supporting  force  P  is  applied 
in  any  direction  other  than  those  con- 
sidered above,  its  magnitude  can,  in 
general,  only  be  calculated  by  Trigono- 
metry, but  it  may  be  determined  graphic- 
ally thus: — 

On  the  vertical  through  0  measure  0D 
downwards  containing  as  many  uni'ts  of 
length  as  there  are  units  of  force  in  the 
weight  W.  Draw  DF  perpendicular  to 
the  inclined  plane,  and  let  it  meet  the 
line  in  which  P  is  applied  in  the  point  E. 
Then,  by  the  Triangle  of  Forces,  EO  re- 
presents the  force  P,  and  DE  represents 
the  reaction  P.  Hence,  if  the  figure  is  carefully  drawn,  P  and  R  can 
be  found  by  measuring  the  lengths  EO,  DE. 

For  different  directions  of  P,  the  point  £  always  lies  on  the  straight 
line  DF.     Evidently  E0  is  least  when  E  is  at  f,  because  the  perpen 


Fig.  41. 
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dicular  OF  is  less  than  any  other  straight  line  drawn  from  0  to  the 
line  DE. 

Hence  the  force  required  to  support  a  given  iveight  is  least  when  it 
acts  along  the  plane. 

To  find  P  and  R,  having  given  that  the  inclination  FOE  =  B,  we 
may  resolve  along  and  perpendicular  to  the  plane  (applying  §  33),  and 
obtain        PcosB  =  IFsinA,     H  +  Psin  B  —  Wco%A  =  0, 
where  A  —  L  FDO,    =  inclination  of  plane, 

sin  A  =  hll,   and   cos  A  =■  bjl. 

48.  The  Triangle  of  Forces  can  often  be  applied  to 
the  equilibrium  of  weights  supported  by  strings,  rods,  or 
inclined  planes,  when  it  is  required  to  calculate  the  sup- 
porting forces.  In  drawing  a  diagram  to  represent  these, 
it  frequently  happens  that  certain  lines  naturally  form  a 
triangle  of  forces,  and  the  problem  is  then  very  simple. 

The  following  may  be  taken  as  types  of  such  problems : — 

Examples. — (1)  In  the  crane  ACB,  the 
jib  or  rod  CA  is  1 2  ft.  long,  and  is  con- 
nected to  the  wall  BC  by  a  chain  AB,  8  ft. 
long,  attached  at  a  point  B  6  ft.  above  C. 

To  find  T  the  pull  of  the  chain  and 
P  the  thrust  of  the  rod,  when  a  weight  W, 
equal  to  18  cwt.,  is  hung  from  A 

The  forces  at  A  are 

(i.)  T  along  AB, 

(ii.)  P  along  CA, 

(iii.)   W  or  18  cwt.  acting  vertically, 
that  is,  is  parallel  to  BO. 

Hence  these  forces  are  parallel  to  tho 
sides  of  the  triangle  ABO. 

Therefore,  by  the  Triangle  of  Forces,  T,  P,  W  can  be  represented 
in  magnitude  by  AB,  CA,  BO. 


Fig.  42. 


But 


But 


AB  =  ±BC 


and 


AB  =  8  ft.,     CA  =  12  ft.,     BC  -  6  ft. ; 
and    CA  =  2BC  ; 
and      P  =  2W. 
W=  18  cwt.; 
tension  of  chain  T  =  |  x  18  =  24  cwt., 
thrust  of  jib  P  =  2  x  18  =  36  cwt. 
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(2)  A  string  is  attached  to  two 
pegs  A ,  0  in  a  horizontal  line  24  ft. 
apart,  and  a  weight  of  10  lbs. 
is  suspended  from  its  middle  point 
B.  If  this  point  falls  5  ft.  below 
the  line  AC,  to  find  the  tension 
in  the  string. 

Complete  the  parallelogram 
ABCD. 

Since  AB  =  BC,  BD  evidently 
bisects  AC  at  right  angles  in  E, 
and  BED  is  vertical. 

Let  BA,  BC  represent  the  ten- 
sions in  the  two  portions  of  the  string 


Then,  by  the  Parallelogram 


of  Forces,  DB  represents  the  weight  of  10  lbs. 

Now,  we  are  given  that     BE  =■=  5  ft.,     EC  =  12  ft. 

.-.     BC*  -  BE2  +  EC2  =  52+  122  =  13*  ;     or    BC  =  13  ft. 
Also  BD  =  2BE  =  10  ft. 

Since  BE  or  10  ft.  represents  a  force  of  10  lbs., 

.*.     BC,  which  is  13  ft.,  represents  a  force  of  13  lbs. 
Therefore  the  tension  of  the  string  =13  lbs. 

(3)  AB  and  AC  are  two  chains  9  ft.  and  12  ft.  long  attached  to  pegs 
B,  C  at  a  horizontal  distance  of  15  ft.  apart.  To  find  the  pulls  in  the 
chains  when  a  weight  of  1  ton  is  suspended  from  A. 

Here  the  lengths  AB,  AC,  BC  are  proportional  to  3,  4,  5  ; 

.-.    BC2  =  BA*  +  AC2; 

therefore  BAC  is  a  right  angle  (by  Euc.  I.  48). 

Let  P  be  the  pull  in  AB,  Q  that 
in  AC,  and  let  W  =  1  ton,  the 
weight  at  A.  Then  F  acts  per- 
pendicular to  CA,  Q  perpendicular 
to  AB,  and  W  acts  perpendicular 
to  BC.  Hence  the  three  forces  at 
A  act  perpendicular  to  the  sides  of 
ABC.  Therefore,  by  the  Perpendi- 
cular Triangle  of  Forces,  P,  Q,  W 
are  representable  in  magnitude  by 
CA,  AB,  BC,  that  is,  by  9,  12, 
15  ft.  respectively. 

Therefore 
p  =  L*jr  =  4  0f  a  ton  =  16  cwt., 

q  =  ^W  =  f  of  a  ton  =  12  cwt. 


15ft 


Fig.  44.  Fig.  45. 
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Fig.  46. 


(4)  A  weight  of  1  lb.  is  suspended  by  a  string.  To  find  the  angle 
through  which  the  string  will  be  pulled  aside  out  of  the  vertical  by- 
horizontal  force  of  \/3  lbs.,  and  to  find  the  pull  in  the  string. 

Let  T  be  the  required  pull  in  the  string, 
W  the  weight  (=1  lb.),  F  the  horizontal 
force  (=  V3  lbs.). 

Let  PK  be  the  position  of  the  string,  the 
weight  being  at  K.  Then  if  the  horizontal 
line  KM  meets  the  vertical  PM  at  M,  the 
forces  W,  F,  T  are  represented  in  direction 
by  PM,  MK,  KP,  and  therefore  they  can  also 
be  represented  in  magnitude  by  these  lines. 

Now  *-  VZW; 

MK  =  a/3/W; 

.-.      Z  MPK  =  60°, 
and  Z  MKP  =  30°. 

Therefore  the  string  makes  an  angle  60°  with  the  vertical. 
Also  PK  -  2PM ; 

.-.     the  required  pull  T  =  2  W  =  2  lbs.  wt. 

(5)  A  weight  of  1  ton  is  attached  at  B  to  a  rod  AB,  which  is  drawn 
aside  from  the  vertical  position  through  30°  by  a  chain  BD  attached 
to  B.  Find  the  pull  in  the  rod,  supposing  BD  to  make  an  angle  of 
60°,  (i.)  with  the  upward  drawn  vertical,  (ii.)  with  the  downward 
drawn  vertical. 

Let  H  be  the  required  pull  in  the  rod  BA,  P  the  pull  in  the  chain 
BD,  Q  (=  1  ton)  the  given  weight. 

A 


-iTQNWT. 


Fig.  47. 


—I  ton  wr. 
Fiar.  48. 


Take  any  point  A  on  the  rod,  and  let  the  vertical  through  A  meet 
DB  produced  in  C. 

Then  the  forces  .P,  Q,  R  are  represented  in  direction  by  CB,  AC,  BA, 
Therefore  they  can  also  be  represented  in  magnitude  by  these  lines. 
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(i.)  In  the  first  figure, 

L  BAG  =  30°,     L  ACB  =  60° ;    and    .-.     I  CBA  =  90°. 

...     BA  =  ^AC. 

2 

.*.    required  pull  H  =  —  Q  =  —  tons  weight. 

(ii.)  In  the  second  figure,      . 

lBAC=%0°,     z£C£=W;    and     .'.      L  CBA  -  30°. 

Therefore  AOB  is  an  isosceles  triangle  having  its  base  angles  each 
30°,  and  if  0  be  joined  to  the  middle  point  of  AB,  the  triangle  ACB 
will  be  divided  into  two  triangles  whose  angles  are  30°,  60°,  90°. 
(Trig.,  §  19.) 

.-.     AB  =  2x  ^  AC  =  V3AC. 
2 

.  • .     required  pull  E  =  V3  Q  —  a/3  tons  weight. 


Summary  op  Results. 

For  equilibrium  of  weight  W  on  a  smooth  inclined  plane, 
if  supporting  force  P  be  horizontal, 

P=Wx  (height)-^- (base)...  (1),     (§  41.) 

reaction  B  =  Wx  (length) -f- (base-)  ...  (2).     (§  41.) 

Work  done  in  drawing  W  up  plane 

=  Wx  (height)  =  Px  (base). 

[In  terms  of  the  inclination  A, 

P=  IF  tan  J.    (la).     (§43.)] 

If  P  acts  up   the  plane,   i.e.,  in   the    most   favourable 
direction  (§  47),  then 

P  =  Wx  (height)^  (length)  ...(3),(§  4±.) 

B  =  Wx  (base) -j- (length)  ...  (4).  (§  44.) 

Work  done  in  drawing  W  up  plane 

=  Wx  height  =  Px  length. 

[In  terms  of  the  inclination  A, 

P=WsmA,     B=  Wcos  A.  (§  46.)] 
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EXAMPLES  III. 

1.  Find  (a)  the  horizontal  forces,  and  (b)  the  forces  up  the  plane 
required  to  support  each  of  the  following  weights  on  the  given 
inclined  planes : — 

(i.)  10  lbs.  on  an  incline  of  length  10  ft.  and  height  6  ft. ; 
(ii.)  78  lbs.  on  an  incline  of  height  5  ft.  and  base  12  ft. ; 
(iii.)  30  tons  on  an  incline  of  length  25  yds.  and  base  24  yds. ; 
(iv.)  85  kilogs.  on  an  incline  of  8  in  17  of  length  34  metres. 

2.  Find  also  the  works  done  in  drawing  the  weights  of  the  last 
question  up  the  planes. 

3.  Find  the  horizontal  force,  and  find  also  the  force  acting  up  the 
plane,  required  to  support  a  weight  of 

(i.)  5  tons  on  an  incline  of  30° ; 
(ii.)  28  lbs.  on  an  incline  of  45° ; 
(iii.)  10  kilogs.  on  an  incline  of  60°. 
In  each  case  find  the  reaction  of  the  plane. 

4.  The  lengths  of  the  three  inclined  planes  of  the  preceding  ques- 
tion are,  respectively,  (i.)  9  ins.,  (ii.)  3  ft.,  (iii.)  150  centimetres. 
Find  the  works  done  in  drawing  the  weights  up  the  planes. 

5.  A  weight  of  9  lbs.  is  pulled  up  an  inclined  plane  of  which  the 
height  is  If  ft.  and  the  base  is  2  ft.  What  force  (i.)  acting  hori- 
zontally, (ii.)  acting  along  the  plane,  is  required  for  the  purpose? 
"What  amount  of  work  is  done  in  each  case  r 

6.  A  weight  of  12  lbs.  is  supported  by  two  strings,  each  inclined  at 
an  angle  of  45°  to  the  vertical.     Find  the  tension  of  the  strings. 

7.  A  weight  of  10  lbs.  is  supported  by  two  strings  which  are  in- 
clined at  angles  of  30°  to  the  vertical.    Find  the  tensions  in  the  strings. 

8.  A  stone  weighing  1  ton  is  suspended  in  the  air  by  a  chain  ;  a 
rope  fastened  to  the  stone  is  pulled  so  that  the  chain  makes  30°  and 
the  rope  60°  with  the  vertical.  Draw  a  very  careful  figure  showing 
the  three  forces  acting  on  the  stone,  and  a  triangle  representing  them. 
Find  the  pull  on  the  rope. 

9.  A  small  heavy  ring,  which  can  slide  freely  upon  a  smooth  thin 
rod,  is  attached  to  the  end  of  the  rod  by  a  fine  string.  If  the  rod  be 
held  in  any  position  inclined  to  the  vertical,  draw  a  triangle  repre- 
senting the  forces  acting  upon  the  ring.  | 
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10.  A  body  of  weight  10  lbs.  rests  on  a  smooth  plane  inclined  at 
an  angle  of  30°  to  the  horizontal.  Find  the  least  value  of  the  force 
required  to  sustain  it  and  the  reaction  of  the  plane. 

1 1 .  A  weight  rests  on  a  smooth  inclined  plane.  Determine  the 
direction  and  magnitude  of  the  least  force  which  will  keep  it  in 
equilibrium  Find  also  the  direction  of  the  force  in  order  that  the 
thrust  on  the  plane  may  be  double  of  that  exerted  in  the  first  case. 

12.  Two  weights  support  each  other  on  two  smooth  inclined  planes 
of  the  same  height,  the  weights  being  connected  by  a  string  passing 
over  a  smooth  pulley  at  the  junction  of  the  planes.  The  angles  of 
the  planes  are  30°  and  60°.  What  is  the  ratio  of  the  weights  and  the 
tension  of  the  string  ? 

13.  A  wedge,  whose  triangular  section  ABC  is  right-angled  at  A, 
is  placed  with  BC  on  a  horizontal  plane ;  a  horizontal  force  P  will 
support  a  weight  Q  on  AB.  What  horizontal  force  would  be  required 
to  support  a  weight  Q  placed  on  AO  ? 

14.  A  picture,  weighing  56  lbs.,  is  slung  over  a  nail  in  the  ordinary 
way  by  a  cord  attached  to  two  eyes  in  the  top  horizontal  bar  of  its 
frame.  If  the  height  of  the  nail  above  this  bar  is  half  the  distance 
between  the  eyes,  what  is  the  tension  in  the  cord?  Under  what 
circumstances  would  the  tension  be  equal  to  or  greater  than  the  whole 
weight  of  the  picture  ? 

15.  A  particle  P  is  placed  inside  a  smooth  circular  tube,  and  is 
acted  on  by  two  forces  towards  the  extremities  A  and  B  of  a  fixed 
diameter  AB.  The  forces  are  respectively  proportional  to  PA  and  PB. 
Find  the  position  of  equilibrium. 

16.  A  wedge,  whose  triangular  section  ABC  is  right-angled  at  A, 
is  placed  with  BC  on  a  horizontal  plane.  Two  weights  P  and  Q, 
connected  by  a  string,  will  balance  if  placed  with  the  string  passing 
over  A  and  P  resting  on  AB,  and  Q  on  AC.  If  AB  be  placed  horizon- 
tally, they  will  balance  with  P  on  BC  and  Q  hanging  vertically. 
Show  that  the  sides  of  the  triangle  are  in  a  geometrical  progression 
whose  common  ratio  is  equal  to  the  ratio  P  :  Q. 

17.  Determine  the  tension  of  the  threads  of  a  rectangular  piece  of 
network  hung  from  a  horizontal  bar,  due  to  suspending  a  series  of 
equal  weights  in  a  horizontal  line  at  the  lowest  points  of  the  net,  sup- 
posing the  meshes  are  equal  hexagons  of  whichapair  of  sides  are  vertical. 
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TRANSMISSION  OF  FORCE— THE  WEDGE. 

49.  Rigid  bodies.  —  In  treating  the  conditions  of 
equilibrium  of  several  forces  acting  "  at  a  point,''  we  have 
supposed  the  forces  to  be  all  applied  to  a  single  particle 
placed  at  that  point.  When  two  or  more  forces  act  in 
parallel  straight  lines,  it  is  impossible  to  suppose  them  to 
be  applied  to  the  same  particle,  for  parallel  lines  never 
meet.  They  must,  therefore,  be  supposed  to  be  applied 
to  a  body  of  extended  size.  Accordingly,  it  will  le 
necessary  to  state  what  is  meant  by  a  rigid  body  before 
proceeding  further. 

Definition. — A  rigid  body  is  a  body  whose  size  and 
shape  always  remain  the  same  whatever  forces  be  applied  to 
different  parts  of  it. 

By  this  it  is  implied  that  the  distance  between  any  two 
particles  of  a  rigid  body  always  remains  tJte  same. 

In  reality  no  body  is  perfectly  rigid,  but  many  solid  bodies  may  be 
regarded  as  rigid  for  all  practical  purposes. 

50.  notation. — A  rigid  body  can  be  rotated. 

"When  a  top  is  spinning,  the  different  particles  of  the  top  rotate  or 
move  round  and  round  rapidly,  though  the  top  does  not  change  its 
position  as  a  whole.  The  same  is  true  when  a  wheel  rotates  or  turns 
round.  When  a  door  is  opened,  the  binge  remains  where  it  is  and 
the  other  parts  of  the  door  rotate  or  turn  about  it,  those  furthest  from 
the  hinge  moving  most  rapidly. 

When  a  body  changes  its  position  as  a  whole,  this  motion  is  said  to 
be  a  motion  of  translation  to  distinguish  it  from  rotation. 

When  a  number  of  forces  acting  on  a  rigid  body  are  in  equilibrium, 
they  must  have  no  tendency  to  produce  motion  either  of  translation  or 
of  rotation  ;  otherwise  the  body  will  not  remain  at  rest, 
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51.  Statical    Property    of    a    Rigid    Body.   —   In 

the  first  place,  it  will  be  observed  that 

Tiuo  forces  acting  at  two  points  of  a  rigid  body  are  in 
equilibrium  if  and  only  if,  they  are  equal  and  opposite,  ami 
act  in  the  same  straight  line. 

This  may  readily  be  verified  by  attaching  strings  to  two   points 
A,  B  of  a  body  (say  a  board)  resting  on  a  horizontal  table,  and  pulling 


Fig.  49. 

their  ends  apart  horizontally.  The  body  will  turn  round  until  the 
strings  MA,  BN  are  both  in  one  straight  line,  and  will  then  come  to 
rest.  And,  since  the  forces  produce  no  motion  of  the  body  as  a  whole 
(i.e  ,  no  motion  of  translation),  they  must  be  equal  and  opposite. 

[If  the  body  is  again  displaced  so  as  to  bring  the  strings  out  of  one  straight  line, 
it  will  not  remain  at  rest,  but  will  rotate  back  to  its  former  position.  Hence  two 
equal  and  opposite  forces  which  do  not  act  in  the  same  straight  line  are  not  in 
equilibrium,  but  tend  to  produce  rotation.] 

From  the  above  property  we  deduce  the  following 
principle : — 

52.  Principle  of  Transmission  (or  Tr admissi- 
bility) of  Force : 

A  force  acting  on  a  rigid  body  may  have  its 
point  of  application  transferred  to  any  point  what- 
ever in  the  straight  line  in  which  it  acts  without 
affecting  the  conditions  of  equilibrium. 

Let  P  be  any  force  applied  to  a  body  at  B  in  the 
direction  BN.  Let  A  be  any  point  of  the  body  in  the 
straight  line  BN  or  BN  produced.  At  A  apply  two  equal 
and  opposite  forces  of  magnitude  P  in  the  straight  line 
AB.  These  two  forces  balance  each  other,  and  therefore 
do  not  affect  the  conditions  of  equilibrium  of  the  original 
forces.    $ow  consider  the  two  forces  +P  at  B  and  —  P 
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at  A.  By  the  property  just  proved,  these  two  forces 
balance  each  other,  and  therefore  they  can  be  removed 
without  affecting  the  conditions  of  equilibrium.  We  are, 
therefore,  left  with  the  force  +P  at  A  as  the  statical 
equivalent  of  the  original  force  P  at  B  applied  in  the 
same  straight  line ;  as  was  to  be  proved. 

The  principle  of  the  Transmission  of  Force  may  also 
be  stated  thus : 

When  a  force  acts  on  a  rigid  body,  it  is  immaterial  ivhat 
point  in  its  line  of  action  is  considered  to  be  the  point  of 
application  of  the  force. 

The  point  of  application  may  even  be  taken  outside  the  body, 
provided  that  the  force  is  applied  to  a  particle  rigidly  connected  with, 
the  body.  But  a  force  cannot  be  replaced  by  an  equal  and  parallel 
force  acting  at  any  point  not  in  its  original  line  of  action. 

Tension  of  a  string". — In  the  same  way  it  is  evident  that  the 
tension  of  a  stretched  string  is  the  same  at  all  points  of  its  length.  This 
property  is  very  important. 

53.  Conditions  of  equilibrium  of  three  forces  in 
one  plane. 

If  a  rigid  body  is  in  equilibrium  under  three  forces  in  one 
plane,  their  lines  of  action  must  all  be  parallel  or  all  pass 
through  one  common  point. 

For  let  the  three  forces  be  not 
all  parallel.  Then  the  lines  of 
action  of  two  of  them  must  meet 
in  some  point,  say  0.  By  the 
principle  of  Transmission  of  Force, 
we  may  suppose  these  two  forces 
to  be  applied  to  a  particle  of  the 
body  (or  rigidly  connected  with 
the   body)   at   0.      Hence,  as   in  p,>  50. 

Chap.  I.,  tbey  are  equivalent  to  a 

single  resultant  force  acting  at  0.  This  resultant  and  the 
third  force  balance ;  therefore  they  mast  be  equal  and 
opposite  and  in  the  same  straight  line  (§  51).     Hence  the 
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line  of  action  of  the  third  force  must  pnss  through  0,  and 
therefore  the  three  lines  of  action  must  all  pass  through 
one  common  point. 

In  addition  to  passing  through  one  common  point,  the 
three  forces  must  satisfy  the  same  conditions  of  equi- 
librium as  if  they  acted  on  a  particle  at  that  point ;  that 
is,  they  must  be  capable  of  being  represented  in  magni- 
tude and  direction  by  the  sides  of  a  triangle  taken  in 
order. 

The  conditions  of  equilibrium  of  three  parallel  forces 
will  be  investigated  in  Chap.  VI. 

54.  The  point  of  intersection  of  the  forces  need  not  be 
ivithin  the  body. 

Thus,  let  three  cords  be  attached  to  a  ring  or  hoop  at  the  equi- 
distant points  A,  B,  0  (Fig.  50),  and  let  these  cords  be  pulled  with 
equal  forces  in  the  direction  of  radii  OA,  OB,  00.  Then  these  forces 
will  be  in  equilibrium,  for  their  directions  pass  through  one  common 
point  (viz.,  the  centre  0),  and  are  inclined  at  angles  of  120°.  Hence 
the  ring  will  remain  at  rest  notwithstanding  the  fact  that  the  point  0 
is  not  in  the  substance  of  the  ring  itself.      ^See  also  §  57,  Ex.  1.) 

55.  The  wedge  is  a  triangular  block  which  is  used 
either  for  splitting  a  body  (e.g.,  a  piece  of  wood)  into  two 
parts,  for  separating  two  bodies,  or  for  slightly  raising 
heavy  weights  off  the  ground.  The  section  of  the  block 
is  a  triangle,  and  the  wedge  generally  studied  on  account 
of  its  greater  utility  and  simplicity  is  isosceles,  and  could 
be  formed  by  two  right-angled  inclined  planes  put  back  to 
back.  A  knife  and  a  chisel  afford  good  illustrations  of 
the  principle  of  the  wedge. 

The  wedge  we  consider  in  theoretical  mechanics  is  smooth  ;  but 
most  wedges  are  so  rough  that,  when  they  have  been  driven  in 
between  two  bodies,  the  friction  prevents  them  from  coming  out 
again.  Usually,  too,  wedges  are  driven  in  by  blows  of  a  hammer ; 
hence  the  conditions  of  equilibrium  found  below  are  usually  far  from 
being  realized  in  practice. 

56.  Conditions  of  equilibrium  of  a  smooth  wedge. 

— Let  a  smooth  wedge,  whose  section  is  the  triangle  ABC, 
be   driven   in    between  two  bodies  M,  N   by  a   force  P 
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applied  on  its  face  BG.     Let  Q,  B  be  the  reactions  with 
which  M,  N  resist  the  insertion  of  the  wedge. 


Fig.  51. 

Then  the  wedge  is  kept  in  equilibrium  by  the  three 
forces  P,  Q,  B,  and,  since  the  wedge  is  smooth,  these 
forces  act  perpendicularly  to  BG,  CA,  AB,  their  directions 
meeting  in  some  point  0. 

Therefore,  by  the  Perpendicular  Triangle  of  Forces  (or 
as  shown  by  the  triangle  DEF),  P,  Q,  B  can  be  represented 
in  magnitude  by  BG,  CA,  AB,  respectively,  that  is, 

JL  -  A  -  A 

BC  ~  CA      AB  ; 

or,  if  a,  b,  c  denote  the  lengths  of  BG,  CA,  AB, 

P.  =   Q_  =B_ 
a  b  c 


a)- 


In  the  case  generally  considered  the  section  of  a  wedge 
is  isosceles,  or  b  =  c.     Therefore 

Q  =  B  =  Px— . 

a 

By  sufficiently  increasing  the  length  b  and  making  the 
breadth  a  very  small,  a  very  small  force  P  can  be  made 
to  overcome  a  very  large  resistance  Q.  A  hatchet  is  a  good 
example  of  this. 
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Example. — A  stone  rests  against  a  vertical 
wall  A C,  and  can  be  separated  from  the  wall 
by  a  smooth  wedge  weighing  28  lbs.,  whose 
triangular  section  ACB  is  right-angled  at  C, 
and  has  its  sides  7,  24,  25  inches  long.  To 
find  Ihe  horizontal  force  with  which  the 
stone  presses  against  the  wedge,  no  other 
forces  being  applied  to  the  wedge. 

Let  Q  be  the. reaction  of  the  wall,  R  the 
force  of  pressure  of  the  stone  on  the  wedge, 
P(  =  28  lbs.)  the  weight  of  the  wedge.  Then 
the  wedge  is  kept  in  equilibrium  by  forces  P,  Q,  Ji. 

Since  A CB  is  a  right  angle,  CB  is  horizontal,  and  therefore  Pacts 
perpendicular  to  BO.  Since  the  wedge  is  smooth,  Q,  It  act  perpen- 
dicular to  CA,  AB  respectively.    Therefore,  by  the  Triangle  of  Forces, 

BG  ~  CA      AB'    °r     7       24       25 ; 
whence  Q  =  96  lbs.,         It  =  100  lbs. 

Also,  required  horizontal  component  of  i?  =  Q  =  96  lbs. ; 
therefore  the  stone  presses  with  a  horizontal  force  of  96  lbs. 


57.  Equilibrium  of  a  heavy  body. — Applications 
to  problems.  —  The  theorem  of  §  53  is  very  useful  in 
enabling  us  to  find  the  conditions  of  equilibrium  of  a 
heavy  body  supported  at  two  given  points  by  forces  that 
are  not  vertical.  The  cases  where  the  supporting  forces 
are  vertical  will  be  considered  later. 

It  will  be  proved  in  Chap.  X.  that  the  whole  weight  of 
a  rigid  body  may  always  bj  supposed  to  act  vertically  at 
a  single  point  of  the  body,  called  its  centre  of  gravity  or 
centre  of  mass.  For  the  present,  the  following  particular 
results  will  be  assumed  : — 

(1)  The  weight  of  a  heavy  uniform  rod  or  beam  acts  at 
its  middle  point. 

(2)  The  weight  of  a  uniform  sphere  or  cube,  or  of  a 
circular  disc,  acts  at  its  centre. 

It  will  also  be  necessary  to  remember  (§  40)  that — 
Action  and   reaction   are   equal  and  opposite  (Newton's 

Third  Law)  ;  and  that 

The  reaction  of  a  perfectly  smooth   surface  is  always  per' 

pendicular  to  that  surface. 
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58.  Examples.— (1)  Equilibrium  of  a  ladder. — A  uniform  ladder 
of  weight  W  leans  against  a  perfectly  smooth  wall.  To  find  tli« 
thrusts  which  it  exerts  against  the  wall  and  ground  when  the  ladder 
is  20  ft.  long  and  reaches  a  height  of  16  ft. 

Let  AB  be  the  ladder,  G  its  middle  point. 

Let  P  denote  the  reaction  of  the  wall, 
R  that  of  the  ground. 

Then  the  three  forces  acting  on  the 
ladder  are — 

(i.)  Its  weight  W  acting  vertically- 
through  G  (since  the  ladder  is  uniform)  ; 

(ii.)  The  reaction  P  at  B  acting  hori- 
zontally (since  the  wall  is  smooth  and 
vertical)  ; 

(iii.)  The  reaction  R  acting  at  A. 

Since  these  forces  are  in  equilibrium, 
they  must  pass  through  one  point.  Let 
the  vertical  through  G  meet  the  horizontal 
through  B  in  M.  Then  the  reaction  R 
must  act  in  the  line  AM. 

Let  MG  meet  the  ground  iu  N.  Then 
the  forces  W,  P,  R  act  in  the  directions  of  MN,  NA,  AM,  the  sides  of 
the  triangle  AMN  taken  in  order.  Therefore,  by  the  Triangle  of 
Forces,  these  sides  may  be  made  to  represent  the  forces  in  magnitude, 
so  that  if  BO  or  MN  represents  W,  NA  and  AM  will  represent  P  and  R 
respectively.     Therefore 


ijT     NA 
MN' 


R  =  JFx  AM. 
MN 


Now  AB  =  20it.,     BO  =  16  it.  ; 

.'.     AO2  =  202- 162  =  42(52-42)  =  42  .  32  =  122 ; 
.-.    AO  -  12  ft. ; 
and  it  is  easily  seen*  that 

AN  =  \A0  =  6  ft. 
Therefore  also 

AM2  =  AN2  +  NM2  =  62+  162  =  22(32+  82)  =  22  x  73  ; 
.-.    AM  =  t  VIZ  it. 

.'.     Reaction  of  wall  P  =  Wx  —        —  — ^, 

16  8 


Reaction  of  ground  R  =  Wx 


2  a/73 
16 


JFV73 
8 


*  For  AG  =  GB  ;    .\  triangles  AGN,  BGM  are  equal  in  all  respects  ; 
=  NO  (.the  opposite  side  of  the  parallelogram  MBON)  ;    .*.  AN  =  {AQ. 


AN  =  im 
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(2)  A  uniform  rod  AB  weighing  1  cwt.,  hinged  at  A,  is  supported  in 
a  horizontal  position  by  a  rope  attached  to  B,  and  making  an  angle  of 
45°  with  the  rod.  To  find  the  tension  in  the  rope  and  the  force  at 
the  hinge. 

Let  G  be  the  middle  point  of  AB. 

Let  P  be  the  tension  in  the  rope,  Q  the 
force  at  the  hinge,  and  let  W  denote  the 
weight  of  the  beam  (1  cwt.). 

Then  the  forces  acting  on  the  rod  are — 

(i.)  Its  weight  1  cwt.  acting  vertically- 
through  G ; 

(ii.)  The  tension  P  acting  along  the 
string  at  B ; 

(iii.)  The  reaction  Q  of  the  hinge  at  A. 

These  three  forces  must  all  pass  through 
one  point.  Let  the  vertical  through  6 
meet  the  rope  at  C.  Then  Q  must  act 
along  AC.  Draw  AD  parallel  to  CB,  meeting 
GO  produced  in  D. 

Then  P,  Q,  /Fare  representable  in  direc- 
tion, and  therefore  also  in  magnitude,  by 
DA,  AC,  CD. 

Since  L  ABC  —  45°  and  GA  =  GB,  every  triangle  in  the  figure  is 
easily  seen  to  be  a  right-angled  isosceles  triangle,  and  every  angle  in 
the  figure  is  either  90°  or  45°.     In  the  triangle  DAG, 

DA  =  AC  =  \J2.CD\ 

...     P=    Q  =  \<y/2W=±«/2mt. 

Therefore  the  tension  in  the  string  is  \  SI  of  a  cwt.,  and  the  force 
at  the  hinge  is  also  \«/2  of  a  cwt.,  and  its  direction  makes  an  angle 
45°  with  the  horizon. 

[As  an  exercise  the  student  should  work  out  the  case  where  the 
string  is  in  the  straight  line  DB  produced,  making  an  angle  of  45°  in 
the  opposite  direction  with  AB.  It  will  readily  be  found  that  the 
tension  of  the  string  and  the  force  at  the  hinge  are  each  \*/2  cwt.,  as 
before,  and  that  the  latter  force  acts  in  the  direction  DA.] 


Fig.  54. 


(3)  A  ball  1  ft.  in  radius,  and  weighing  5  lbs.,  rests  against  a  smooth 
wall,  and  is  attached  to  a  string  which  passes  through  a  hole  in  the 
wall  at  A,  and  is  pulled  with  a  force  of  10  lbs.  To  find  the  length  of 
string  projecting  from  the  hole. 

Let  E  be  the  reaction  of  the  wall. 

The  forces  on  the  ball  are — 

(i.)  Its  weight  5  lbs.  acting  vertically  through  its  centre  C  ', 
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(ii.)  The  reaction  B  acting  perpendicu- 
lar to  the  wall,  and  therefore  in  direction 
BC; 

(iii.)  The  pull  of  the  string  or  10  lbs. 

Since  these  pass  through  a  point,  the 
direction  of  the  string  passes  through  C, 
and  the  three  forces  are  represented  in 
direction  by  AB,  BG,  CA. 

Therefore,  if  the  length  AB  represents 
the  weight  5  lbs.,  BC  will  represent  the 
reaction  E  and  CA   the  pull  of    10  lbs. 

Now  CBA  =  90°  and  AC  =  2AB; 

.'.    lBCA  =  Z0o,        BAC  =  60°; 
.-.   BC  m  ABV3; 
whence  R  =  5  ^3  lbs.  =  8  66...  lbs. 

But  BC  =  12  inches; 

...      AC  =  —  BC  -  -^  inches  =  8/3  inches ; 
a^3  */'& 

and,  if  D  is  the  point  of  attachment  of  the  string, 

AD  =  AC-DC  =  8/8-12  =  1*856  in. 

Therefore  the  required  reaction  is  8'66...  lbs.  and  1*856  in.  of  the 
string  projects  from  the  wall. 


Fig.  55. 


59.  Theorems. —  (1)  Three  forces  proportional  in  magnitude  to 
the  sides  of  a  triangle  and  bisecting  these  sides  at  right  angles  will 
be  in  equilibrium  if  they  act  all  inwards  or  all  outwards. 

For,  by  Euc.  IV.  5,  the 
perpendicular  bisectors  of  « 

the  sides  all  meet  in  the 
centre  of  the  circum- 
scribing circle.  Hence  the 
forces  all  pass  through 
one  point. 

Moreover,  if  the  tri- 
angle is  turned  through 
a  right  angle,  its  sides, 
taken  in  order,  will  be 
parallel  to  the  forces, 
and  will  represent  them 


Fig.  56. 
both  in  magnitude  and  direction.   Hence  the  forces  are  in  equilibrium. 


(2)  Any  number  of  forces  proportional  to  the  sides  of  any  polygon 
and  bisecting  these  sides  at  right  angles  will  be  in  equilibrium  if 
they  act  all  inwards  or  all  outwards. 


J 
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Let  ABODE...  be  tin  given  polygon.  Join  AC.  AD,  ...,  and  suppose 
the  forces  to  all  act  outwards. 

From  the  last  theorem,  the  forces  of  magnitude  AB,  BO,  bisecting 
AB,  BO  at  right  angles,  have  a  resultant  of  magnitude  AC,  bisecting 
AC  at  right  angles,  acting  inwards  with  respect  to  the  triangle  ABC, 
or  outwards  with  respect  to  ACD. 

Similarly,  the  forces  AC  and  CD  have  a  resultant  AD  bisecting  AD 
at  right  angles. 

Finally,  the  forces  AD,  DE,  EA,  bisecting  their  respective  sides  at 
right  angles,  are  in  equilibrium. 

Therefore  the  given  forces  are  in  equilibrium.  The  same  is  simi- 
larly true  if  they  act  inwards. 

(3)  To  deduce  the  conditions  of  equilibrium  of  three  parallel  forces 
acting  on  a  rigid  body.* 

Three  forces  P,  Q,  R  acting  perpen-  f>  qj 

dicular  to  the  sides  of  a  triangle  ABC  \ 

at    the   angular  points   will   meet    in         | 

the  orthocentre,  and  therefore   (as  in  A 
Theorem  1)  they  balance  if  they  are 
proportional  to  the  sides,  that  is,  if 

P  =  Q  =  R 

BC      CA      AB'  Fig.  57. 

This   is    true    however    small     the 
altitude  of  the  trianglo  ABC       Hence    it    must   be   true   when   the 
altitude  is  infinitesimal.      In  this  case  the  points  A,  B,  C  lie  in  one 
straight  line,  and  the  forces  P,  Q,  R  act  perpendicular  to  this  line, 
and  are  therefore  parallel. 

Hence  the  conditions  of  equilibrium  of  the  three  parallel  forces 
P,  Q,  R  acting  at  A,  B,  C  become 

2L   =   #   =   R  (2) 

BC       CA       AB    *  ;* 

In  the  above  figure  BA  =  BC  +  CA, 

and  AB  is  equal  and  opposite  to  BA. 

Therefore,  from  (1),  R  is  equal  and  opposite  to  P+  Q,  so  that,  if  the 
directions  of  forces  are  denoted  by  their  signs,  then,  algebraically, 

F+Q  +  R  =  0 

is  a  necessary  condition  of  equilibrium. 


*  The  conditions  of  equilibrium  of  three  or  more  parallel  forces  will  be  treated 
mere  fully  by  other  methods  in  Chap.  VI.  The  presont  treatment  may  therefore 
be  omitted  on  lirst  reading,  although  it  affords  an  instructive  exercise. 
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Summary  op  Results. 

The  Principle  of  Transmission  of  Force  asserts  that  the 
effect  of  a  force  acting  on  a  rigid  body  does  not  depend  on 
what  point  in  its  line  of  action  is  its  point  of  application. 

(§52.) 

Three  Forces  in  equilibrium  must  either  be  parallel  or 
intersect  in  one  point.  (§  53.) 

Conditions  of  equilibrium  of  a  smooth  wedge  under 
forces  P,  Q,  B  perpendicnlar  to  faces  a,  b,  c  are 

P/a=  Q/b  =  B/c (1).     (§56.) 

The  weight  of  a  uniform  rod  acts  at  its  middle  point. 

The  weight  of  a  sphere,  cube,  or  circle  acts  at  its  centre. 

(§57.) 

EXAMPLES  IV. 

1.  A  person  ascends  a  ladder  resting  on  a  rough  horizontal  floor 
against  a  smooth  vertical  wall;  determine  the  direction  and  magni- 
tude of  the  force  with  which  the  ladder  presses  against  the  floor. 

2.  A  uniform  rod  BC,  6  ins.  long,  weighs  2  lhs.,  and  can  turn  freely 
ahout  its  end  B.  It  is  supported  hy  a  string  AC,  8  ins.  in  length, 
attached  to  a  point  A  in  the  same  horizontal  line  as  B,  the  distance 
AB  heing  10  ins.     Find,  hy  a  diagram,  the  tension  of  AC. 

3.  AB  is  a  wall,  and  C  a  fixed  point  at  a  given  perpendicular 
distance  from  it ;  a  uniform  rod  of  given  length  is  placed  on  C,  with 
one  end  against  AB.  If  all  the  surfaces  are  smooth,  find  the  position 
in  which  the  rod  is  in  equilibrium. 

4.  Two  forces  applied  at  two  points  A,  B  of  a  rigid  "body  in  the 
straight  line  AB  are  such  as  to  balance  one  another.  Prove  (without 
assuming  the  Principle  of  Work)  that,  when  the  body  moves  in  the 
direction  AB,  the  works  done  by  the  forces  are  equal  and  opposite. 

5.  A  uniform  rod,  whose  length  is  8  ft.  and  weight  16  lbs.,  is  placed 
over  a  smooth  peg,  so  that  one  end  rests  against  a  smooth  vertical 
wall.  The  distance  of  the  peg  from  the  wall  is  6  ins.  Find  the 
position  of  equilibrium  and  the  force  of  pressure  on  the  peg. 

6.  A  uniform  rod,  whose  length  is  2  ft.  and  weight  1  lb.,  is  placed 
over  a  smooth  peg,  so  that  one  end  rests  against  a  smooth  vertical 
wall.  The  thrust  on  the  peg  is  2  lbs.  Find  the  distance  of  the  j)eg 
from  the  wall  and  the  position  of  equilibrium. 
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7.  A  uniform  rod  AB,  inclined  at  an  angle  of  30°  to  the  horizon, 
rests  with  the  end  A  in  contact  with  a  rough  horizontal  tahle,  the  end 
B  "being  supported  "by  a  string  attached  to  a  point  0  vertically  ahove 
A,  If  BO  be  inclined  at  an  angle  of  60°  to  the  horizon,  find  the 
reaction  of  the  table  and  the  tension  of  the  string. 

8.  A  rod  AB  is  hinged  at  A,  and  supported  in  a  horizontal  position 
by  a  string  BO  making  an  angle  of  45°  with  the  rod.  The  rod  has  a 
weight  of  10  lbs.  suspended  from  B.  Find  the  tension  in  the  string 
and  the  force  at  the  hinge.     The  weight  of  the  rod  may  be  neglected. 

9.  A  rectangular  box,  containing  a  ball  of  weight  W,  stands  on  a 
horizontal  table,  and  is  tilted  about  one  of  its  lower  edges  through  an 
angle  of  30°.     Find  the  thrusts  between  the  ball  and  the  box. 

10.  AC  and  BO  are  two  smooth  inclined  planes  at  right  angles  to 
one  another  and  intersecting  at  their  lowest  point  C.  A  uniform 
heavy  rod  AB  rests  in  equilibrium  against  them.  Show  that  its 
middle  point  is  vertically  above  C. 

11.  Construct  a  triangle  whose  sides  represent  the  forces  acting  on 
the  rod  in  Q.  10,  and  calculate  the  forces  of  pressure  of  the  rod  against 
the  planes,  the  inclinations  of  the  planes  being  30°  and  60°,  and  the 
weight  of  the  rod  1  lb. 

12.  A  picture  is  suspended  from  a  nail  A  by  strings  ABOCA  and  OA. 
The  former  passes  through  two  smooth  rings  at  B,  0,  so  placed  that 
ABC  is  an  equilateral  triangle,  and  at  0,  the  cent-re  of  ABC,  it  is 
knotted  to  the  string  OA,  which  is  also  suspended  from  A.  Given 
the  weight  W  of  the  picture,  determine  the  tensions  of  the  strings. 
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EXAMINATION  PAPER  II. 

1.  State  and  prove  the  principle  of  Transmissibility  of  Force. 

2.  If  three  forces  in  one  plane  keep  a  body  in  equilibrium,  show 
that  their  lines  of  action  will  either  meet  in  a  point  or,  be  all  parallel. 

3.  If  a  body  is  partly  supported  by  resting  against  a  smooth  fixed 
surface  which  it  touches  at  one  point,  in  what  direction  does  the 
surface  react  against  the  body  ? 

4.  Find  the  ratio  of  the  effort  to  the  weight  on  an  inclined  plane 
when  the  effort  acts  parallel  to  the  plane. 

5.  If  a  power  of  8  lbs.  applied  parallel  to  an  inclined  plane  sup- 
port a  weight  of  17  lbs.,  what  is  the  thrust  on  the  plane  ? 

6.  A  weight  rests  on  a  smooth  inclined  plane.  Show  that  the 
smallest  force  which  will  keep  it  in  equilibrium  must  act  along  the 
plane. 

7.  Forces  of  3,  5,  and  7  lbs.,  respectively,  act  on  a  particle  at  the 
centre  of  a  circle,  towards  points  on  the  circumference  which  divide 
it  into  three  equal  parts.  Find  the  magnitude  and  direction  of  the 
force  that  will  balance  them. 

8.  A  heavy  uniform  beam  AB  is  supported  at  a  point  C  by  the 
prop  CD,  its  extremity  A  pressing  against  a  smooth  wall  EF.  Deter- 
mine the  conditions  of  equilibrium. 

9.  If  a,  b,  c  be  the  breadths  of  the  three  faces  of  a  wedge,  supposed 
forced  into  a  fissure  in  the  usual  manner,  given  the  action  P  against 
its  back  a,  determine  the  two  reactions  Q  and  R  against  its  two  sides 
b  and  c. 

10.  A  uniform  ladder  rests  against  a  smooth  house  wall  at  a  slope  to 
the  ground  of  45°.  Draw  a  figure  showing  the  directions  of  the 
forces  acting  on  the  ladder,  and  prove  that  the  force  exerted  by  the 
ground  is  Vb  times  the  force  exerted  by  the  wall. 
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MOMENTS   OF   FORCES   IN   ONE   PLANE. 

60.  Forces  tending  to  produce  rotation. — If  a  body- 
is  attached  to  a  fixed  axis  or  hinge  about  which  it  can 
turn  freely,  we  can  set  the  body  in  motion  by  applying  to 
it  a  force  in  any  direction  not  passing  through  the  axis. 
And  it  is  easy  to  verify  by  a  few  simple  experiments  that, 
the  further  off  from  the  axis  the  force  is  applied,  the  more 
effect  it  has  in  turning  the  body. 

Consider,  for  example,  a  door  which  can  turn  about  its  hinges.  To 
open  or  shut  the  door,  we  apply  a  force  to  its  handle  in  a  direction 
perpendicular  to  the  plane  of  the  door,  and  at  a  considerable  distance 
from  the  hinge.  If  we  press  against  the  woodwork  of  the  door  at  a 
point  very  near  the  hinge,  we  shall  have  to  exert  a  much  greater 
effort  to  set  the  door  turning,  while  if  we  lean  against  the  edge  of 
the  door  and  push  it  directly  against  the  hinge,  it  will  not  turn 
at  all. 

When  a  wheel  is  turned  by  a  handle,  we  apply  to  it  a  force  perpen- 
dicular to  the  arm  of  the  handle.  It  is  easy  to  verify  that,  the  further 
the  handle  is  from  the  centre  of  the  wheel,  the  less  will  be  the  force 
required  to  turn  the  wheel,  although  the  handle  will  have  to  be 
moved  through  a  greater  distance  in  each  revolution. 

In  this  chapter  we  shall  consider  the  equilibrium  of  bodies  under 
forces  which  tend  to  turn  them  about  a  fixed  point  or  axis ;  but  shall 
not  consider  the  actual  motion  of  such  bodies  when  the  forces  cause 
them  to  rotnte. 
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61.  Definition. —  The  moment  of  a  force  about  a  fixed 
point  18  the  product  of  the  'measure  of  the  force  into  the 
perpendicular  distance  of  the  point  from  its  line  of  action.* 

Thus,  if  P  be  the  force,  and  if  OM  is  drawn  from 
any  point  0  perpendicular  on  the  line  of  action  of  P, 

the  product     PxOM  , ^ 

is  called  the  moment  of  the  force         /  \ 

P  about  0.  i 

The   length   OM  may  be   called 
the  arm  of  the  moment.    Therefore        \ 
moment  =  force  x  arm. 

The  product  PxOM  becomes 
zero  if  either  of  its  factors  diminish 
to  zero,  that  is,  Fig.  58. 

if   P  =  0,   or  if  OM  =  0. 

In  the  latter  case  0  is  on  the  line  of  action  of  P. 

Hence  the  moment  of  a  force  about  a  point  vanishes 
when_  either — 

(i.)  the  force  itself  is  zero  ; 

(ii.)  the  line  of  action  of  the  force  passes  through 
the  point. 

If  the  body  be  fixed  so  that  it  can  only  turn  about  0, 
the  force  P  cannot  set  the  body  in  motion  if  its  line  of 
action  passes  through  0.  (For,  by  the  Principle  of  Trans- 
mission of  Force,  P  may  be  supposed  to  act  at  0,  and  0  is 
prevented  from  moving  by  the  hinge  or  support.) 

Hence,  when  the  moment  of  a  force  about  a  fixed  point 
vanishes,  the  force  has  no  tendency  to  turn  the  body  about 
that  point. 

On  the  other  hand,  if  the  moment  is  not  zero,  the  force 
P  cannot  pass  through  0.  Bnt  the  reaction  of  the  hinge 
or  support  passes  through  0.  Hence  these  two  forces 
cannot  act  in  the  same  straight  line,  and  the  body  cannot 
remain  in  equilibrium.  It  must  therefore  turn  about  0, 
since  no  other  motion  is  possible. 

*  Notice  that  the  words  moment  and  momentum  have  entirely  different  meanings. 
They  must  be  carefully  distinguished,  for  no  connection  ivhatever  exists  between  them. 
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From  these  and  other  considerations  to  be  proved 
shortly,  it  may  be  inferred  that  the  moment  of  a  force 
about  any  point  is  a  proper  measure  of  the  tendency  of 
the  force  to  produce  rotation  about  that  point. 

62.  Positive  and  negative  moments.  —  In  dealing 
with  forces  in  one  plane,  it  is  convenient  to  regard  the 
moment  of  a  force  about  a  point  as  positive  or  negative 
according  to  which  way  the  force  tends  to  rotate  a  body 
a])out  that  point. 

Moments  which  tend  to  produce  rotation  in  the  opposite 
direction  to  that  in  which  the  hands  of  a  watch  go  are 
considered  positive. 

Moments  which  tend  to  produce  rotation  in  the  same 
direction  as  the  hands  of  a  watch  go  are  therefore  to  be 
regarded  as  negative,  and  a  minus  sign  is  prefixed  to 
their  amount. 


! — T— 
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Fig.  GO. 


Thus,  in  Figs.  58,  59,  the  moments  about  0  of  the  forces  indict  ted 
by  the  arrows  are  all  positive  ;  but  in  Fig.  60  they  are  all  negative. 

The  following  rule  is  also  convenient — 

The  moment  of  a  force  is 
positive  about  all  points  on  the  left  of  its  line  of  action, 
negative  „  „  „  right         „ 

as  seen  by  a  person  looking  in  the  direction  of  the  force. 

In  forming  the  algebraic  sum  of  the  moments  of  any 
number  of  forces,  each  moment  is  t;iken  witli  its  proper 
algebraic  sign. 

Thus,  if  two  forces  have  equal  moments  about  a  point,  but  tend  to 
produce  rotation  in  opposite  directions,  their  algebraic  sum  is  zero, 
for  one  moment  is  a  plus  and  the  other  a  minus  quantity.  In  parti- 
cular, two  equal  and  parallel  forces  tending  in  the  same  direction  will 
have  equal  and  opposite  moments  about  a  point  midway  between 
them,  and  the  algebraic  sum  of  the  moments  will  be  zero. 
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63.  Geometrical  representation  of  the  moment  of 
a  force. 

If  a  force  be  completely  represented  by  a  straight  line,  its 
moment  about  any  point  shall  be  measured  by  twice  the  area 
of  the  triangle  which  the  straight  line  subtends  at  that  point. 

Let  AB  represent  any  force  P,  then  shall  the  moment  of 
P  about  0  be  represented  by  twice  the  area  OAB. 


Fig   61. 

Draw  OM  perpendicular  to  AB.     Then 

area  of  AOAB  =  |  base  X  altitude  =  § AB  X  OM. 
Now  AB  represents  the  force  P,   therefore   AB    must 
contain  P  units  of  length.     Hence 

moment  of  P  about  0  =  P  xOM  =  AB  xOM  =  2  AOAB. 


64.  If  a  given  force  is  compounded  with  any  force 
which  passes  through  0,  the  moment  about  0  will  be 
unaltered. 

For  if  AB  represents  the  given  force  P,  and  AD  repre- 
sents any  force  Q  passing 
through  0,  their  resultant  P 
will  be  represented  by  AC  the 
diagonal  of  the  parallelogram 
ABGD.  Since  OAD  and  BC  are 
parallel, 

/.     AOAB  =  AOAC; 
moment  of  P  about  0  = 
as  was  to  be  proved. 


Fig.  62. 
moment  of  B  about  0  ; 
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65.  If  a  force  JP  is  applied  at  any  point  A,  its 
moment  about  any  point  0  is  equal  to  the  product 

OA  x  resolved  part  of  jP  perpendicular  to  OA. 

For  let  AO  represent  the  force  P.  Complete  the  rect- 
angle ABOD,  whose  side  AD  passes  through  0.  Then,  by 
the  Parallelogram  of  Forces,  AD,  AB  represent  the  com- 
ponents of  P  along  and  perpendicular  to  OA. 

Now     AOAB  =  AOAG  B__         __C 

(since  thej  are  on  the  same  base  / 

and  between  the  same  parallels).  S/\^ 

Therefore  momen  t  of  Paboa  tO       /^-""^^ 
=  2A0AC  =  2A0AB   o 
=  OAxAB  "Fig.  63. 

=  OA  X  resolved  part  of  P  perpendicular  ioOA. 

66.  Another    expression   for  the   moment   of  a  force. — 

In  the  right-angled  triangle  OAM  (Fig.  63)  we  have 

ain  AM0  =  ?£  =  £?;      .-.     OM  =  OA  sin  MAO  ; 
AO       OA 

.-.    moment  of  P  ahout  0  =  P  .  OM  =  P .  OA  .  sin  MAO. 

Hence  the  moment  of  a  force  about  a  point  is  the  product  of  the 

force,  the  distance  of  its  point  of  application  from  the  point,  and  the 

sine  of  the  angle  which  this  distance  makes  with  the  line  of  action  of 

the  force. 

Cor.  Since  P  sin  MAO  =  resolved  part  of  P  perpendicular  to  OA, 
we  have  an  independent  proof  of  the  property  proved  in  §  65. 

67.  The  moments  of  two  intersecting  forces  about 
any  point  in  the  line  of  action  of  their  resultant 
are  equal  and  opposite. 

Let  two  forces  P,  Q  act  in  the  lines  AB,  AD,  and  let  0 
be  any  point  in  the  line  of  action  of  their  resultant  R. 
Complete  the  parallelogram  A  BCD. 
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Choose  the  scale  of  representation  such  that  AD  represents 
the  force  Q  in  magnitude  * 

Then,  by  the  Parallelo- 
gram of  Forces,  AB  and 
AC  represent  the  forces 
P,  B. 

Since  ABGD  is  a 
parallelogram, 

.'.     AGAB  =  ACDA.  Fig.  64t 

But  the  triangles  GAB,  GAD  represent  half  the  moments 
of  P  aDd  Q  about  G,  and  these  moments  tend  to  tarn  about 
C  in  opposite  directions. 

Therefore  the  moments  of  P,  Q  about  C  are  equal  and 
opposite. 

68.  Equilibrium  about  a  fixed  point.  —  If  a  rigid 
body,  moveable  about  a  fixed  point,  is  kept  in  equilibrium 
by  two  forces  in  any  plane  containing  that  point,  the 
moments  of  these  forces  about  the  point  will  be  equal  and 
opposite. 

For,  if  the  forces  balance,  their  resultant  must  pass 
through  the  fixed  point.  Hence  the  moments  of  the  forces 
about  that  point  must  be  equal  and  opposite,  from  §  67. 

Either  of  the  forces,  if  it  were  to  act  alone,  would  set  the  body 
turning  round  about  the  fixed  point.  Hence,  since  the  body  does  not 
turn  when  both  act,  we  are  led  to  infer  that  the  tendencies  of  the 
forces  to  produce  rotation  are  equal  and  opposite. 

Hence  equal  moments  about  a  point  represent  equal  tendencies  to 
produce  rotation  about  that  point.  Moreover,  if  a  force  be  doubled, 
its  moment  about  any  point  is  also  doubled  ;  and  it  is  natural  to  sup- 
pose that  its  tendency  to  produce  rotation  about  any  point  is  doubled. 
Hence  we  infer  that  the  moment  of  a  force  about  any  point  is  a 
measure  of  its  tendency  to  produce  rotation  about  that  point. 

If  two  or  more  forces  acting  on  any  body  have  a  single  resultant, 
we  should  naturally  expect  the  resultant  to  have  the  same  tendency  to 
produce  rotation  about  any  point  as  have  the  several  forces  acting 
simultaneously.     We  shall  now  prove  that  such  is  the  case, 

•  This  step  of  the  proof  should  be  carefuUy  noted,  as,  it  \&  most  important. 
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69.  The  algebraic  sum  of  the  moments  of  two 
intersecting  forces  about  any  point  in  their  plane 
is  equal  to  the  moment  of  their  resultant  about 
that  point  (Varignon's  Theorem). 

Let  two  forces  P,  Q  act  along  the  lines  AB,  AD. 
Let  0  be  any  point  in  the  plane  of  the  forces  about 
which  moments  are  to  be  taken. 

Draw  0D  parallel  to  AB  to  meet  AD  in  D. 

Choose  the  scale  of  representation  so  that  AD  represents  Q 
in  magnitude  (§  10;  also  compare  §  67),  and  on  the  same 
scale  let  AB  be  the  length  which  represents  P. 

Let  the  parallelogram  ABCD  be  completed,  and  join  A0, 
so  that  AG  represents  the  resultant  B  of  P,  Q. 


Case  i. — If  0  lies  without  the  angle  BAD,  as  in  Fig.  65, 
then  the  moments  of  P,  Q,  H  about  0  are  positive  and 
measured  by  twice  the  triangles  OAB,  OAD,  OAG  respec- 
tively ;  hence  we  have  to  show  that 

2A0AB  +  2A0AD  =  2A0AG. 

Now  AOAB  =  ADAG 

('.'  bases  AB,  DC  are  equal  and  DC  is  parallel  to  AB) ; 

/.    2A0AB  +  2A0AD  =  2ADAG  +  2A0AD  =  2A0AG, 
Or     moment  of  P-\- moment  of  Q,  =  moment  of  force  i?. 
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Case  ii. — If  0  lies  within  the  angle  BAD,  say  between 
AG  and  AD,  as  in  Fig.  66,  the  moment  of  Q  is  negative 

D  0  C 


A  P  B 

Fig.  66. 

and  is  represented  by  minus  twice  the  area  ODA,  and  we 
have  to  show  that 

2A0AB-2A0DA  =  2a0A0. 

Now,  as  before,      AOAB  =  ADAG, 
.-.    2A0AB-2A0DA  =  2ADAG-2A0DA  =  2A0AG. 

Therefore,  making  allowance  for  the  positive  and  negative 
signs  of  the  moments  themselves,  we  have  algebraically 

moment  of  P  -f  moment  of  Q  —  moment  of  force  R, 
as  before. 

Alternative  Proof. — By  §  65  (using  Fig.  26,  p.  25), 

Algebraic  sum  of  moments  of  P,  Q  about  0 

=  OA  x  algebraic  sum  of    resolved    parts    of    P,  Q 
perpendicular  to  OA 

=  OA  x  resolved  part  of  R  perpendicular  to  OA  (§  29) 
=  moment  of  R  about  0. 

Observations.  —  The  student  should  write  out  full  proofs  of 
the  theorem,  with  figures,  suited  to  the  following  cases  :  —  (a)  When 
0  lies  within  the  angle  BAG.  {b)  When  0  lies  within  the  vertically 
opposite  angle  to  BAD  formed  hy  producing  BA,  DA. 

[The  more  advanced  student  will  find  that  the  proof  of  Case  i.  may 
he  made  to  include  every  case  hy  making  the  following  convention  as 
to  the  sign  of  the  area  of  a  triangle,  viz.,  that  the  area  is  to  he 
regarded  as  positive  or  negative  according  to  whether  in  going  round 
the  sides  in  the  order  of  the  letters  used  in  naming  the  triangle  we 
always  have  the  triangle  on  our  left  or  right.  With  this  convention, 
AODA  will  represent  an  area  equal  and  opposite  to  AOAD,  so  that 
AODA  +  AOAD  =  0,  and  the  pi-oofs  of  the  two  cases  given  above  will 
he  found  to  be  identical.] 
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70.  Generalization. — If  any  number  of  forces  act  at  a  point  in  one 
plane,  the  algebraic  sum  of  their  moments  about  any  point  in  that  plane  is 
equal  to  the  moment  of  their  resultant. 

This  may  be  proved  by  combining  two  of  the  forces  and  then  com- 
bining their  resultant  with  a  third  force,  and  so  on. 

Cor.  1.  If  any  number  of  forces  acting  at  a  point  in  one  plane  are  in 
equilibrium,  the  algebraic  sum  of  their  moments  about  any  point  in 
the  plane  is  zero. 

For  their  resultant  is  zero  ;  therefore  its  moment  abou'  any  point 
is  zero,  and  therefore,  by  above,  the  sum  of  all  the  moments  is  zero. 

Cor.  2.  If  the  algebraic  sum  of  the  moments  of  any  number  of 
forces  about  a  point  0  in  their  plane  vanishes,  then  either  E  must  be 
zero,  or  the  arm  of  B  must  be  zero.  That  is  either  the  forces  are  in 
equilibrium  or  they  have  a  resultant  passing  through  0. 


71.  Conditions    of   Equilibrium    of    Coplanar    Forces. — 

Although  it  is  impossible  here  to  fully  investigate  the  conditions  of 
equilibrium  of  forces  acting  on  a  rigid  body  (that  is  to  say,  not  all  at 
one  point)  in  one  plane,  yet  it  is  well  to  note  the  main  results. 

To  the  two  conditions  of  equilibrium  given  in  §  33,  must  be  added 
a  third  like  Cor.  1  of  §  70. 

Hence  the  conditions  of  equilibrium,  when  any  number  of  forces  in 
one  plane  act  upon  a  rigid  body,  are  as  follows : — 

(a)  The  sums  of  the  resolved  parts  of  the  forces  along  two  direc- 
tions in  the  plane  must  be  severally  zero. 

(b)  The  algebraic  sum  of  the  moments  of  the  forces  about  any  point 
in  their  plane  must  be  zero. 

[The  former  conditions  prevent  any  motion  of  translation)  the  latter  prevents 
any  motion  of  rotation. 

The  conditions  for  parallel  forces  (see  Chap.  VI.)  will  be  found  to  be  included  in 
these.] 


72.  Difference  between  the  moment  and   the   work   of  a 

force. — If  we  compare  the  definitions  of  §  36  and  §  61,  we  shall 
observe  that  both  the  moment  of  a  force  about  a  point  and  the  woi'k 
of  a  force  are  products  of  forces  into  lengths  of  straight  lines.  But 
the  moment  of  a  force  about  a  point  is  the  product  of  a  force  into  a 
straight  line  at  right  angles  to  it,  while  work  is  the  product  of  a 
force  into  a  straight  line  in  the  same  direction. 
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Thus,  let  a  force  P  be  applied  to 
a  particle  at  A.     Then 

moment  of  P  about  0 

=  PxOM  (Fig.  67) 
■  OA  x  resolved  part   of  P 
perpendicular  to  OA ; 

work  done  in  moving  the  particle  from  A  to  0 

=  Px  AM  =  AO  x  resolved  part  of  P  along  AO. 


Fig.  67. 


It  is  also  to  be  observed  that  the  moment  of  a  force  is  a  purely 
statical  idea,  but  work  is  only  done  when  motion  takes  place. 


*73.  Work  of  a  moment. — We  may  also  apply  the  Principle  of 
Work  to  show  that  the  moment  of  a  force  about  any  point  measures  its 
tendency  to  produce  rotation  about  that  point,  as  follows  : — 

Let  a  body  be  rotated  about  the 

fixed  point  0  by  a  force  of  mag-  ,~ », 

nitude  P,  applied  at  the  end  of  the  / 

arm  OM  and  always  acting  perpen-  ( 

dicular  to  OM.     Then,  in  the  course  J 

of   one    complete  turn     about    0,  \ 

the  particle  M  describes   a   circle  \v 

whose  centre  is  0  and  whose  cir- 
cumference is  2ir  x  OM.  But  the 
force  P  always  acts  in  the  direction 
in  which  M  is  moving.     Hence  the  ^]S-  68- 

work  done  by  P  is  found  by  multiplying  P  into  the  whole  length  of 
the  path  described  by  M  ; 

.*.     work  of  Pin  one  revolution  =  Py.2tt.0M. 

=  2tt  x  moment  of  P  about  0. 

[Now  the  work  done  in  one  turn  must  evidently  be  proportional  to 
the  tendency  of  P  to  produce  rotation.  Therefore  this  tendency  is 
proportional  to  the  product  PxOM;  that  is,  to  the  moment  of  P 
about  0.] 
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Summary  of  Results. 

Moment  of  force  P  about  point  0 
=  Px  (perpendicular  distance  of  P  from  0).       (§  61.) 

Moments  are  positive  which  tend  in  opposite  direction  to 
hands  of  clock.  (§  62.) 

Moments  are  positive  about  points  on  left-hand  of  force. 

If  force  P  is  represented  by  AB,  then  its  moment  about  0 

=  2  .  AOAB.  (§  63.) 

=  OA  x  (resolved  part  of  P  perpendicular  to  OA).       (§65.) 

Varignons  Theorem  or  the  Equation  of  Moments. — The 
moment  of  resultant  of  two  (or  more)  forces  =  algebraic 
sum  of  moments  of  its  components.  (§  69.) 

[Proved  for  parallel  forces  in  the  next  chapter,  §  79.] 

For  equilibrium  about  a  fixed  point,  the  algebraic  sum 
of  the  moments  must  be  zero.  (§  68  and  §  71.  Cor.  2.) 

EXAMPLES  V. 

1.  Find  the  moment  round  a  point  0  of  a  force  of  3  lbs.  acting  at 
a  point  A  along  a  line  AB,  where  OA  is  equal  to  10  ins.,  and  the  angle 
OAB  equals  (i.)  90°,  (ii.)  45°,  (iii.)  135°,  (iv.)  120°. 

2.  ABC  is  a  triangle,  right-angled  at  C,  and  having  the  angle  B 
equal  to  60°.  Forces  3,  4,  5  act  along  AB,  BC,  CA,  respectively. 
Find  the  moment  of  each  round  the  opposite  angular  point. 

3.  OA,  OB  are  chords,  4  and  5  ins.  in  length,  of  a  circular  disc 
OACB,  whose  diameter  OC  is  6  ins.  If  forces  of  3  and  4  lbs.  act 
from  0  along  these  chords  respectively,  find  how  the  disc  will  begin 
to  move,  the  point  C  being  fixed. 

4.  Explain  why  a  boy,  pulling  hold  of  the  rim  of  a  garden  roller 
at  its  top  point,  can  pull  back  a  much  stronger  boy  catching  hold  of 
the  handle.  If  the  first  boy  pulls  the  roller  back  in  a  horizontal 
direction,  and  the  second  pulls  the  handle  in  a  direction  making  an 
angle  of  30°  with  the  horizon,  compare  the  forces  which  they  exert 
on  it  if  no  motion  takes  place. 

5.  Forces  act  along  all  the  sides  but  one  of  a  plane  polygon,  and 
are  represented  by  the  sides  in  magnitude  ;  prove  that,  when  they  all 
act  the  same  way  round,  their  resultant  is  a  force  parallel  to  the 
remaining  side  and  represented  by  it  in  magnitude.     Trove,  also,  that; 
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the  line  of  this  resultant  forms  with  the  remaining  side  a  parallelo- 
gram whose  area  is  twice  the  area  of  the  polygon. 

6.  A  horizontal  rod  8  ft.  long  has  a  weight  of  1  lb.  at  one  end, 
upward  forces  of  2  and  3  lbs.  act  at  distances  2  and  6ft.  from  that  end, 
and  a  weight  of  4  lbs.  hangs  from  the  other  end.  Taking  the  first  end 
as  the  left-hand  end  in  a  figure,  write  down  the  moments  of  the  forces 
about  each  end  of  the  rod  and  about  its  middle  point,  prefixing  the 
proper  sign  to  each.  Also  find  the  algebraic  sums  of  the  moments 
about  these  points. 

7.  Forces  of  1,  3,  5,  7,  9,  11  lbs.  act  along  the  sides  AB,  BC,  &c,  of 
a  regular  hexagon  ABCDEF.  Find  the  moment  of  each  force  about 
the  point  A. 

8.  Draw  an  equilateral  triangle  ABC,  and  suppose  each  side  to  be 
4  ft.  long ;  a  force  of  8  units  acts  from  A  to  B,  and  a  force  of  1 0  units 
from  C  to  A.  (a)  Find  the  moment  of  each  force  with  reference  to 
the  middle  point  of  BC  {b)  Find  a  point  with  reference  to  which 
the  forces  have  equal  moments  of  opposite  signs. 

9.  Draw  a  square  ABCD ;  suppose  forces  of  P  and  Q  units  to  act 
from  A  to  B  and  from  A  to  D,  respectively.  Find  the  perpendicular 
distance  of  the  line  of  action  of  their  resultant  from  C. 

10.  Two  forces  of  5  lbs.  and  12  lbs.,  respectively,  act  at  right 
angles.  Find  the  locus  of  the  points  in  their  plane  round  which  the 
sum  of  their  moments  is  3^.     {Apply  Variation's  Theorem.) 

11.  A  system  of  forces  in  a  plane  is  such  that  the  sum  of  their 
moments  about  a  point  A  in  that  plane  vanishes.  If  the  forces  are 
not  in  equilibrium,  what  do  we  know  about  their  resultant  ? 

12.  A  square  whose  side  is  3  ft.  long  is  divided  into  9  smaller 
squares,  each  1  ft.  square.  Forces  of  3,  4,  5,  6  lbs.  act  along  the  sides 
of  the  middle  square  taken  in  order,  in  such  directions  that  their 
moments  about  any  point  inside  that  square  are  all  positive.  Write 
down  the  moments  of  each  force  about  each  of  the  four  angular  points 
of  the  large  square,  prefixing  the  proper  sign  to  each,  and  find  the 
algebraic  sum  of  the  moments  about  each  of  these  four  points. 

13.  ABCD  is  a  square.  Equal  forces  (P)  act  from  D  to  A,  A  to  B, 
and  B  to  C,  respectively,  and  a  fourth  force  IP  acts  from  C  to  D. 
Find  a  point  such  that,  if  the  moments  of  the  forces  are  taken  with 
respect  to  it,  the  algebraical  sum  is  zero.. 


CHAPTER     VI. 


PARALLEL  FORCES. 

74.  "Like"  and  "unlike"  parallel  forces. — In  the 

preceding  chapters  we  have  considered  the  equilibrium  of 
forces  whose  directions  intersect  one  another.  In  the 
practical  applications  of  mechanics,  however,  parallel 
forces  are  of  even  more  frequent  occurrence  than  inter- 
secting forces. 

The  following  definitions  will  be  required  : — 

Definition. — Parallel  forces  which  tend  in  the  same 
direction  are  said  to  be  like.  Those  which  tend  in 
opposite  directions  are  said  to  be  unlike. 

If  a  force  acting  in  one  direction  be  regarded  as 
positive,  it  is  convenient  to  regard  any  unlike  force  as 
negative. 

Thus,  if  there  be  forces  of  28  lbs.  acting  upwards  and  56  lbs. 
acting  downwards,  the  two  forces  will  be  unlike,  and  if  we  consider 
the  upward  direction  as  positive,  the  downward  one  will  be  negative, 
and  the  complete  expressions  for  them  will  be  +28  lbs.  and  -56  lbs., 
respectively. 


75.  Composition   of  parallel   forces    (preliminary 
observations). 

When  two  parallel  forces 
P,  Q  act  at  any  two  points 
A,  B  of  a  rigid  body,  their 
resultant,  if  it  exist?,  may  be 
deduced  from  the  resultant 
of  two  intersecting  forces  by 
making  use  of  the  theorem 
of  §  51.  If,  at  A  and  £, 
we    apply    to    the    body    equal  Fig.  69. 
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and  opposite  forces  F  and  —  F,  both  acting  in  the 
straight  line  AB,  these  will  not  affect  the  equilibrium  of 
the  body  as  a  whole.  Now  compound  P  with  F,  and  Q 
with  —  F. 

The  two  former  are  equivalent  to  a  single  force  S  at 
A,  whose  direction  is  within  the  angle  BAP,  and  the  two 
latter  to  a  single  force  T  at  B  ivithin  the  angle  ABQ. 

Case  i.  If  P,  Q  be  fo'ke  forces,  the  angles  they  form  with 
AB  both  lie  on  the  same  side  of  AB  (Fig.  70)  ;  hence  the 
forces  S,  T,  on  being  produced,  intersect  one  another  in  a 
point  M  between  the  forces  P,  Q.  Therefore  S  and  T 
must  be  equivalent  to  a  single  resultant  force  passing 
through  M.  This  will  also  be  the  resultant  of  P,  Q,  and 
will  be  completely  determined  in  §  77. 

Case  ii.  If  P,  Q  be  unlike  and  unequal  forces,  suppose  P 
to  be  the  greater,  and  construct  the  Parallelograms  of 
Forces  ADGH,  BEKL,  so  that  AG,BK  represent  S,  T  respec- 
tively (Fig.  69). 

Since  P>Q,  DG>EK.  Hence,  by  placing  the  triangle 
DAG  with  its  vertices  A,  D  on  B,E  (as  in  proof  of  Euc.  I.  4), 
we  see  that  zDAG>  ^.EBK,  and  it  readily  follows  from 
Euclid's  twelfth  axiom  that  BK  produced  will  meet  GA 
produced  through  A  in  a  point  M  on  the  side  of  the  line 
of  action  of  P  remote  from  Q  (Fig.  71).  Therefore  S  and  T 
or  P  and  Q  have  a  single  resultant  through  M,  which  will 
be  completely  determined  in  §  78. 

Case  iii.  If  P,  Q  are  unlike  and  equal  forces,  the  method 
fails  for  the  forces  S,  T  are  themselves  parallel,  as  is 
evident  from  the  construction  of  Case  ii.  Two  equal  unlike 
parallel  forces  are  said  to  constitute  a  couple.* 

76.  In  the  present  chapter  we  shall  deal  with  parallel 
forces  that  do  not  form  couples.  We  shall,  therefore, 
always  assume  that  they  have  a  resultant  or  else  that 
three  or  more  of  them  are  in  equilibrium. 

*  Hence  a  couple  in  Statics  does  not  simply  mean  "two  of  anything"  as  in 
ordinary  language. 
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77.  To  find  the  resultant  of  two  like  parallel 
forces. 

Let  P,  Q  be  the  two  parallel  forces,  A,  B  any  two  points 
on  their  lines  of  action  which  we  may  suppose  to  be  their 
points  of  application. 

At  A  introduce  a  force  of  magnitude  F  along  AB,  and 
at  B  introduce  an  equal  and  opposite  force  F  along  BA 
(that  is,  —F  along  AB) ;    these  two  forces   will  balance 


each  other,  and  will  not  affect  the  resultant.  Let  S  be 
the  force  compounded  of  P  and  F,  Tthe  force  compounded 
of  Q  aud  —  F. 

Then  the  forces  S  and  T  will  intersect  at  a  point  M 
between  the  forces  P,  Q,  and  will  have  a  resultant  E 
acting  at  M,  which  will  also  be  the  resultant  of  P  and  Q. 

Draw  CM  parallel  to  P  or  Q,  cutting  AB  in  C. 

Replace  the  force  8  at  M  by  its  components  along  CM, 
and  parallel  to  AC.  These  components  are,  of  course,  the 
same  as  when  S  acted  at  A,  and  are  therefore  P,  F. 
Similarly,  replace  the  force  T  at  M  by  its  components 
along  CM  and  parallel  to  BC ;  these  components  are 
Q,  F 

Thns  the  two  forces  P,  Q  or  S,  T  are  together 
equivalent  to  forces  P+Q  acting  along  CM,  and  F—F  or 
zero  parallel  to  AC 
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Hence  the  resultant  of  P,  Q  is  1*  +  Q  acting  along  CM  ; 
or,  in  words — 

The  magnitude  of  the  resultant  is  the  sum  of 
the  components. 

The  direction  of  the  resultant  is  parallel  to  the 
components,  and  in  the  same  sense. 

The  position  of  the  resultant  lies  between  the 
two  forces,  and  may  be  found  as  follows  : — 

Since  the  forces  at  A  are  parallel  to  the  sides  of  A  ACM, 
therefore,  by  the  Triangle  of  Forces, 

£=*■§£,     or    PxAC  =  FxCM. 
F       AG 

Similarly,*  since  the  forces  at  B  are  paralle.  to  tbe 
sides  of  ABCM, 

%  =  °Ji,     0P    §xGB  =  FxCM. 
JB         LB  v 

.-.    PxAC  =  QxCB. 

If  AB  is  taken  at  right  angles  to  the  forces,  this  relation 
expresses  the  faet  that  the  moments  of  jP,  Q  about  G 
are  equal  and  opposite. 

We  may  also  write  the  above  relation, 

AG       JJ 
CB       P  ; 

which  shows  that  AG  is  greater  or  less  than  CB,  according 
as  Q  is  greater  or  less  than  P.     Hence 

The  resultant  is  nearer  to  the  greater  force. 

It  divides  the  line  AB  into  parts  which  are  in 
the  inverse  ratio  of  the  forces. 

*  The  sides  of  AACM  do  not  represent  the  forces  at  A  on  the  same  scale  that  the 
sides  of  ABCM  represent  the  forces  at  B.  In  the  former  triangle,  AC  represents  F 
and  CM  represents  P.  In  the  latter,  BC  represents  F  and  CM  represents  Q.  Hence 
the  scales  of  representation  %<i  the  two  triangles  are  different. 

Note  also  that,  algebraically,  we  should  strictly  have  Q'(-F)  =  CM/BC,  and, 
since  CB  =  -BC,  this  gives  QjF  =  CMjCB,  as  stated. 
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78.  To  find  the  resultant  of  two  unequal  unlike 
parallel  forces. 

Let  P,  Q  be  the  forces,  P  being  the  greater,  y4,  B  any  two 
points  on  their  lines  of  action.  Introduce  two  equal  and 
opposite  forces  P,  —  F  at  A,  B  acting  along  AB.  Let  S 
be  the  force  compounded  of  P  and  P,  T  the  force  com- 
pounded of  Q  and  —  F.  Then  the  forces  S,  T  lie  in  the 
alternate  angles  at  A  and  B,  and  their  lines  of  action 
will  intersect  at  a  point  M  on  the  side  of  P  remote  from 
Q  (§  76).     Draw  MG  parallel  to  P,  cutting  AB  in  G. 


v        s 
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Fig.  VI. 

Replace  the  force  $  at  M  by  its  components  P,  P  along 
/J7£  and  parallel  to  AB,  and  replace  the  force  T  at  A/  by 
its  components  Q,  F  along  CM  and  parallel  to  BA.  Thus 
the  two  forces  P,  Q  or  6',  21  are  together  equivalent  to 
P—Q  along  MG,  and  F—Fov  zero  parallel  to  >4^. 

Hence  the  resultant  of  P,  Q  «P— Q  acting  along  MC  ; 

or,  in  words — 

The  magnitude  of  the  resultant  is  the  difference 
of  the  components.* 

*  Since  Q  is  unlike  to  P,  its  complete  algebraic  expression  is  strictly  -  Q,  and 
the  resultant  P+  ( -  Q)  is  still  the  algebraic  sum  of  the  components,  although  it  ia 
the  difference  of  their  numerical  values. 


PARALLEL   FORGES.  81 

The  direction  of  the  resultant  is  parallel  to,  and 
in  the  sense  of,  the  greater  component. 

The  position  of  the  resultant  lies  on  the  side  of 
the  greater  force  which  is  remote  from  the  lesser 
force,  and  is  found  thus — 

Since  the  forces  at  A  are  parallel  to  the  sides  of  AMCA, 

L  -{to     or   PxCA  =FxMc. 

F       CA 

Similarly,  since  the  forces  at  B  are  parallel  to  the 
sides  of  ABCM, 

%  =  tH*  or     QxCB  =  FxMG. 

M         Co 

.-.     PxCA  =  QxCB  ; 

or    the   moments   of  -P,  Q   about   C   are   equal   and 
opposite. 

We  may  also  write  this  relation 

CA        Q 

CB       P' 
and,  since  we  have  taken  Q  less  than  P,  CA  is  less  than 
CB,  which  affords  another  proof  that  C  lies  on  BA  pro- 
duced beyond  A.     Hence 

The  resultant  divides  the  line  AB  externally  into 
parts  which  are  in  the  inverse  ratio  of  the  forces. 

79.  The  resultant  of  any  number  of  parallel 
forces  is  parallel  to  the  forces  and  equal  to  their 
algebraic  sum. 

Let  P,  Q,  R,  S  be  the  parallel  forces  taken  with  their 
proper  signs.  Then  the  two  forces  P,  Q  have  a  resultant 
P  +  Q  parallel  to  them  ;  the  forces  P  +  Q  and  B  have  a 
resultant  P-\-Q  +  R  parallel  to  them,  which  is  therefore 
the  resultant  of  the  three  forces  P,  Q,  R ;  the  forces 
P+Q  +  P  and  8  have  a  resultant  P-\-Q  +  R  +  S  parallel  to 
them,  which  is  therefore  the  resultant  of  the  four  forces 
P,  Q,  P,  8,  and  so  on. 

[This  is  true  whether  the  forces  are  positive  or  negative ;  see  footnote  on  opposite 
page.]  

*  Strictly   QI(-F)  =  CMIBC. 
STAT.  G 
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80.  The  algebraic  sum  of  the  moments  of  two 
parallel  forces  (not  forming  a  couple)  about  any 
point  in  their  plane  is  equal  to  the  moment  of 
their  resultant  about  that  point. 

(Varignon's  Theorem  for  Parallel  Forces.) 

It  has  been  proved  in  §  69  that  the  sum  of  the  moments 
of  two  intersecting  forces  about  any  point  is  equal  to  the 
moment  of  their  resultant.  Hence  it  only  remains  to 
extend  the  theorem  to  the  case  when  the  forces  are 
parallel. 

Let  P,  Q  be  the  two  parallel  forces,  B  their  resultant, 
0  any  point  in  their  plane.  Through  0  draw  a  straight 
line  perpendicular  to  the  forces  P,  Q,  B  and  cutting  them 
in  A,  B,  C,  respectively.  In  this  straight  line  apply  two 
equal  and  opposite  forces  P,  —F.     Let  S,  T  be  the  forces 


It 


A  A 


Fig.  72. 


compounded  of  P,  F  and  Q,  — P,  respectively;  then  P, 
the  resultant  of  parallel  forces  P,  Q,  is  also  the  resultant 
of  the  forces  $,  T.  Now  the  forces  /S,  T  intersect  one 
another  (since  P,  Q  do  not  form  a  couple). 

.*.     moment  of  R  about  0  =  algebraic  sum  of  moments 

of  8,  T. 

Now  moment  of  B  about  0  =  BxOG. 

Also  P,  Q  are  the  resolved  parts  of  S,  T  perpendicular 
to  OB. 

.'.     moment  of  S  about  0  =  PxOA  ; 

moment  of  T  about  0  =  QxOB. 

.-.    BxOC  =  PxOA  +  QxOB; 
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or         moment  of  B  about  0  =  algebraic  snm  of  moments 

of  P,  Q  about  0. 
This   relation   is    sometimes   called   the   Equation    of 
Moments. 

Alternative  Proof. — With  the  notation  of  Fig.  72,  alge- 
braic sum  of  moments  of  P,  Q  about  0 

=  PxOA  +  QxOB 

=  P(0C-AC)  +  Q(0C  +  0B) 

=  (P+  Q)  0C  +  (Q.  GB-P .  AC) 

=  (P+Q)  00  +  0  (§  77)  =  B  x  00 

=  moment  of  B  about  0. 

This  proof  is  perfectly  general  provided  that  the  forces  P,  Q,  H  and 
the  lengths  OA,  OB,  00  are  subject  to  the  usual  conventions  regarding 
signs. 

Cor.  1.  When  three  parallel  forces  are  in  equilibrium, 
the  algebraic  sum  of  their  moments  about  any  point  in 
*heir  plane  is  zero. 

For  each  force  is  equal  and  opposite  to  the  resultant  of 
the  other  two  ;  therefore  its  moment  is  equal  and  opposite 
to  the  moment  of  that  resultant,  i.e.,  to  the  sum  of  the 
moments  of  the  other  two  forces. 

Cor.  2. — When  any  number  of  coplanar  forces*  act  on  a  rigid 
body,  the  algebraic  sum  of  their  moments  about  any  point  in  their 
plane  is  equal  to  the  moment  of  their  resultant. 

Consider  two  of  the  forces.  Whether  these  intersect  or  are  parallel, 
algebraic  sum  of  their  moments  about  0  =  moment  of  their  resultant. 

Combine  this  resultant  with  a  third  force ;  then, 

algebraic  sum  of  moments  of  the  three 

=  moment  of  third  force  +  moment  of  resultant  of  first  two 

=  moment  of  resultant  of  all  three  forces, 
and  so  on,  till  all  the  forces  have  been  compounded  together. 

Observation. — In  finding  the  position  of  the  resultant  of  two  or 
more  parallel  forces,  it  is  usually  better  to  apply  the  present  principle 
by  "  taking  moments,"  i.e.,  writing  down  the  "  equation  of  moments" 
about  any  convenient  point,  instead  of  employing  the  results  proved 
in  §  77  or  §  78.  As  a  rule  it  is  most  convenient  to  take  a  point  in  the 
line  of  action  of  one  of  the  forces,  because  the  moment  of  that  force 
is  then  zero.  We  may,  however,  take  moments  about  a  point  on  the 
resultant,  or  about  any  point  whatever. 

*  I.e.,  forces  in  one  plane, 
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Examples. — (1)  To  find  the  resultant  of  two  like  forces  of  5  lbs. 
and  4  lbs.  applied  at  the  ends  of  a  rod  3  ft.  long  perpendicular  to  its 
length. 

Let  AB  be  the  rod,  0  the  point  at  which  the  resultant  cuts  it. 
(Fig.  72  may  be  used,  taking  P  =  5  lbs.  and  Q  =  4  lbs.) 

Since  the  forces  are  like,  their  resultant  =  4  +  5  lbs.  =  9  lbs. 
Take  moments  about  A.     Then  the  moment  of  9  lbs.  at  C  equals 
the  sum  of  the  moments  of  5  lbs.  at  A  and  4  lbs.  at  B,  whence,  taking 
a  foot  as  the  unit  of  length, 

9xAC  =  oxO  +  lxAB  =  0  +  4x3  =  12; 
...  AC  =  V  ft.  =  li  ft.  =  16  ins. 

Therefore  the  resultant  acts  at  a  distance  of  16  ins.  from  the 
5  lb.  force. 

(2)  To  find  the  resultant  of  two  unlike  forces  of  5  lbs.  and  4  lbs. 
applied  at  points  distant  3  ft.  apart. 

Let  A,  B,  0  be  the  points  of  application  of  the  forces  and  their 
resultant. 

Since  the  forces  are  unlike,  their  resultant  =  5-4  lbs.  =  1  lb. 

Taking  moments  about  A,  the  equation  of  moments  gives 
Ix  AC  =  5x0-4x  AB  =0-4x3=  -12; 
...    AC=  -12  ft.    or    CA  =  12  ft. 
.-.     CB  =  12  +  3  =  15  ft. 


PA  516s 
Kt 12ft J  Sfl 

dim 


C  A        lB 


Fig.  73. 

Therefore  the  resultant  acts  at  distances  of  12  and  15  ft.  from  the 
5 -lb.  and  4-lb.  forces  respectively. 

(3)  To  find  the  parallel  forces  which  must  be  applied  to  a  bar  9  ft.  long 
in  order  that  their  resultant  may  be  a  force  of  12  lbs.  acting  at  2  ft. 
distance  from  one  end. 

Let  P,  Q  be  the  required  forces,  BC  the  bar,  A  the  point  at  which 
the  resultant  acts. 

Taking  moments  about  C,  we  have 

PxCB  =  Qx  0  +12  xCA;  ^         A B 

.-.     Px9  =  12x2  =  24; 
.-.     P  =  V  lbs.  =  f  lbs.  =  2f  lbs. 
Also       P+Q=  12  Van.  ;  &         laJ&s. 

.-.     Q  =  12 -2f  =  9i  lbs,  Fig.  74, 
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81.  Conditions  of  equilibrium  of  three  parallel 
forces. 

If  three  parallel  forces  are  in  equilibrium,  each 
force  is  proportional  to  the  distance  between  the 
other  two. 

Let  P,   Q,  B    be    the   three        5  # 

forces     of    which    P,     Q     are         1 


like    forces.       Let    a    straight        ". 

line  be  drawn,  cutting  them  in 

A,  B,  0.  I 

In  the  figure  of  §  77,  reverse  Fig.  75. 

the  force   B  so  as  to    make   it 
the  equilibrant  instead  of  the  resultant  ofP  and  Q, 

B  has  thus  been  changed  in  direction  only,  not  in 
magnitude  nor  line  of  action.  Hence  we  see  that,  when 
three  parallel  forces  are  in  equilibrium,  the  middle  one  is 
equal  to  the  sum  of  the  two  outer  ones,  and  acfs  in  the 
opposite  sense.     Also 

BG      GA; 

and,  by  a  well-known  theorem*,  each  member  1  l/^- 

P+Q         P+Q 
BG  +  GA         BA    ' 
Now  B  is  equal  and  opposite  to  P+  Q. 
Also  AB  is  equal  and  opposite  to  BA. 

Hence  the  conditions  of  equilibrium  may  oe 
written  in  the  symmetrical  form, 

£.£m  JBL—  *  m 

BG~  CA       AB    k  ;' 

This  result  is  analogous  to  the  Triangle  of  Forces,  and 
may  be  deduced  from  it. 

[Notice  that  P  stands  over  the  length  which  does  not  contain  the  letter  A  > 
Q,  R  over  the  lengths  which  do  not  contain  B,  C,  respectively.] 

•  K  Sl »  «    each  fraction  =  ^  =   «tfm  of  namemtf8  . 

b        d  b+d      sum  of  denominators 
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This  relation  holds  good  for  the  directions  as  well  as  the 
magnitudes  of  the  forces. 

Thus,  taking  the  points  in  tbe  order  of  Fig.  75,  since 
A,  B,  C  lie  in  a  straight  line,  the  two  lengths  BO,  CA  are 
together  equal  and  opposite  to  the  third  length  AB,  so 

that,  algebraically,     BC  +  CA+AB  =  0. 

And  the  two  forces  P,  Q  are  together  equal  and  opposite 
to  the  third,  so  that,  algebraically, 

P+Q=-P,     or    P+Q  +  P  =  0. 

The  conditions  of  equilibrium  of  three  parallel  forces 
may  also  be  stated  thus  : 

The  two  extreme  forces  act  in  the  same  direction,  and  the 
middle  force  acts  in  the  reverse  direction  and  is  equal  and 
opposite  to  their  sum.  Also  each  force  is  proportional  to  the 
distance  between  the  other  two. 

Example. — A  rod  10  ft.  long,  whose  weight  /Facts  at  its  middle 
point,  has  a  weight  3  W  attached  to  one  end.  To  find  at  what  point 
it  must  he  supported  in  order  to  rest  balanced. 

Let  A  he  the  end,  C  the  middle  point  of  the  rod,  D  the  point  of 
support,  and  let  R  denote  the  reaction  at  D. 


AD  C  B 
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Fig.  76. 


Then,  by  the  conditions  of  equilibrium, 
W  =  3Jf  _  S_  . 
AD      DO      CA ' 

.-.    DC  =  ZAD; 
.*.    AC  =  ADi  DC  =  4AD    and    AD  =  \AC. 

But  AC  =  5  ft.     Therefore 

AD  =  |  ft.  =  1|  ft.,    DC  =  2AD  =  H  ft. 

Hence  the  rod  balances  about  a  point  1£  ft.  from  the  end  at  which 
SJFis  attached. 
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82.  Experimental  verification.  —  (a)  Details  of 
expekimknt. —  To  verify,  experimentally,  the  conditions 
of  equilibrium  of  three  parallel  forces,  take  any  rod,  and 
iirst  find  G  the  centre  of  gravity  (i  e.,  the  point  at  which 
its  weight  acts)  by  making  it  balance  on  a  support  placed 
at  that  point.  Now  suspend  the  rod  from  two  spring 
balances  attached  at  any  two  points  A,  B,  and  hanging 
vertically  ;  at  G  attach  any  known  weight,  and  read  off  the 
Spring  balances* 


a 


i 


a. 


3: 


1 


a 


(b)  Observed  facts.  —  It  will  be  found  that  the  two 
readings,  when  added  together,  are  exactly  equal  to  the 
weight  of  the  rod  together  with  its  attached  weight,  both 
of  which  act  at  C. 

Now  let  the  distances  AG,  GB  be  measured.  Then,  if 
the  experiment  be  carefully  performed,  it  will  be  found 
that  the  readings  of  the  two  balances  attached  at  A,  B, 
and  the  total  weight  at  G,  are  proportional,  respectively, 
to  the  lengths  BC,  GA,  AB. 

(c)  Deductions. — Hence,  if  B  denote  the  total  weight  at 
Q,  and  P,  Q  denote  the  upward  thrusts  exerted  on  the 
rod  by  the  two  spring  balances,  we  shall  have 

B=  -(P  +  Q),    PxAG  =  QxGB, 

•  p_  -  Q  -  A 

and  BG  "  CA~~AB' 

agreeing  with  the  conditions  of  equilibrium  already  found. 


88  STATICS. 

Observation. — The  experiment  can  be  varied  by  attaching  a  third 
spring  balance  instead  of  the  weight  at  C.  If  the  three  spring 
balances  are  held  horizontally,  the  rod  resting  on  a  table,  the 
weight  of  the  rod  will  not  affect  the  equilibrium,  and  it  will  be  found 
that  the  readings  of  the  three  spring  balances  attached  to  A,  B,  C  are 
respectively  proportional  to  BC,  CA,  AB,  thus  verifying  the  conditions 
of  §  81. 

Summary  op  Results. 

The  resultant  of  two  like  parallel  forces  P,  Q  at  A,  B  has  its 
magnitude  =  P  +  Q  =  sum  of  forces, 
direction  parallel  to  P,  Q, 
point  of  application  0  between  A,  B,  such  tbat 

PxAC=QxCB.  (§77.) 

The  resultant  of  two  unequal  unlike  parallel  forces  P,  Q, 
where  P>Q,  has  its 

magnitude  =  P  —  Q  =  difference  of  forces, 
direction  parallel  to  and  in  sense  of  greater  force  P, 
point  of  application  C  on  the  side  of  the  greater 
force,  remote  from  the  lesser  (i.e.,  on  BA  pro- 
duced through  A),  so  that 

PxCA  =  QxCB.  (§78.) 

The  conditions  of  equilibrium  of  three  parallel  forces 
P,  Q,  R  acting  on  a  rod  at  A,  B,  C  may  be  written 

A=3=A  (1) 

BC      CA      AB    {   h 

and  the  middle  force  is  opposite  in  direction  to  the  other 
two,  and  equal  to  their  sum.  (§  81.) 

Varignons  Theorem  holds  good  for  parallel  as  well  as 
for  intersecting  forces,  and  asserts  that  the  algebraic 
sum  of  the  moments  of  two  or  more  forces  about  any  point 
is  equal  to  the  moment  of  their  resultant  about  that 
"oint.  (§  80.) 
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EXAMPLES   VI. 

1 .  Find  the  resultants  of  each  of  the  following  pairs  of  like  parallel 
forces  at  the  given  distances  apart,  stating  in  each  case  the  magnitude 
of  this  resultant  and  its  distances  from  each  of  the  two  components, 
and  illustrating  by  figures  : — 

(i.)  1  lb.  and  3  lbs.,  2  ft.  apart ; 
(ii.)  5  lbs.  and  7  lbs.,  3  ft.  apart ; 
(iii.)  10|  lbs.  and  1£  lbs.,  1  yd.  apart; 
(iv.)  4  lbs.  and  10  lbs.,  42  ins.  apart ; 
(v.)  J  ton  and  ^  ton,  6  ins.  apart ; 
(vi.)  400  and  600  grammes,  10  cm.  apart. 

2.  Find,  in  like  manner,  the  resultants  of  pairs  of  unlike  parallel 
forces  whose  magnitudes  and  distances  apart  are  given  by  the  data 
of  Example  1. 

3.  A  rod  10  ft.  long,  whose  weight  may  be  neglected,  has  masses 
of  8  lbs.  and  11  lbs.  attached  one  to  each  end.  Find  the  point  about 
which  it  will  balance  and  the  force  of  pressure  on  its  support. 

4.  Two  unlike  parallel  forces,  of  1  and  2  units  respectively,  act 
upon  a  rigid  body,  at  points  1  ft.  apart.  Find  the  magnitude  and 
point  of  application  of  their  resultant. 

5.  A  uniform  bar,  10  ft.  long,  balances  over  a  rail,  with  a  boy, 
weighing  three  times  as  much  as  the  bar,  hanging  on  to  the  extreme 
end  of  it.     Draw  a  figure  showing  its  balancing  position. 

6.  Show  that  the  resultant  of  two  unlike  parallel  forces  acts  towards 
the  side  of  the  greater  of  the  two  forces,  and  can  never  act  between 
them.     What  happens  if  the  forces  become  equal  ? 

7.  Two  men  are  carrying  a  bar  16  ft.  long,  and  weighing  150  lbs. 
One  man  supports  it  at  a  distance  of  2  ft.  from  one  end,  and  the  other 
man  at  a  distance  of  3  ft.  from  the  other  end.  What  weight  does 
each  man  bear  ? 

8.  A  uniform  rod,  6  ft.  long,  and  weighing  5  lbs.,  is  laid  on  a  table 
with  6  ins.  projecting  over  the  edge.  What  weight  can  be  hung  on 
the  end  of  the  rod  before  the  rod  will  be  pulled  over 
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9.  Two  parallel  forces  Pand  Q  act  at  two  points  in  a  straight  lino, 
6  ins.  apart,  in  opposite  directions.  Their  resultant  is  a  force  of 
1  lb.  acting-  at  a  point  in  the  line  4  ft.  from  the  larger  of  the  forces 
Pand  Q.     Determine  the  values  of  Pand  Q. 

10.  A  uniform  heav}'  beam  of  length  7  ft.  rests  horizontally  on  two 
supports,  one  at  one  end  and  the  other  5^  ft.  from  that  end.  If  the 
greatest  mass  that  can  be  hung  on  the  other  end  of  the  beam  without 
disturbing  the  equilibrium  be  16  lbs.,  find  the  weight  of  the  beam. 

1 1 .  Apply  the  Equation  of  Moments  to  deduce  the  magnitude  and 
position  of  the  resultant  of  (i.)  two  like,  (ii.)  two  unlike,  parallel 
forces  applied  perpendicular  to  the  straight  line  joining  their  points 
of  application. 

12.  Conversely,  employ  the  results  proved  in  §§  77,  78  to  establish 
the  Equation  of  Moments  for  two  parallel  forces. 

13.  A  rod  12  ft.  long,  whose  weight  maybe  neglected,  rests  hori- 
zontally with  one  end  on  the  edge  of  a  table  and  the  other  supported 
by  a  vertical  string.  A  mass  of  18  lbs.  is  attached  to  the  rod  at  a 
certain  point.  If  the  tension  of  the  string  be  equal  to  the  weight  of 
12  lbs.,  find  the  force  of  pressure  on  the  table  and  the  point  where  the 
weight  is  attached. 

14.  Find  by  how  much  the  greater  of  two  parallel  forces  P,  Q 
acting  in  opposite  directions  must  be  diminished  in  order  that  the 
distance  of  the  line  of  action  of  the  resultant  from  that  of  P  may  be 
the  same  as  that  of  the  line  of  action  of  the  former  resultant  was  from 
that  of  Q. 
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SYSTEMS  OF  PARALLEL  FORCES.— COUPLES, 

83.  Method  of  finding  the  resultant  of  coplanar 
parallel  forces. 

When  a  number  of  parallel  forces  act  on  a  rigid  body, 
it  would  of  course  be  possible  to  find  their  resultant  by 
compounding  two  of  them  into  a  single  resultant,  then 
compounding  this  resultant  with  a  third,  and  so  on.  But 
if  the  forces  all  act  in  the  same  plane,  the  same  thing  can 
be  done  more  easily  by  writing  down  the  equations  which 
express  the  facts  that — 

(i.)  The  magnitude  of  the  resultant  equals  the  algebraic 
sum  of  its  components  (§  79)  ; 

(ii.)  The  moment  of  the  resultant  about  any  'point  equals 
the  algebraic  sum  of  the  moments  of  its  components  (§  80, 
Cor.  2). 

The  point  about  which  moments  are  taken  may  be 
chosen  anywhere  in  the  plane  of  the  forces,  but  some 
points  (very  often  one  point)  are  generally  more  con- 
venient than  others.  But  it  is  important  to  notice  that 
the  final  result  is  the  same  whatever  point  is  chosen. 

An  outside  point  is  generally  the  best  to  choose,  as  there 
is  then  no  difficulty  in  distinguishing  the  signs  of  the 
various  moments. 

As  it  is  advisable  to  assume  principles  rather  than 
formulae  in  all  calculations,  we  subjoin  the  following 
example  before  giving  a  general  investigation  : — 


92  STATICS. 

Example. — Weights  of  4  lbs.  and  12  lbs.  are  attached  to  the  end& 
of  a  uniform  rod,  14  ft.  long,  weighing  12  lbs.  To  find  the  point  at 
which  their  resultant  acts. 

The  three  forces  on  the  rod  are  4  lbs.  and  12  lbs.  acting  at  its  ends, 
and  its  weight  12  lbs.,  which,  since  the  rod  is  uniform,  may  be  sup- 
posed to  act  at  its  middle  point,  7  ft.  from  either  end. 


i      r 


*  12  12. 

Fig.  78. 

The  magnitude  of  their  resultant  =  12  +  12  +  4  lbs.  =  28  lbs. 

The  required  point  0,  at  which  this  resultant  cuts  the  rod,  may  be 
found  in  either  of  the  following  ways  : — 

(a)  By  taking  moments  about  the  end  at  which  the  4  lbs.  acts. 
Let  the  distance  of  0  from  this  end  be  x  ft.  Then  the  equation  of 
moments  gives     28  .  x  =  4  .  0  +  12  .  7  +  12  .  14  =  252. 

.-.     x  =  9  ft., 

or  the  point  0  is  9  ft.  from  the  weight  of  4  lbs.,  and  5  ft.  from  the 
other  end. 

(b)  By  taking  moments  about  the  other  end.  Let  the  distance  of  0 
from  that  end  be  y.     Then 

28.  y  =  12.0+12.7  +  4.14  =  140. 

,\     y  =  5  ft., 

or  the  point  0  is  5  ft.  from  the  12  lbs.  weight,  agreeing  with  (a). 

(c)  By  taking  moments  about  the  middle  point.  Let  the  distance 
of  0  from  the  middle  point  be  z.     Then 

28.  z  -  12.7  +  12.0-4.7  =  56. 

.-.     z  =  2  ft. 

Hence  the  distances  of  0  from  the  ends  are  7  +  2  ft.  and  7  — 2  ft.  ; 
i.e.,  9  and  5  ft.,  agreeing  with  (a)  and  (b). 

(d)  By  taking  moments  about  0  itself.  Let  its  distance  from  the 
middle  point  be  z  as  before.  Since  the  resultant  passes  through  0,  it 
has  no  moment  about  0.     Therefore 

0  =  12.(7-z)-12.z-4.(7  +  z) 
=  84-12z- 12z-28-4z  =  56-28z; 
giving  z  =  2  ft., 

agreeing  with  (c).  This  last  method  does  not  require  us  to  first  find 
the  magnitude  of  the  resultant,  but  no  material  advantage  is  thereby 
gained. 
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84.  To  find  the  resultant  of  any  number  of  given 
parallel  forces   Pv  P2,  PJf  ...  acting  in  one  plane. 

Let  P-i,  P2,  Ps,  ...  denote  the  given  forces  both  in  magni- 
tude and  algebraic  sign.  Draw  any  line  0AiA*As...  at 
right  angles  to  the  forces.  On  it  take  any  point  0,  the 
distances  0AX,  QA%,  ...  being  known. 

(i.)  To  find  the  magnitude  of  pt            Pz    P 

the  resultant.  |        g 

The  resultant  of  P15  P2  is  a  *     J    *  ?» 

parallel     force     of     magnitude  Fig.  79. 

Px  +  P2;    the  resultant   of  this 

force  and  P3  is  therefore  Pl  +  P2  +  P.i-,  and  so  on.     Hence 

the  final  resultant  is  a  parallel  force  B,  such  that 

B  =  P,+  P      P3+ (1) 

=  algebraic  sum  of  the  forces. 

(ii.)   To  find  the  position  of  the  resultant  B. 

Let  it  cut  0AX ...  in  a  point  G,  the  position  of  which  is 
required.  Since  the  moment  of  the  resultant  is  equal  to 
the  algebraic  sum  of  the  moments  of  the  components, 

/.    R.OG  =  Pl.0Ax  +  Pt.0Ai+P9.0Ai  +  ... . 

Hence       OG  =  P^± J^t±^M±^  , 

B 

W j-.+  ivuvk.. (2)' 

Equations  (1),  (2)  determine,  respectively,  the  magni- 
tude and  position  of  the  resultant. 

If  as,  x2,  z3, ...  denote  the  known  distances  of  the  component  forces 
from  0,  and  x  the  required  distance  of  their  resultant ;  equation  (2) 

becomes  -  =  ^i4-p^+^+...  (2a} 
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85.  Equilibrium  of  a  loaded  beam  resting1  on  two  sup- 
ports.— When  a  beam  is  loaded  with  given  weights  placed  at  given 
points,  and  rests  in  a  horizontal  position  on  two  props,  it  is  often 
necessary  to  determine  the  forces  of  pressure  on  the  props,  or,  what 
amounts  to  the  same  thing,  the  reactions  of  the  props  on  the  rod 
(which  are  equal  and  opposite  to  them). 

These  reactions,  together  with  the  weights  on  the  beam,  form  a 
system  in  equilibrium,  and  therefore 

(i.)  The  sum  of  the  forces  is  zero, 

(ii.)  The  sum  of  their  moments  about  any  point  is  zero. 

If  we  want  to  find  the  reactions  one  at  a  time,  we  therefore 
proceed  as  follows  : — 

(i.)  Take  moments  about  one  of  the  props.  The  reaction  of  that  prop 
has  no  moment,  and  therefore  the  equation  of  moments  at  once  gives  the 
reaction  of  the  other  prop. 

(ii.)  Equate  to  zero  the  algebraic  sum  of  the  forces  [including  the  two 
reactions) .  The  equation  gives  the  sum  of  the  reactions,  and  hence  the 
other  required  reaction. 

Thus  let  a  beam,  whose  weight  W  acts  at  its  centre  of  gravity  G,  be  supported 
at  M,  N,  and  let  any  weights  Wj,  w3,  w3  be  attached  at  points  Ai,  A3,  A3.  Then,  if 
R,  S  denote  the  unknown  reactions  at  M,  N,  the  equation  of  moments  about  N 
gives  ll.NM  =  wi.  NAi+w, .  NA-2+  ir3 .  NA3+  W.  NG  ; 

and  the  equation  of  moments  about  M  gives 

S.MN  =  Wi.MAi  +  wt.MAt+iVs.MAs+W.MG. 

By  addition,  (R+S)  MN  =  w1#  MN+w*.  MN+w3.  MN+W.  MN, 
or  R+S  =  Wi+Wji+u-s+W. 

This  is  the  equation  which  we  should  obtain  by  resolving  perpendicular  to  the 
rod,  or  equating  the  algebraic  sum  of  the  forces  to  zero,  showing  that  the  values 
of  R,  S  found  by  resolving  and  taking  moments  about  the  supports  are  consistent. 

If,  in  any  example,  the  thrust  on  one  of  the  props  should  come  out 
negative,  it  is  to  be  inferred  that  the  rod  presses  upwards  on  its  sup- 
port, and  that  the  latter  has  to  hold  it  down. 

Examples. — (1)  A  uniform  rod,  10  ft.  long,  of  weight  W,  is  supported 
on  trestles  at  both  ends,  and  a  weight  5  TV  is  placed  on  it  4  ft.  from 
one  end.     To  find  the  forces  of  pressure  on  the  trestles. 

Let  AB  be  the  rod,  0  the  middle  point  at  which  its  weight  JFmay 
be  supposed  to  act,  D  the  point  of  application  of  the  weight  5  W. 
Let  M,  S  be  the  required  forces  of  pressure  at  A,  B. 
Then,  by  equating  forces,  we  have 

Ji+8  =  oW+  W  =  $W. (i.), 
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Taking  moments  about  A,  we  have 

Sx  10  -  ?Fx5  +  57Fx4    .... 
From  (ii.),    8  -  |7F.     Hence,  by  (i.),   It  =  %W. 


(»•)• 


ft 

/4 


i 


i 


Fig.  80. 


(2)  A  uniform  rod,  12  ft.  long,  weighing  20  lbs.,  has  weights 
of  12  lbs.  and  4  lbs.  attached  to  its  ends,  and  8  lbs.  attached  at  a 
distance  of  4  ft.  from  the  4-lb.  weight.  It  is  placed  on  two  props, 
8  ft.  apart,  so  that  the  end  with  the  4-lb.  weight  pi-ojects  1  ft.  To 
find  the  reactions  of  the  props. 

In  Fig.  "1^2.  let  M,  N  be  the  props,  and  let  their  reactions  be  R  lbs. 
and  8  lbs.,  respectively. 

Let  G  be  the  middle  point  of  the  rod  at  which  its  weight 
(20  lbs.)  acts. 


lZlls 


Fig.  81. 


(i.)  Taking  moments  about  M,  we  have 

S.MN  =  12. HB  +  20.  MG  +  8.  MC- 4.  AM, 

or  85=12.11  +  20.5  +  8.3-4.1 

=  132  +  100  +  24-4  =  252; 

whence  S  =  31|  lbs. 

(ii.)  Again,  since  the  sum  of  the  upward  forces  is  equal  and  oppo- 
site to  the  sum  of  the  downward  ones  (or  the  algebraic  sum  of  the 
forces  is  zero), 

:*.     R  +  S  =  12  +  20  +  8  +  4  =  44; 

whence  R  =  44-Sl£  lbs.  =  12£  lbs. 

Hence  the  thrusts  on  the  props  are  12£  lbs.  and  3 If  lbs. 
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[If  we  had  taken  moments  about  N,  we  should  have  had 

Ji.NM  =  i.NA  1-  8  .  Art?  +  20  .  NG- 12  .  BN, 

S7£  =  4.9  +  8.5  +  3.20-12.3 

=  35+40  +  60-36  =  100  ; 

whence  E  =  \2\  lbs., 

agreeing  with  the  value  just  found  and  affording  a  test  of  the  accuracy 
of  the  calculation.] 

86.  Definition. — A  couple  consists  of  two  e^ual  forces 
acting  in  opposite  directions  along  two  parallel  straight 
lines.  A  couple  cannot  keep  a  body  in  equilibrium,  for 
it  tends  to  rotate  the  body :  the  points  of  application 
of  the  two  forces  of  the  couple  tending  to  move  in  opposite 
directions  (§  51).  Moreover,  the  proof  that  two  parallel 
forces  have  a  single  resultant  fails  for  the  case  of  a  couple 
(§  75). 

Examples  of  couples. — In  winding  a  clcck  we  apply  a  couple  to  the 
key,  for  we  do  not  try  to  make  it  move  to  one  side  or  the  other,  but 
simply  turn  it  round.  To  spin  a  small  top  between  the  finger  and 
thumb,  we  apply  a  couple  to  it  by  moving  the  finger  and  thumb 
sharply  in  opposite  directions.  To  open  a  door  we  apply  a  couple  to 
the  handle. 

87.  Resultant  of  two  parallel  forces  which,  nearly  form 
a  couple. — Consider  the  resultant  of  two  unlike  parallel  forces  which 
are  very  nearly,  but  not  quite,  equal.  Let  P,  Q  be  two  such  forces 
acting  at  A,  B,  and  let  P>  Q.     If  E  be  the  resultant  of  P  and  Q, 

E  =  P-Q; 

therefore,  if  Q  is  nearly  equal  to  P,  E  is  very  small. 

Also,  if  0  be  the  point  where 
the  resultant  meets  AB  pro-  rk 

t 
Kf   


Fig.  82. 


ft! 


Since  P—  Q  is  small,  therefore  BA  is  small  in  comparison  with  AC  ; 
hence  AC  is  large  in  comparison  with  BA.  Hence  the  resultant  acts  at 
a  great  distance  from  the  line  of  action  of  either  force.     Writing  the 

last  equation,  /in      BA  x  — - —  , 

I'-Q' 
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we  see  that,  if  Q  =  P,  the  denominator  becomes  zero,  and  AC  becomes 
infinitely  great. 

Hence  when  tiuo  unlike  parallel  forces  approach  equality,  and  finally 
become  equal,  their  resultant  becomes  infinitely  small,  and  its  line  of  action 
moves  to  an  infinitely  great  distance  from  the  components. 

For  this  reason  it  is  convenient  to  consider  the  properties  of 
couples  apart  from  those  of  other  systems  of  forces. 

88.  Definitions. — The  arm  of  a  couple  is  the  perpen- 
dicular distance  (AB.  Fig.  83)  between  the  lines  of  action 
of  its  two  components  {i.e.,  the  two  forces  forming  the 
couple). 

The  moment  of  a  couple  is  the  algebraic  sum  of  the 
moments  of  its  two  components  about  any  point  in  their 
plane. 

The  following  is  the  fundamental  property  of  couples : — 

89.  The  moment  of  a  couple  is  the  same  about 
all  points  in  its  plane. 

Let  the  couple  consist  of  two  equal  and  opposite  forces 
P,  —  P  at  B  and  A.  Let  0  be  any  point  in  their  plane. 
Draw  OAB  perpendicular  to  the  forces. 


p 

A 


1 

I 


P 

Fig.  83.  Fig.  84. 

Then,  if  0  does  not  lie  between  A  and  B,  as  in  Fig.  84, 
we  have 
algebraic  sum  of  moments  of  forces  =  P.OB—P.OA 

=  P(0B-0A)  =  P.AB. 
If  0  lies  between  A  and  B,  as  in  Fig.  105,  we  have 
algebraic  sum  of  moments  =  P .OB  +  P.A0 

=  P(A0  +  0B)  =  P.AB. 

Hence  the  moment  of  the  couple  about  0  is  independent  of 
the  position  of  0  and  is  equal  to  the  product  P .AB. 
STAT.  H 
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90.  Alternative  expressions  for  the  moment  of  a 
couple. 

The  moment  of  a  couple  may  therefore  be  denned  as — 

(i.)   The  product  of  the  measure  of  either  force  into  the 
arm  of  the  couple. 

(ii.)   The  mome?it  of  either  of  the  two  forces  about  any 
point  in  the  line  of  action  of  the  other  force.     For 

moment  =  P  x  AB  —  moment  about  A  of  P  acting  at  B. 


91.  A  couple  cannot  be  replaced  by  a  single  force. 

For  the  moment  of  a  single  force  ahout  any  point  on  its  line  of 
action  is  zero  (§  67).  But  the  moment  of  a  couple  ahout  every 
point  in  its  plane  is  a  constant  quantity,  differing  from  zero. 

Hence  a  couple  cannot  have  a  resultant.  The  same  thing  also 
follows  from  §87. 


92.  A  force,  acting  at  any  part  of  a  body,  is 
equivalent  to  an  equal  and  parallel  force  acting  at 
any  other  point  together  with  a  couple. 

Let  P  be  a  given  force  acting  at  any 
point  0 ;    to   show   that   it    is    equiva-  p         P 

lent  to  an  equal  and  parallel  force  P, 
acting  at  any  other  point  A,  together 
with  a  couple.  £ 

Introduce  two  equal  and  opposite 
forces  P,  — P,  acting  at  A,  numeri- 
cally equal  and  parallel  1 1  the  force 
P  at  0. 

The  effect  of  these  forces  will  be   to  FlS-  85- 

neutralize  one  another. 

Bat  the  forces  P  at  0  and  —  P  at  A  form  a  couple 
whose  moment  (about  A)  is  equal  to  the  moment  of  the 
original  force  P  about  A. 

Thus  the  original  force  P  at  0  is  equivalent  to  this 
couple  and  a  parallel  and  equal  force  P  at  A. 
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93.  Two  couples  in  the  same  plane  whose  mo- 
ments are  equal  and  opposite  will  balance  one 
another. 

Let  one  of  the  couples  consist  of  two  forces  P,  —  P 
acting  on  the  arm  AB,  and  let  the  other  couple  consist  of 
forces  Q,  —  Q  acting  on  the  arm  CD. 

Suppose,  firstly,  that  P  and  Q  are  not  parallel.  Then 
the  lines  of  action  of  the  four  forces  must  form  a  parallelo- 
gram abed. 


Fig.  86. 

Since  the  moments  of  the  couples  are  equal  and  oppo- 
site about  any  point  in  the  plane,  therefore  the  moments 
about  b  of  P  and  Q  acting  along  ad  and  cd  are  equal  and 
opposite,  and  therefore  the  moment  of  the  resultant  of 
these  forces  about  b  is  zero  (§  69). 

Therefore  the  resultant  of  P  and  Q  at  d  must  pass 
through  6,  and  therefore  it  acts  along  bd. 

Similarly  the  resultant  of  — P,  —  Q  at  6  acts  along  db. 

But  the  latter  resultant  is  equal  and  opposite  to  the 
former,  for  the  two  components  of  the  latter  are  respect- 
ively equal  and  opposite  to  those  of  the  former. 

Hence  the  two  resultants  balance  each  other,  and 
therefore  the  four  forces  forming  the  two  couples  are  in 
equilibrium. 

To  extend  the  proof  to  the  case  where  the  forces  composing  the  two 
couples  are  parallel,  it  is  only  necessary  to  introduce  two  equal  and 
opposite  forces  in  a  straight  line,  intersecting  the  forces  P,  —  P  of  one 
of  the  couples,  and  to  compound  one  of  these  forces  with  P  and  the 
other  with  —P.  We  thus  get  a  couple  equivalent  to  the  original  one 
and  of  equal  moment,  but  its  component  forcas  intersect  those  of  the 
second  couple  ;  hence  the  above  proof  applies. 
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94.  A  couple  acting  on  a  rigid  body  may  be 
replaced  by  any  other  couple  of  equal  moment 
acting  on  the  body  in  the  same  plane  without 
altering  its  effect. 

Let  M  be  the  moment  of  the  given  conple.  Apply  two 
couples  of  equal  and  opposite  moments  M,  —M  to  the 
body  anywhere  in  the  plane  of  the  first  couple.  These 
balance  each  other,  and  do  not  therefore  affect  the  body. 
Now  combine  the  first  and  third  couples.  These  also 
balance  each  other,  since  their  moments  (If,  —  M)  arc 
equal  and  opposite  ;  therefore  they  may  be  removed.  We 
are  thus  left  with  the  second  couple  of  moment  If  as  the 
equivalent  of  the  first. 

Cor.  From  this  result  we  see  that  a  couple  has  no  particular 
position  of  application,  but  that  it  may  be  shifted  anywhere  in  its 
plane  without  altering  its  statical  effect.  The  effect  of  the  couple 
depends  therefore  only  on  its  moment  and  the  plane  in  which  it  acts. 

Observation. — The  above  proof  is  identical  in  its  reasoning  with 
the  proof  of  the  Principle  of  the  Transmission  of  Ferce.  The  present 
theorem  may  therefore  be  called  the  Principle  of  the  Transmission  (or 
Transmissibility)  of  Couples. 

*95.  To  compound  two  coplanar  couples  into  a 
single  resultant  couple.  —  Let  the  couples  consist  of 
the  forces  (P,  -P)  and  (Q,  -Q)  (Fig.  86),  and  let  their 
lines  of  action  be  produced,  if  necessary,  so  as  to  form  a 
parallelogram  abed. 

Let  P  be  the  resultant  of  P  and  Q  acting  at  d. 

Then  the  resultant  of  — P,  —  Q  acting  at  b  is  evidently 
an  equal  and  opposite  force  —  P,  parallel  to  P. 

The  forces  P  at  d  and  —  P  at  6  form  a  couple  which  is 
the  required  resultant  of  the  two  couples  (P,  —  P)  and 

(Q,  -Q)-  . 

Since  P  is  the  resultant  of  P,  Q  acting  at  d, 

moment  of  P  about  6 

=  algebraic  sum  of  moments  of  P,  Q  about  b. 
But  6  is  a  point  on  the  line  of  action  of  the  forces  — P, 
-Q,  -P. 

Therefore  the  moments  about  b  are  the  moments  of  the 
respective  couples,  and 
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moment  of  resultant  couple 

=  algebraic  sum  of  moments  of  its  component  coupl<  s. 

Cor.  Any  number  of  eoplanar  couples  are  equivalent  to  a  single  couple 
whose  moment  is  the  algebraic  sum  of  their  moments.  [For  compound 
the  couples  together  two  at  a  time,  &c] 

96.  Any  number  of  eoplanar  forces  are  equivalent 
either  to  a  single  force  or  a  couple,  or  are  in  equilibrium. 

Any  two  forces  not  forming  a  couple  can  be  compounded  together  ; 
and  three  or  more  forces  cannot  each  form  couples  with  all  the  others, 
for  they  cannot  all  be  unlike.  Therefore  two  of  them  must  be 
capable  of  being  replaced  by  a  single  force,  and  this  process  can  be 
repeated  until  there  are  only  two  forces  left.  These  either  have  a 
single  resultant  or  form  a  couple  or  balance. 


Summary  of  Results. 

If  a  number  of  parallel  forces  P15  P2,  P3,  &c,  cut  a 
straight  line  at  distances  ccv  .r2,  x.6,  &c,  from  any  point  0, 
their  resultant  is  given  by  the  equation 

R  =  P1+P.i  +  Ps+ (1), 

and  its  distance  %  from  0  by 

x~-    P1  +  P1  +  Ps+...        (2)' 

provided   the   proper   sign   is   given    to   each   force   and 
distance.  (§  84.) 

Couple  =  two  equal  unlike  parallel  forces.  (§  86.) 

Moment  of  con  pie 

=  algebraic  sum  of  moments  of  its  forces  about  any  point 
in  its  plane  (§§  88,  89.) 

=  moment  of  one  force  about  point  on  the  other      (§  90.) 

=  P  .AB  (where  P  =  either  force,    AB  =  arm).      (§  90.) 

Principle  of  transmission  of  couples. — A  couple  may  be 
replaced  by  any  other  couple  of  equal  moment.         (§  94.) 

Resultant  of  two  or  more  couples  is  a  couple  whose 

moment  =  sum  of  moments  of  components.    (§  95.) 
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EXAMPLES  VII. 

1.  Two  men  carry  a  load  of  f  cwt.  suspended  from  a  horizontal 
pole  14  ft.  long,  whose  weight  is  10  lbs.,  and  whose  ends  rest  on 
their  shoulders.  Find  the  point  at  which  the  load  must  he  suspended 
in  order  that  one  of  the  men  may  bear  71  lbs.  of  the  whole  weight. 

2.  Three  like  parallel  forces  of  5  lbs.,  7  lbs.,  and  9  lbs.  act  in  lines 
whose  distances  apart  are  3  ft.  and  4  ft.     Find  the  resultant. 

3.  A  uniform  beam,  14  ft.  long  and  weighing  120  lbs.,  is  attached 
to  two  props,  one  of  which  is  3  ft.  and  the  other  5  ft.  from  its  centre. 
Calculate  the  forces  on  the  props  when  a  weight  of  100  lbs.  is  placed 
first  at  one  end  and  then  at  the  other  end  of  the  beam. 

4.  A  uniform  bar,  3  ft.  long  and  weighing  5  lbs.,  rests  on  a 
horizontal  table  with  one  end  projecting  4  ins.  over  the  edge.  Find 
the  greatest  weight  that  can  be  hung  on  the  end  without  making  the 
bar  topple  over. 

5.  If  a  beam  6  ft.  long,  and  weighing  15  lbs.,  is  acted  upon  bjT  a 
downward  force  of  3  lbs.  at  one  end  and  an  upward  force  of  7  lbs.  at 
the  other  end,  what  force  is  required  to  keep  it  in  equilibrium  in  a 
horizontal  position  ? 

6.  A  bar  of  uniform  thickness  and  density,  12  ft.  long  and  1  cwt., 
is  supported  at  its  extremities  in  a  horizontal  position.  If  a  body  of 
2  cwt.  be  suspended  from  a  point  2  ft.  distant  from  one  end,  and  a 
body  of  4  cwt.  at  4  ft.  from  the  other  end,  required  the  pressures  on 
the  points  of  support. 

7.  A  uniform  beam,  12  ft.  long  and  weighing  72  lbs.,  is  supported 
on  two  props,  1  ft.  and  2  It.,  respectively,  from  the  ends.  Where 
must  a  weight  of  24  lbs.  be  hung  to  make  the  pressure  on  each  prop 
equal  to  48  lbs.  ? 

8.  A  rod  without  weight  rests  horizontally  on  two  points,  A  and  B, 
10  ft.  apart.  Between  A  and  B  take  points  0,  0,  D,  such  that 
AO  =  2  ft.,  AO  =  4  ft  ,  AD  =  1  ft.  A  weight  of  100  lbs.  is  hung  at 
C,  and  one  of  90  lbs.  at  D.  Find  the  algebraical  sum  of  the  moments 
with  respect  to  0  of  the  forces  on  one  side  of  0. 
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5.  A  uniform  beam,  12  ft.  long  and  weighing  56  lbs.,  rests  on,  and 
is  fastened  to,  two  props  5  ft.  apart,  one  of  which  is  3  ft.  from  one  end 
of  the  beam.  A  load  of  35  lbs.  is  placed  (a)  on  the  middle  of  the 
beam,  (b)  at  the  end  nearest  a  prop,  (c)  at  the  end  furthest  from  a 
prop.     Calculate  the  weight  each  prop  has  to  bear  in  each  case. 

10.  A  rod  is  supported  horizontally  on  two  points  A  and  B,  12  ft. 
apart.  Between  A  and  B  points  C  and  D  are  taken,  such  that 
AC  =  BD  =  3  ft.  A  weight  of  120  lbs.  is  hung  at  0,  and  a  weight  of 
240  lbs.  at  D  ;  the  weight  of  the  rod  is  neglected.  Take  a  point  0 
midway  between  A  and  B,  and  find  with  respect  to  0  the  algebraical 
sum  of  the  moments  of  the  forces  acting  on  the  rod  on  one  side  of  0. 

11.  "When  a  force  and  a  couple  act  in  the  same  plane  on  a  rigid 
body,  find  their  resultant. 

12.  Draw  a  square,  ABCD  and  its  diagonal  AG.  Two  forces  of 
10  units  act  from  A  to  B  and  from  G  to  D  respectively,  forming  a 
couple  ;  a  third  force  of  15  units  acts  from  C  to  A.  Find  their 
resultant,  and  show  in  a  diagram  exactly  how  it  acts. 

13.  Prove  that  a  couple  can  be  moved  parallel  to  itself  without 
altering  its  effect. 

14.  State  (without  proof)  the  conditions  that  must  be  satisfied  in 
order  that  two  couples  may  balance.  Give  a  practical  illustration  of 
two  balancing  couples  in  different  planes. 

15.  Forces  P,  Q,  li  act  along  the  sides  of  a  triangle  ABC  from  Bto  G, 
C  to  A,  and  A  to  B,  and  are  proportional  to  the  lengths  of  the  sides 
along  which  they  act.  (a)  Show  that  they  form  a  couple,  and  find  its 
moment ;  (b)  find  their  resultant  when  the  direction  of  one  of  them 
(P)  is  reversed. 

16.  Forces  P  and  Q  act  at  A,  and  are  completely  represented  by  AB 
and  AC,  sides  of  a  triangle  ABC.  Find  a  third  force  Ji,  such  that  the 
three  forces  together  may  be  equivalent  to  a  couple  whose  moment  is 
represented  by  half  the  area  of  the  triangle. 

17.  Express  the  work  done  when  a  moment  M  has  rotated  n  times. 
If  aiorce  equal  to  the  weight  of  10  lbs.  revolve  three  times  tangenti- 
ally  round  a  circle  of  5  ft.  radius,  find  the  work  it  would  do. 

18.  Forces  act  along  the  sides  of  a  polygon,  and  are  represented 
completely  by  those  sides  taken  in  order.  Show  that  they  are 
equivalent  to  a  couple  whose  moment  is  measured  by  twice  the  area 
of  the  polygon,  <^l^^<  h^U.   &     *    ^Kow.    fi  <~k  >• 
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EXAMINATION  PAPER  III. 

lv  What  do  you  mean  by  the  moment  of  a  force  about  a  point  t 

2.  Show  that  the  algebraical  sum  of  the  momenta  of  two  forces 
(whose  lines  of  action  intersect)  about  any  point  in  the  plane  con- 
taining the  forces  is  equal  to  the  moment  of  their  resultant. 

Deduce  the  rule  for  compounding  two  like  parallel  forces. 

3.  Find  the  resultant  of  two  parallel  forces  acting  in  opposite  direc 
tions. 

4.  ABC  is  a  triangle  having  a  right  angle  at  C  ;  BO  is  12  ft.,  and  AC 
is  20  ft.  ;  P  is  a  point  in  the  hypotenuse  AB  such  that  AP  is  one-fourth 
of  AB;  a  force  of  50  lbs.  acts  from  C  to  B,  and  one  of  100  lbs.  from 
C  to  A.      (a)  Find  the  moments  of  the  forces  with  respect  to  P. 

(b)  Find  the  sum  (i.e.,  the  algebraical  sum)  of  the  two  moments. 

(c)  If  the  point  P  were  fixed,  in  what  direction  would  the  forces 
make  the  triangle  revolve  ? 

6.  State  the  conditions  of  equilibrium  of  three  parallel  forces  acting 
upon  a  rigid  body. 

6.  A  straight  line  AB  represents  a  rod,  10  ft.  long,  supported  hori- 
zontally on  two  points,  one  under  each  end  ;  C  is  a  point  in  AB,  3  ft. 
from  A.  What  thrust  is  produced  on  the  points  A  and  B  by  a  weight 
of  30  lbs.  hung  at  0  ?  What  additional  thrust  is  exerted  on  the  points 
of  support  if  the  rod  is  uniform  and  weighs  20  lbs.  ? 

7.  Explain  why  a  rod  which  will  support  a  considerable  tension 
can  be  broken  comparatively  easily  by  being  bent. 

8.  What  is  the  resultant  of  a  force  of  4  lbs.  weight  and  a  couple 
with  an  arm  2  ft.  long  and  forces  3  lbs.  weight  ?  State  its  position 
clearly  with  reference  to  the  4  lbs.  force. 

9.  What  is  meant  by  a  couple  in  Mechanics  ?  Find  the  condition 
that  two  couples  which  act  on  a  rigid  body  should  equilibriate. 

10.  Show  that  any  number  of  couples  applied  to  a  rigid  body  in 
one  plane  are  equivalent  to  a  single  couple  whose  moment  is  the 
algebraic  sum  of  the  moments  of  the  individual  couples. 


CHAPTER    VIII 


MACHINES— THE  LEVER— THE   WHEEL  AND 

AXLE. 

97.  A  machine  in  Mechanics  means  any  contrivance 
in  which  a  force  applied  at  one  point  is  made  to  raise  a 
weight  or  overcome  a  resisting  force  acting  at  another 
point.  The  former  force  is  called  the  effort  or  power,  the 
latter  the  resistance  or  weight.* 

In  what  follows,  the  effort  will  be  denoted  by  P,  and 
the  resistance  by  either  Q  or  W,  the  letter  IF  being  gene- 
rally used  when  the  resistance  is  a  heavy  weight  which 
the  machine  has  to  lift. 

Machines  are  used  for  the  following  purposes  : — 

(1)  To  enable  a  person  to  raise  weights  or  overcome 
resistances  so  great  that  the  effort  he  is  capable  of  exert- 
ing would  be  insufficient  without  the  use  of  a  machine. 

Example. — A  truck  drawn  up  an  inclined  plane  to  any  required 
height  when  it  is  too  heavy  to  be  lifted  bodily  off  the  ground. 

(2)  To  enable  the  motion  imparted  to  one  point  of  a 
machine  to  produce  a  much  more  rapid  motion  at  some 
other  point. 

Example. — A  bicycle,  or  a  winnowiDg  machine. 

(3)  To  enable  the  effort  to  be  applied  at  a  more  con- 

*  The  terms  "  power  "  and  "  weight"  are  used  in  the  older  books  on  Mechanics, 
and  still  sometimes  occur  in  examination  papers  ;  but  "  power "  also  signifies 
"rate  of  working,"  such  fs  horse-power,  and  machines  are  often  used  in  over- 
coming resistances  other  than  those  due  to  gravity  or  "  weight." 
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venient  point,   or  in  a  more  convenient  direction,  than 
that  in  which  the  resistance  acts. 

Example. — A  poker  used  to  stir  the  fire,  a  rope  and  pulley  for 
raising  a  bucket  from  a  well. 

In  every  case  a  machine  mnst  be  capable  of  moving  the 
point  of  application  of  the  resistance,  i.e.,  of  doing  work 
against  the  resistance,  and  the  Principle  of  Work  teaches 
ns  that,  in  all  cases,  an  equal  amonnt  of  work  must  be 
done  by  the  effort  in  moving  the  machine  ;  in  other  words, 
we  must  put  as  much  work  into  the  machine  as  we  want  to 
get  out  of  it. 

98.  The  mechanical  powers. — The  simplest  forms  of 
machines  are  called  the  mechanical  powers,  and  it  is 
usual  to  distinguish  the  following  six  forms  of  them: — 

The  inclined  plane.  [Chap.  III.] 

The  wedge.  [Chap.  IV.] 

The  lever. 

The  wheel  and  axle,  and  windlass. 

The  pulley  and  systems  of  pulleys.  [Chap.  IX.] 

The  screw.  [Chap.  IX.] 

In  every  case  we  suppose  these  machines  to  be  devoid 
of  friction,  and  in  Statics  we  are  chiefly  concerned  with 
finding  the  relations  between  the  effort  and  the  resistance, 
when  there  is  equilibrium. 

99.  Mechanical  advantage.  —  Definition.  —  The 
mechanical  advantage  is  the  number  which  expresses 
what  multiple  the  resistance  is  of  the  effort,  i.e  , 


r 


mechanical  advantage  =  resistance  =  _g   or   ]L 

s  effort  JP  P 

Consider,  for  example,  a  smooth  inclined  plane  at  a  slope  of,  say, 
1  in  20.  By  applying  a  force  of  1  cwt.  along  the  plane,  it  is  possible 
to  draw  a  weight  of  20  cwt.  or  1  ton  up  the  plane,  and  if  the  plane  be 
long  enough,  this  weight  may  be  raised  to  any  desired  height.  The 
resistance  to  be  overcome  is  that  due  to  gravity,  viz.,  the  weight  of 
20  cwt.  It  is  therefore  twenty  limes  the  effort,  and  we  say  that 
the  mechanical  advantage  is  20.  Generally,  if  the  effort  acts  up  a 
smooth  incline  of  1  in  n,  the  mechanical  advantage  is  n. 
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100.  The  lever  is  a  rigid  bar  capable  of  turning  freely 
about  a  fixed  point  of  support.  This  point  is  called  the 
fulcrum.  The  effort  is  a  force  applied  at  any  point  of 
the  lever,  so  as  to  turn  it  about  the  fulcrum,  and  thus  to 
raise  a  weight  or  overcome  a  resistance  applied  at  any 
other  point. 

The  lever  is  most  often  a  straight  rod,  the  two  arms  therefore 
being  in  one  straight  line,  and  the  effort  and  resistance  generally 
act  perpendicular  to  the  arms.  But  these  are  mere  matters  of 
convenience. 

In  theoretical  calculations  we  neglect  the  thickness  of  the  lever  and 
most  frequently  assume  it  to  he  without  weight. 

101.  To  find  the  mechanical  advantage  of  the  lever 
when  the  forces  act   perpendicular   to   the   arms. — 

Let  C  be  the  fulcrum,  CA,  CB  the  arms,  and  let  a  force  P 
applied  at  A  perpendicular  to  CA  support  a  resistance  Q 
applied  at  B  perpeudicular  to  CB.     Then  the  condition  of 


R 


P 


Fig.  87. 

equilibrium  requires  the  moments  of  P  and  Q  about  C  to 
be  equal  and  opposite,  and  therefore 

PxCA  =  QxCB. 

This  condition  may  be  written 

P        CB' 

■l.  i     j  Q  arm  of  effort      ...  N . 

.'.  mechanical  advantage  —  = — (1)  ; 

J*      arm  of  resistance 

or  the  effort  and  resistance   are  inversely  proportional  to  the 
arms  on  which  they  act. 
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Hence,  by  applying  the  effort  at  the  end  of  a  long  arm 
and  the  resistance  very  near  the  fulcrnm,  the  mechanical 
advantage  may  be  made  very  great,  and  a  man  may  raise 
a  weight  many  times  greater  than  he  could  lift  bodily  off 
the  ground. 

Example. — Thus,  by  exerting  a  force  of  1  lb.  at  a  distance  of  2  ft. 
from  the  fulcrum,  we  can  lilt  a  weight  of  2  lbs.  applied  at  a  distance 
of  1  ft.  from  the  fulcrum,  or  a  weight  of  24  lbs.  applied  an  inch  away 
from  the  fulcrum. 


102.  Mechanical  advantage  of  levers  in  general. — 

Where  P,  Q  do  not  act  perpendicular  to  CA,  CB,  we  must 
drop  Ca,  Cb  perpendicular  on  their  lines  of  action. 


Fijr.  88. 


Fig.  89. 


Taking  moments  about  C,  the  condition  of  equilibrium 
now  becomes  PxCa  =  QxCb. 

mechanical  advantage  —  =  -^ r 

*     P       Cb 

perp.  dist.  of  effort  from  fulcrnm 
perp.  dist.  of  resistance  from  fulcrum 

Obseuvations. — The  only  difference  therefore  is  that  the  perpen- 
diculars Ca,  Cb  are  no  longer  the  arms  of  the  lever.     We  might,  if 


MACHINES — THE    LEVEE — THE    WHEEL    AND    AXLE.        109 

we  liked,  replace  the  lever  with  one  whose  arms  are  Ca,  Cb  without 
altering  the  mechanical  advantage. 

As  a  rule,  in  all  such  cases  it  is  advisable  to  start  with  the 
Equation  of  Moments  in  working  numerical  examples,  and  not  to 
assume  formulas  which  are  only  particular  cases  of  that  equation. 

Example. — A  straight  lever,  whose  arms  are  2  ft.  and  3  ft.  long, 
rests  at  an  inclination  of  60°  to  the  horizon,  and  a  weight  of  18  lbs. 
hangs  vertically  from  its  shorter  arm.  To  find  the  horizontal  force 
which  must  be  applied  to  its  longer  arm  in  order  to  balance. 

Let  ACB  be  the  lever  (Fig.  89).  Then,  if  P,  Q  denote  the  effort 
and  weight,  these  forces  make  angles  of  60°  and  30°  respectively 
with  AB  ;  therefore  their  resolved  parts  perpendicular  to  AB  are 
$PV3  and  \  Q  respectively.  Their  moments  about  C  are  the  products 
of  these  resolved  parts  into  the  arms  CA,  CB.  Therefore  the  Equation 
of  Moments  gives 

£iV3  x  CA  =  IQ  x  CB ; 

.-.     |Pa/3x3  =$.18x2; 

18x2 


whence  required  force  P  = 


3  VS 
18x2  a/3 


=  4  a/3  lbs. 


103.  The  three  classes  of  lever.  —  Straight  levers 
are  sometimes  divided  into  three  classes,  according  to  the 
relative  positions  of  A,  B,  C,  the  points  of  application  of 
the  effort  and  resistance  and  the  fulcrum.  We  shall  sup- 
pose the  effort  and  resistance  to  be  parallel.  In  considering 
the  different  cases,  it  is  convenient  to  use  the  sym- 
metrical conditions  of  equilibrium  of  three  parallel  forces. 
If  R  be  the  reaction  of  the  fulcrum  on  the  lever,  we  have, 
therefore,  by  §  81, 

Z.  =  Q_  _  A 

B0"  CA  ''=  AB9 

the  middle  force  acting  in  the  opposite  direction  to  the 
outer  ones  and  being  equal  to  their  sum. 

The  thrust  of  the  lever  against  its  support  at  G  is  a 
force  equal  and  opposite  to  It. 

For  convenience  we  shall  often  suppose  that  the 
resistance  Q  is  a  weight  which  acts  downwards. 
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104.  A  lever  of  the  first  class  (Pis 
which  the  fulcrum  is  placed  between 
resistance. 


'.  90)   is  one  in 
the   effort   and 


R 


r 


t 


Fi°r.  90. 


Here  B  is  the  middle  force ;  therefore  P,  Q  act  in  thvj 
same  direction,  and  jB  in  the  opposite  direction,  also 

B  =  P+Q. 

Thus,  in  order  to  lift  a  weight,  the  effort  must  be  applied 
downwards,  and  the  reaction  acts  upwards  (so  that  the 
lever  presses  downwards  on  the  fulcrum). 

In  this  lever,  BG  may  either  be  greater  or  less  than  or 
equal  to  GA.  Therefore  the  effort  may  either  be  greater 
or  less  than  or  equal  to  the  weight  which  it  has  to  lift ; 
so  that  the  mechanical  advantage  may  be  less  or  greater  than, 
or  equal  to  unity. 

Examples  of  this  class. — The  handle  of  a  pump  ;  a  crow- 
bar when  it  rests  on  a  block  in  front  of  the  weight  to  be 


lifted  and  not  with  its  end  on  the  ground  (Fig.  91)  ;  a 
poker,  used  to  raise  the  coals  in  a  grate,  a  bar  of  which 
is  the  fulcrum  ;  a  spade,  in  digging  ;  a  see-saw. 
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Double  lever. — A  pair  of  scissors.  Fig.  92  shows  the 
forces  acting  on  the  arms  of  the  scissors,  those  on  the 
dotted  arm  being  accented. 


R' 


a 
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Fig.  92. 

105.  A  lever  of  the  second  class  (Fig.  93)  is  one  in 
which  the  resistance  is  placed  between  the  fulcrum  and 
the  effort. 
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Fig.  93. 


Here  Q  is  the  middle  force ;  therefore  P  and  B  act  in 
the  same  direction,  and  Q  in  the  opposite  direction,  also 

Q  =  P+It,     B  =  Q-P. 

Thus,  in  order  to  lift  a  weight,  the  effort  must  be 
applied  upwards,  and  the  reaction  of  the  fulcrum  also 
acts  upwards  (so  that  the  lever  presses  doirmcards  on 
the  fulcrum). 

Since  GA  >  OB,  the  effort  is  less  than  the  weight ;  so 
that  the  mechanical  advantage  is  always  greater  than  unity. 
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Examples  of  this  class. — A  wheelbarrow  (Fig.  94),  the 
fulcrum  being  where  the  wheel  touches  the  ground  ;  a 
crowbar,  when  the  lower  end  rests  on  the  ground. 

Note.  In  the  wheelbarrow  half  the  effort  is  applied  at  each  handle. 


Fig.  94. 

Double  lever. — A  pair  of  nut- crackers,  the  forces  on  the 
two  arms  being  shown  in  Fig.  95. 


Fiff.  95. 


An  oar  is  often  called  a  lever  of  the  second  class  It  cannot 
be  strictly  said  to  belong  to  either  class.  If  the  boat  were  kept  at 
rest  and  the  oar  used  to  scoop  the  water  backwards,  it  would  be  a 
lever  of  the  first  class,  with  the  rowlock  as  fulcrum.  When  the  boat 
moves  forwards  instead  of  the  water  moving  backwards,  the  relative 
motion  and  the  relation  between  the  effort  applied  to  the  handle  and 
the  resistance  of  the  water  are  the  same  as  before,  and  can  be  correctly 
found  by  (renting  the  .oar  as  a  lever  of  the  first  class.* 


*  This  is  proved  ia  a  note  published  in  the  philosophical  Magazine  for  Jan.,  ISg" 
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106.  A  lever  of  the  third  class  (Fig.  96)  is  one  in 
\\  hich  the  effort  is  applied  between  the  fulcrum  and  the 
resistance. 


8 


Fig.  96. 

Here  P  is  the  middle  force;  therefore  Q,  B  act  in  the 
same  direction,  and  the  effort  P  acts  in  the  opposite 
direction  also, 

P=  Q  +  B, 
or  B  =  P-  Q. 

Thus,  in  order  to  lift  a  weight,  the  effort  must  be 
np plied  upwards,  and  the  reaction  of  the  fulcrum  acts 
downwards ;  so  that  the  lever  presses  upwards  on  the 
fulcrum. 

Since  CB  >  OA,  the  effort  is  greater  than  the  weight ; 
so  that  the  mechanical  advantage  is  always  less  than  unity. 

Examples  if  this  class. — The  treadle  of  a  turning-lathe 
or  scissors-grinding  machine ;  the  human  arm. 


Fix.  97. 


Double  lever. — A  pair  of  tongs  (Fig.  97). 

STAT.  I 


114  STATICS. 

Levers  of  the  third  class  are  rarely  used,  for,  since  the  mechanical 
advantage  is  less  than  unity,  a  greater  effort  is  necessary  to  overcome 
the  resistance  than  if  no  lever  were  used  at  all.  This  is  sometimes 
expressed  by  saying  that  there  is  mechanical  disadvantage.  They  are 
therefore  useless  for  raising  heavy  weights.  The  use  of  a  pair  of 
tongs  is  to  enable  the  effort  to  be  applied  at  a  more  convenient 
position. 

Observation. — In  the  solution  of  problems  relating  to  levers, 
the  student  is  recommended  not  to  make  use  of  the  distinction 
between  the  three  classes  of  lever,  but  to  work  each  case  out 
independently,  either  by  taking  moments  or  by  writing  down  the 
conditions  of  equilibrium  of  the  three  forces  acting  on  the  lever. 


107.  Conditions  of  equilibrium  of  a  heavy  lever. — 

When   the    weight    of   a   lever   itself    has    to    be    taken 
into  account,  the  condition  of  equilibrium  may  be  found 
as  in  other  cases  by  taking  mo- 
ments about  the  fulcrum.  Jf  P 
Let   a   lever,  whose  weight,  to            c       B      g  i 
acts  at  G  and  whose  fulcrum  is  G,              *             1            A 
be  used  to  overcome  a  resistance                    *     u" 
or  raise  a  weight  W  applied  at  B                    ww 
by   means    of    an    effort   applied 
at  A.     Then,  if  P  denote  this  effort  (considered  positive 


when  acting  upwards),  the  equation  of  moments  about  G 
gives  F.GA  =  W.CB  +  w.CG (la); 

and,  if  the  lengths  GA,  GB,  GG  are  considered  positive  or 
negative  according  to  the  direction  in  which  they  are 
drawn  from  G,  this  formula  will  be  applicable  to  levers  of 
any  class. 

The  upward  reaction  (B)  at  the  fulcrum  will  be  given 

algebraically  by  B  +  P  =  W+w. 

Observation. — These  formulae  hold  good  whether  the 
lever  be  horizontal  or  inclined  to  the  horizon,  provided  that 
the  forces  on  the  lever  are  parallel,  and  that  their  points 
of  application  lie  in  a  straight  line  through  the  fulcrum. 
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108.  The  wheel  and  axle  are  two  cylindrical  rollers 
joined  together  with  a  common  axis  terminating  in  two 
pivots  about  which  they  can  turn  freely.  The  larger 
roller  is  called  the  wheel,  aud  the  smaller  the  axle. 
Both  the  wheel  and  the  axle  have  ropes  coiled  round  them 
in  opposite  directions.  The  rope  on  the  axle  supports 
the  weight,  and  the  effort  is  applied  by  pulling  the  rope 


Fig.  99.  Fig.  100. 

attached  to  the  wheel.  As  the  rope  round  the  wheel 
unwinds,  that  rouDd  the  axle  winds  up  and  raises  the 
weight.     Fig.  100  shows  au  end  view  of  the  arrangement. 

Mechanical  advantage   of  the  wheel   and  axle. — 

The  condition  of  equilibrium  is  the  same  as  if  the  strings 
were  really  in  a  vertical  plane  perpendicular  to  the 
common  axis  as  they  appear  in  Fig.  100,  and  therefore 
the  moments  of  the  effort  P  and  weight  W  about  the  axis 
are  equal  and  opposite.  Here,  if  a  denotes  the  radius  of 
the  wheel,  and  b  that  of  the  axle,  then  a,  b  are  the  arms 
on  which  P  and  W  act,  and  therefore 

Pa  =  Wb ; 

i.e.,       effort  x  rad.  of  wheel  =  weight  X  rad.  of  axle. 

.'.    mechanical  advantage  =• —  =—  = ; 

/'       b         rad.  of  axle 

(«)'. 


By  making  the  wheel  larger  and  the  axle  smaller,  the 
mechanical  advantage  will  be  increased. 
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The  wheel  and  axle  is  thus  really  equivalent  to  a  lever  whose 
arras  are  the  radii  of  the  wheel  and  the  axle.  But  the  lever  can  only- 
he  used  for  raising  weights  through  short  distances  ;  the  wheel  and 
axle  will  lift  them  to  any  desired  height. 

Instead  of  the  rope  heing  coiled  round  the  wheel,  an  endless  rope 
may  he  used,  passing  round  a  groove  cut  in  the  rim  of  the  wheel,  as 
in  a  common  roller-hlind,  provided  proper  precautions  are  taken  to 
prevent  the  rope  from  slipping  round  in  the  groove. 

109.  The  windlass  (Fig.  101)  is  a  modification  of  the 
wheel  and  axle,  the  only  difference  being  that  the  effort  is 
applied  by  turning  a  handle  AH  at  the  end  of  an  arm  GA. 


Fig.  101. 


It  is  commonly  used  for  raising  backets  of  water  from  a 
well,  or  earth  from  a  shaft.  An  improved  form  has  two 
buckets  so  arranged  that  the  empty  one  goes  down  as  the 
full  one  comes  up. 

Mechanical    advantage. — If  a  is  the  length  of  the 
arm  GA,  the  equation  of  moments  gives,  as  before, 

Pa  =  Wb ; 


and 


in 


,        ,        ,  a        length  of  arm 

ecn.  advantage  =  — -  =  — -° — — —  , 

6        radius  ot  axle 


the  length  of  the  arm  taking  the  place  of  the  radius  of  the 
wheel. 
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If  there  are  two  buckets,  and  the  total  ascend i  g  and  descending 
weights  are  JF  and  to,  we  shall  have,  by  taking  moments, 
Pa  =  Wb-wb  =  (IF-tv)b. 

Example.  —  The  axle  of  a  windlass  is  8  ins.  in  diameter,  and 
carries  two  buckets  of  equal  weight  on  opposite  sides.  To  find  the 
force  which  must  be  applied  to  a  handle,  whose  arm  is  2  ft.,  to  raise 
3  gallons  of  water,  a  gallon  weighing  10  lbs. 

Let  P  be  the  force,  w  the  weight  of  each  bucket.  Then,  since  tho 
radius  of  the  axle  is  4  ins.,  the  arm  of  the  handl;  24  ins.,  and  the 
total  weights  on  the  two  sides  to  and  w  +  30  lbs.,  we  have,  by  moments, 

Px24  +  wx.4  =  (w  +  S0)x4; 
whence  P  =  5  lbs. 

[Notice  that  the  weights  of  the  two  buckets  balance  each  other.] 

110.  The  capstan  (Fig.  103)  used  on  board  ship  is 
exactly  similar  in   principle,  but   the  barrel   turns  on  a 


Fig.  103. 

vertical  axis  and  is  worked  by  one  or  more  men  walking 
round  and  pushing  a  number  of  horizontal  projecting 
arms  (called  handspikes).  Here  the  moment  of  the  pull 
of  the  rope  is  equal  to  the  sum  of  the  moments  of  the 
forces  exerted  by  the  men. 

Example.  —  The  barrel  of  a  capstan  is  3  ft.  in  diameter,  and  is 
worked  by  four  men  exerting  forces  of  45,  52,  63,  and  64  lbs.  on  arms 
each  7|  ft.  long.  The  rope  passing  round  the  barrel  is  fastened  to 
a  pier.     To  find  the  force  drawing  the  ship  towards  the  pier. 

Let  Q  lbs.  be  the  required  force  exerted  by  the  rope.     Then,  since 
the  radius  of  the  barrel  is  1|-  ft.,  we  have,  by  taking  moments, 
QxH  =  (45  +  52  +  63  +  64)  x  1\  ; 
.*.     Q  =  224  x  5  lbs.  =  1120  lbs.  =  *  tor. 
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111.  Principle  of  Work  for  any  machine. — Although 
a  small  effort  may  be  made  to  overcome  a  very  large 
resistance  with  a  machine,  the  Principle  of  Work,  or 
Principle  of  Conservation  of  Energy,  holds  good  in  every 
case,  and  asserts  that  the  work  done  by  the  effort  is 
always  equal  to  the  work  done  by  the  machine  against 
the  weight  or  resistance. 

Hence  no  work  is  gained  or  lost  by  the  use  of  a  fric- 
tionless  machine. 

For  instance,  if,  in  any  machine,  a  force  of  1  lb.  sup- 
ports a  weight  of  10  lbs.,  the  former  force  will  have  to 
move  its  point  of  application  through  10  ft.  to  raise  the 
weight  through  1  ft. 

This  is  sometimes  expressed  by  saying  that  "  what  is 
gained  in  power  is  lost  in  speed."  In  more  accurate 
language,  mechanical  advantage  is  always  obtained  at  the 
expense  of  a  proportionate  disadvantage  in  diminished 
speed. 

Conversely,  where  increased  speed  is  obtained  by  means 
of  a  machine,  this  is  only  attained  at  the  expense  of 
mechanical  disadvantage. 

Example. — The  arms  of  a  lever  are  3  ft.  and  1  ft.  To  find  the  force 
on  the  longer  arm  and  the  work  done  in  raising  a  weight  of  12  lbs. 
through  1  in.,  and  to  verify  the  Principle  of  Work. 

Let  P  be  the  required  force.  Then,  by  taking  moments  about  the 
fulcrum, 

Px  3  =  12x1,     whence     P  =  4  lbs. 

Let  the  lever  be  turned  about  the  fulcrum.  Then  the  points 
furthest  from  the  fulcrum  will  move  over  the  greater  distances  ;  and, 
by  drawing  a  figure  with  the  lever  in  two  positions,  it  is  easy  to  see. 
or  to  prove,  by  Euclid  VI.  6,  that  the  distances  moved  by  different 
points  are  proportional  to  their  distances  from  the  fulcrum.  Thus,  if 
the  end  of  the  shorter  arm  moves  1  in.,  that  of  the  longer  arm  will 
move  3  in. 

Now  work  required  to  lift  12  lbs.  through  1  in. 

=  12xT\  =  1  ft.-lb. 
Work  done  by  P,   or  4  lbs.,   in  moving  its  point    of   application 
through  3  ins.  .  4  x  T%  =  1  ft.-lb. 

.'.     work  done  by  P  =  work  required  to  raise  weight. 
Therefore  the  Principle  of  Work  is  true  in  this  ease. 
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112.  Principle  of  Work  for  the  wheel  and  axle. — 

Let  a.  b  be  the  radii  of  the  wheel  and  axle,  and  let  them 
be  rotated  through  one  complete  turn.  Then  a  length  of 
rope  equal  to  the  circumference  of  the  wheel,  or  2ira, 
uncoils  from  off  the  wheel,  and  a  length  equal  to  the 
circa mference  of  the  axle,  or  2irb,  coils  round  the  axle. 
Hence,  distance  fallen  by  P  (the  effort) 

=  circumference  of  wheel  =  2-n-a, 
and  distance  risen  by  W  (the  weight) 

=  circumference  of  axle  =  2-n-b  j 
.'.     work  done  by  P  =  P  X  2ira, 
and  work  done  against  W  =  Wx2irb. 

(i.)   If  we  assume  the  equation  of  moments 
Pxa  =  Wxb, 
then  Px  2-n-a  =  Wx2irb, 

or  work  done  by  P  =  work  done  against  W, 

verifying  the  truth  of  the  Principle  of  Work  for  the  wheel 
and  axle. 

(ii.)   Conversely,  if  we  assume  the  Principle  of  Work  to 

be  true,  then  Pxa  =  Wxb, 

verifying  the  relation  between  the  effort  and  resistance,  which 
is  otherwise  obtainable  from  the  equation  of  moments. 

113.  To  find  the  mechanical  advantage  of  any 
machine  from  the  Principle  of  Work. 

We  shall  now  show  that  the  mechanical  advantage  or 
the  condition  of  equilibrium  of  a  machine  working  without 
friction  can  very  easily  be  found  by  means  of  the  Princi- 
ple of  Work  when  they  cannot  be  easily  found  by  other 
methods. 

For  let  the  machine  be  set  in  motion.  Then  it  is  only 
necessary  to  compare  the  distances  through  which  the 
points  of  application  of  the  effort  and  resistance  move; 
their  ratio  is  the  required  mechanical  advantage. 

For  if  P,  Q  denote  the  effort  and  resistance,  x,  y  the 
distances  moved  by  their  points  of  application,  then  the 
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relation  work  done  by  P  =  work  done  against.  Q 

gives  P X  x  =  Qxy. 

0        x 
,\    mechanical  advantage,    -~  =  — 

P        y 

_  distance  moved  by  point  of  application  of  P 
distance  moved  by  point  of  application  of  Q 

Examples. — If,  by  moving  a  handle  through  1  ft.,  a  weight  of 
1  cwt.  is  raised  through  I  in.,  to  find  the  force  that  must  he  applied 
to  the  handle. 

Let  P  be  the  force.  Since  the  works  of  P  and  the  resistance  are 
equal  and  opposite, 

.-.     Pxl  =  112xJ^. 

Hence  force  required  to  raise  112  lbs.  =  112/12  =  9|  lbs.  weight 

114.  Toothed  or  cog-  wheels. — By  the  use  of  toothed 
wheels,  the  mechanical  advantage  of  a  windlass  or  other 
similar  machine  can  be  increased  to  any  desired  extent. 
By  counting  the  number  of  teeth  or  cogs  on  two  wheels 
which  work  into  one  another,  we  may  find  the  number  of 
turns  and  fractions  of  a  turn  made  by  one  wheel  for  each 
turn  of  the  other,  and  in  this  way  determine  the  relation 
between  the  effort  and  weight. 

Example. — The  handle  of  a  windlass  is  1  ft.  long,  and  is  con- 
nected to  a  cog-wheel  with  6  teeth,  which  works  another  cog-wheel 
with  84  teeth,  connected  to  an  axle  9  ins.  in  diameter  on  which  is 
coiled  the  rope  supporting  the  weight.  To  find  the  force  which  must 
be  applied  to  the  handle  to  lift  5  cwt. 

Sin.ce  the  cog-wheels  contain  6  and  84  teeth,  respectively, 

.*,    one  turn  of  the  axle  corresponds  to  *j£  or  14  turns  of  the  handle. 

In  one  turn  of  the  handle  the  extremity  describes  a  circle  of  cir- 
cumference 27r  ft.,  and  in  one  turn  of  the  axle  a  length  ^v  ft,  of 
rope  coils  up,  drawing  up  the  weight. 

Therefore,  by  the  Principle  of  Work,  if  P  is  the  required  force  in 

lbs.  weight,  P  x  14  x  2tt  -  560  x  £ tt. 

7)         560  x  3  . ,  ,,  .   ,  , 

.  .    1  — =lo  lbs.  weight. 

14x2x4  5 
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Illustrative  Examples. 

Examples  (1).— A  slab  of  stone  weighing  1  ton,  whose  weight  acts  at 
its  centre,  is  to  he  tilted  up  by  a  crowbar  3  ft.  long  resting  against  a 
log  of  wood  in  front  of  it.  To  find  where  the  log  must  be  placed  m 
order  that  a  force  of  1  cwt.  may  suffice  to  raise  the  slab. 

Let  ACB  be  the  crowbar,  BGD  the  slab  resting  on  the  ground  at  D, 
G  its  centre  of  gravity.  Lee  P,  Q,  11  be  the  forces  acting  on  the 
crowbar  at  A,  B,  C. 

Then  the  weight  of  the  stone,  1  ton  (=  JF,  say),  acts  at  G,  and  is 
lifted  about  D  by  the  force  Q  acting  at  B. 


Taking  moments  about  the  point  of  contact  with  the  ground,  it  is 
clear  that,  since  G  is  the  centre  of  the  slab  BD  ; 

.-.     Q  =  \W  =  \  ton  =  10  cwt. 
Taking  moments  about  C  for  the  crowbar, 
PxAC  =  Q*CB. 

Or,  since  P  =  1  cwt  ,    AC  =  y  CB  =  y  OB  -  1000  ; 

.-.    AB  =  AC\CB  =  10CB  +  CB=  UCB; 

.-.     CB  =  ^\AB  =  T\  of  3  It.  -  3T\  ins. 

Hence  the  crowbar  must  rest  on  the  log  at  a  point  3-f3T  ins.  from  its 
extremity. 

(2)  The  driving  wheel  of  a  bicycle  is  90  ins.  in  circumference,  the 
cranks  of  the  pedals  are  4|  ins.  long,  and  the  driving  wheel  makes 
20  turns  for  every  9  turns  of  the  crank  axle.  If  the  force  resisting 
the  motion  of  the  machine  is  ^  lb.,  to  find  the  average  force  which 
the  rider  exerts  on  the  pedals,  supposing  him  to  press  on  them 
vertically  downwards. 

In  each  turn  of  the  driving  wheel  the  machine  moves  forward  90  ins. 

But  the  turn  of  the  cranks  produces  y  turns  of  the  driving  wheel. 

Therefore  in  one  turn  of  the  cranks  the  machine  moves  forward 
200  ins.  =  -5A  feet,  and  the  work  done  against  the  resistance  is  B£  x  \ 
or  *yi  ft-lbs.  weight. 

But  in  one  turn  of  the  cranks  each  of  the  two  pedals  is  lowered  in 
hirn  through  a  vertical  distance  =  twice  the  length  of  the  crank 
==pin,s.  =/f  ft. 
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Hence,  if  P  lbs.  denote  the  average  force  which  the  rider  exerts  on 
the  pedals,  the  Principle  of  Work  gives 

i)x2xf=  %1 

.*.     P  =  %°-  =  5  5  lbs.  weight. 

Note. — The  student  is  at  liberty  to  apply  the  Principle  of  Work  or 
Principle  of  Conservation  of  Energy  to  any  problem  whatever  in 
Mechanics,  provided  its  use  is  not  precluded  by  the  conditions  of  the 
question  (as,  for  example,  where  it  is  required  to  verify  the  principle 
when  its  truth  must  not  be  assumed). 

Summary  of  Results. 

Mechanical  advantage  of  any  machine  is  defined  as  fract  ion 
resistance  to  be  overcome  Q         W        /e  nn  \ 


effort  applied  to  move  machine        P  P 

Let  this  be  denoted  by  M,  while  Q  or   W  and  P  have 
their  usual  meanings. 

In  any  lever  the  equation  of  moments  about  fulcrum  gives 

ir        Q       distance  of  P  from  fulcrum       ,,>.    /ce  ,A1   nAOX 

M  or  %  =  — -— — •..(!•)•  (§§  101,102.) 

P       distance  of  Q  from  fulcrum 

For  a  straight  lever  ABC,  whose  fulcrum  is  C,  the  con- 
ditions of  equilibrium  are 

S-A-i-  (§m) 

where  R  is  the  reaction  of  the  fulcrum. 

In  a  lever  of  the 

first     class,  fulcrum  is  in  middle  M>  =  or  <  1,  (§  104.) 

second     ,,     resistance    „  ,,  M  always  >1,  (§  105.) 

third       ,,     effort  ,,         ,,  M  always  <1.  (§106.) 

Tn  a  wheel  and  axle  or  windtass,  Pa,  =:  Q'),  or 

,r        a.       rad.  of  wheel         arm  op  handle  /0, 

ill  =  -  — =  or  — ■ (2V. 

b         rad.  of  axle  rad.  of  axle 

(§§108,109. 

The  Principle  of  Work  for  any  machine  gives 

work  of  effort  =  work  against  resistance  ; 

whence,  if  x,  y  are  distances  traversed  by  P,  Q, 

Px  =  Qy,       7Ji  =  ^.  (§113.) 

y 
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EXAMPLES  VII. 

1.  The  arras  of  a  lever  are  4  ins.  and  11  ins.  in  length,  and  a 
weight  of  41  j  lbs.  is  attached  to  the  shorter  arm.     Find  the  power. 

2.  A  lever,  6  ft.  long,  having  the  fulcrum  at  one  end  and  the 
applied  force  at  the  other  end,  is  used  to  sustain  a  weight  of  1  cwt. 
at  a  point  2  ft.  from  the  fulcrum.  Find  the  direction  and  magnitude 
of  the  pressure  on  the  fulcrum. 

3.  Two  weights  P  and  Q  balance  on  a  weightless  lever,  the  fulcrum 
being  1£  ins.  from  the  middle  point  of  the  lever.  If  each  weight 
is  increased  by  1  lb.,  the  fulcrum  must  be  moved  \  in.  in  order  that 
there  may  be  equilibrium.  Find  the  force  of  pressure  on  the  fulcrum 
in  each  case. 

4.  Explain  carefully  why  a  man  stands  on  the  bottom  rung  of  a 
ladder,  and  holds  on  to  another  rung  as  low  down  as  he  can,  when 
another  man  is  lifting  the  ladder. 

5.  Two  men  carry  a  load  of  l,cwt.  suspended  from  a  horizontal 
pole  12  ft.  long,  whose  weight  is  20  lbs.,  and  whose  ends  rest  on  their 
shoulders.  Find  the  point  at  which  the  load  must  be  suspended  in 
order  that  one  of  the  men  may  bear  94  lbs.  of  the  whole  weight. 

6.  The  drum  of  a  windlass  is  4  ins.  in  diameter,  and  the  power  is 
applied  to  the  handle  20  ins.  from  the  axis.  Find  the  force  necessary 
to  sustain  the  weight  of  100  lbs.,  and  the  work  done  in  turning  the 
handle  ten  times. 

7.  Why  cannot  a  man,  sitting  in  a  basket,  lift  himself  and  the 
basket  off  the  grouud  by  pulling  at  the  handles  of  the  basket  ? 

8.  What  power  will  balance  a  weight  (of  6  cwt.  by  means  of  a 
wheel  and  axle  whose  circumferences  are,  respectively,  5  ft.  4  ins.  and 
9  ins.  P 

9.  A  wheel  and  axle  is  used  to  raise  a  bucket  weighing  30  lbs. 
from  a  well.  The  radius  of  the  wheel  is  20  ins.,  and  while  it  makes 
7  revolutions  the  bucket  rises  11  ft.  What  is  the  smallest  force  that 
will  raise  the  bucket  P 
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10.  Two  forces  Pand  Q  balance  on  a  lever  acting  on  the  same  side 
of  the  fulcrum.  If  P  be  increased  by  I  lb.,  equilibrium  may  be  main- 
tained by  moving  P's  point  of  application  2  ins.  ;  or  if  Q  be  increased 
by  1  lb.,  by  moving  Q's  point  of  application  f  in.  ;  or  if  both  P  and 
Q  be  increased  by  1  lb.,  by  moving  both  points  of  application  1\  ins. 
Find  P  and  Q. 

11.  In  any  lever,  find  the  mechanical  advantage  when  the  effort  £ 
applied  at  (i.)  the  point  of  application  of  the  resistance,  (ii.)  tb.3 
fulcrum.  Applying  this  to  the  case  of  an  oar  in  a  boat,  state  what 
happens  when  the  oarsman  pulls  hold  of  it  at  the  rowlock,  and 
hence  show  that  the  oar  acts  as  a  lever  whose  fulcrum  is  at  the 
rowlock. 

12.  AB  is  a  weightless  lever  acted  on  at  A  and  B  by  two  equal 
forces  Pand  Q,  whose  directions  contain  an  angle  G0°,  P  acting  aft 
right  angles  to  AB.  Find  where  the  fulcrum  must  be  situated  so 
that  P  and  Q  may  be  in  equilibrium,  and  find  the  force  of  pressure 
they  exert  on  the  fulcrum. 

13.  AB  is  a  weightless  rod  turning  freely  round  its  middle  point  C  ; 
D  is  a  point  vertically  under  C,  such  that  CD  equals  half  the  length 
of  the  rod  ;  the  points  B  and  D  are  connected  by  a  thread  of  the  same 
length  as  CD  or  CB.  If  a  weight  W  is  hung  from  A,  what  is  the 
tension  of  the  thread  BD,  and  what  is  the  magnitude  and  direction  of 
the  pressure  on  the  point  C  ? 

14.  Two  weights  of  4  lbs.  and  8  lbs.  balance  when  suspended  from 
the  ends  of  a  straight  lever  with  the  fulcrum  1  ft.  from  the  larger 
weight.  When  P  lbs.  are  added  to  each  weight,  the  fulcrum  has  to 
be  shifted  a  distance  of  2  ins.  Find  the  value  of  P  and  the  length  of 
the  lever. 

15.  Draw  to  scale  a  wheel  and  axle  by  which  a  man,  sitting  in  a 
loop  at  the  end  of  a  rope  wound  round  the  axle,  can  haul  himself  up  by 
pulling  at  a  rope  round  the  wheel  with  a  force  only  one-fifth  of  his 
weight.     "What  weight  is  sustained  by  the  pivots  ? 

16.  State  the  principle  of  the  Conservation  of  Energy,  and  show 
how  it  holds  good  in  the  case  of  a  lever  of  the  third  kind. 

ft .  In  a  weightless  straight  lever  of  the  first  order,  show  that  in 
the  case  of  equilibrium  the  power,  the  weight,  and  the  reaction  of  the 
fulcrum  form  two  unlike  couples  of  equal  moments. 
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115.  The  pulley,  or  pully,*  is  a  wheel  with  a  groove 
cut  round  its  rim  so  that  it  can  carry  a  string  or  rope  or 
chain  passing  round  it.t  It  turns  on  an  axis  or  axle, 
which  is  fixed  in  a  framework  called  a  block  or  sheave, 
and  this  block  is  either  fixed,  or  is  attached  to  a  string 
and  is  then  moveable. 


Fig.  104. 


Fig.  105. 


116.  In  the  fixed  pulley  the  weight  is  attached  to 
one  end  of  the  string  passing  round  the  groove,  and  the 
effort  is  applied  by  pulling  the  other  end.  Since  the 
wheel  is  only  supported  by  the  axle,  the  moments  of  the 
effort  P  and  weight  W  about  the  centre  0  are  equal  and 
opposite  ;  that  is  (Fig.  105), 

PxOA  =  WxOB, 

*  The  word  may  either  be  spelt  pulley,  plural  pulleys,  or  pully,  plural  putties. 
t  For  the  sake  of  uniformity  we  shall  speak  of  a  string.     The  weight  of  this 
string  will  be  assumed  too  small  to  require  to  be  taken  into  account. 
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or  Px  radius  of  pulley  =   W x  radius  of  pulley. 

•.    r  =  w, 

.'.    mechanical  advantage   —  =  1   (1), 

Cor.  Since  P  =  W,  the  tension  is  the  same  in  both 
parts  of  the  string. 

Thus  exactly  the  same  force  must  be  applied  to  lift  a 
given  weight  as  if  the  weight  were  lifted  without  the 
pulley.  The  only  difference  is  that  the  force  can  be 
applied  in  a  different  direction ;  hence  the  usefulness  of 
the  fixed  pulley  lies  in  this  convenience  only. 

Thus,  in  raising  building  materials  to  the  top  of  a  house,  it  is  far 
easier  for  a  man  at  the  bottom  to  pull  down  a  rope  passing  over  a 
pulley  at  the  top  than  it  would  be  for  a  man  at  the  top  to  hoist 
them  up  with  a  rope. 


117.  In  the  single  moveable  pnlley,  the  weight  is 
attached  to  the  block,  and  the  effort  is  applied  to  one  end 
of  the  string  which  passes  round  the  pulley,  the  other 
end  being  fixed  up. 


T 


'o\ 


X 

=\V+  (JO 
Fig.  107. 


In  this  arrangement,   if   the   strings  are  parallel,  the 
mechanical  advantage  is  2. 
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For  let  P  be  the  effort,  Q  the  total  weight  to  be  raised 
(including  the  weight  W  of  the  'pulley  itself).  Then  the 
tension  in  each  part  of  the  string  is  equal  to  P  (§  116)  ; 
also  the  tensions  at  A,  B  (Fig.  107)  both  help  to  suppoit 
the  weight  Q. 


and  mechanical  advantage  Q-f-  -P  =  2 


(2). 


118.  If  w  is  the  weight 
of  the  pulley  itself,  W  the 
weight  of  the  attached  load, 
Q  =  W+iv;  and,  therefore, 

W+w  =  2P  ...  (2a). 

The   single   moveable   pulley  is 
much  used  on  cranes  (Fig.  106). 


119.    The    single-string 
system    of    pulleys.*  —  A 

greater  mechanical  advantage 
may  be  obtained  with  a  num- 
ber of  pulleys.  Several  such 
"  systems  of  pulleys  "  are 
generally  described,  but  the 
most  practically  useful  system 
is  that  in  which  the  pulleys 
are  arranged  in  two  blocks, 
one  fixed  and  the  other  at- 
tached to  the  weight  (Fig. 
108).  The  same  string  passes 
round    all    the    pulleys;     it 


*  The  single-string  system  is  often 
called  the  second  system  of  pulleys,  and 
the  separate  -  string  system  of  §  121  is 
then  called  the  first  system. 


Fig.  108. 
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passes    alternately  over   a  fixed  and  under   a  moveable 
pulley,  and  is  finally  attached  to  one  of  the  blocks. 

In  practice  the  pulleys  are  arranged  as  in  Fig.  108,  but  it  is  generally  easier 
to  draw  the  diagram  as  in  Fig.  109,  with  all  the  pulleys  in  the  same  plane. 


Mechanical  advantage. — If  the  string  be  pulled  with 
a  force  P,  the  tension  thronghout  is 
P.  Hence,  if  n  be  the  number  of 
parts  of  the  string  supporting  the 
lower  block,  Q  the  weight  to  be 
raised  (including  that  of  the  lower 
block  and  pulleys),  the  n  upward 
forces  P  support  Q  acting  down- 
wards; hence,  supposing  the  parts 
of  the  string  vertical, 


Q  =  nP. 


O 


mechanical  advantage  -j£  =  n 

(3). 


120.  If  w  is  the  weight  of  the  lower 
block,  W  that  of  the  attached  load, 
Q  =  W-\-iv,  and,  therefore, 

W+iv  =  nr (3a). 


a=af 


Fig.  109. 


In  order  that  the  effort  may  be 
applied  dowmvards,  the  free  end  of 
the  string  must  hang  from  a  fixed 
pulley,  and  this  is  almost  invariably 

done  for  convenience  in  working  the  system.  In  such 
cases  the  number  n  is  also  the  total  number  of  pulleys 
in  the  two  blocks. 


MACHINES — THE    PULLEY   AND    SCREW.  129 

Thus  Fig.  108  represents  a  system  with  altogether  8  pulleys,  in 
which  the  mechanical  advantage  is  therefore  8.  In  Fig.  109,  there 
are  altogether  5  pulleys,  and  the  mechanical  advantage  is  5. 

Example. — To  find  the  least  number  of  pulleys  in  a  moveable  block 
weighing  10  lbs.,  in  order  that  a  weight  of  120  lbs.  may  be  lifted  by 
a  downward  force  not  exceeding  28  lbs.,  and  to  find  this  force. 

Let  «  be  the  total  number  of  portions  of  the  string  supporting  the 
lower  block,  P  the  required  effort.  Then  the  pulls  P  in  the  strings 
have  to  support  both  the  attached  weight  of  120  lbs.  and  the  block 
weighing  1 0  lbs.  ;  therefore 

nP  =  120  +  10  -  130  ibs. 

But  P  is  not  more  than  28  lbs. ;  therefore  n  must  be  greater  than  4|| ; 
that  is,  n  —  6. 

Hence  five  parts  of  the  string  must  support  the  lower  block.  There- 
fore that  block  must  contain  two  pulleys,  and  must  have  the  end  of 
the  string  attached  to  it  as  well  (Fig.  109).  Also,  putting  n  =  5,  we 
have  5P  =  130  lbs.  ;     .•.     required  force  P  =  26  lbs. 


121.  The  separate-string  system  of  pulleys*  con- 
sists of  a  number  of  single  moveable  pulleys  like  that 
described  in  §  117,  so  arranged  that  the  string  hanging 
from  one  pulley  passes  round  the  pulley  next  below,  the 
other  ends  of  the  strings  being  attached  to  a  fixed  beam  or 
other  support  (such  as  the  masb  of  a  ship),  considerably 
above  the  highest  points  to  which  weights  have  to  be 
raised  (Fig.  110). 

The  mechanical  advantage  may  be  found  as  follows: — 

In  the  single  moveable  pulley  a  force  P  applied  to  the 
string  supports  a  force  2P  applied  to  the  block. 

Now  suppose  the  moveable  pulley,  instead  of  being 
attached  to  the  weight,  supports  a  string  passing  under  a 
second  moveable  pulley.  Then  the  mechanical  advantage 
gained  by  the  first  pulley  is  evidently  doubled  by  the 
second,  the  pull  2P  in  the  second  string  supporting  a 
weight  4P  attached  to  the  second  pulley. 

Next  suppose  the  second  pulley  supports  a  string 
passing  under  a  third  pulley.      This  again  doubles  the 

*  The  so-called  first  system. 
STAT.  K 
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mechanical  advantago,  and  the  system  will  now  support 
•a  weight  8P. 


at j  \=2nr 


Fig.  110. 


In  this  way  each  additional  pal  ley  doubles  the  mechani- 
cal advantage  of  the  system.  By  using  1,  2,  3  pulleys, 
we  get  mechanical  advantages  2,  4,  8. 

Generally,  let  there  be  n  pulleys,  and  let  Q  denote  the 
weight  attached  to  the  last  pulley.  Then,  if  we  leave  out 
of  account  the  weights  of  the  pulleys  themselves,  we  have 

Q  =  2"  F. 


Therefore  also 


r  = 


a 


(*)• 


and 


mechanical  advantage  =  2" 


122.  If  the  weights  of  the  pulleys  A,  B,  C  are  ivx,  w.2,  wz 
respectively,  we  must  consider  the  equilibrium  of  each 
pulley  separately.  If  T„  T2  be  the  tensions  of  the  strings 
hanging  from  A,  B,  and  W  the  load  attached  to  G,  we  have, 
by  §  118, 

2P  =  ZY+t*,,     2TX  =  T2  +  w2,     2T2  =  W+wz. 

From  equations  such  as  these,  it  may  he  deduced  that,  for  n  pulleys, 
2nF  =  W+wH  +  2wHm.i  +  4wn„a  +  ...  +  2H-1wl (4a). 
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EM)iip!e$\—(l)  If  there  are  (n  =)  4  moveable  pulleys,  a  force  of 
(P  =)  10  lbs.'  will  support  a  weight 

(  Q=)  24P  =  24  x  10  lbs.  =  160  lbs. 

(2)  If  there  are  {n  =)  3>  moveable  pulleys,  the  force  required  to 
support  a  weight  (  Q=)  64  lbs.  is 

(p«)  Q+2n  -  64-f-2»  =  64  +  8  -  8  lbs. 

(3)  "What  load  can  be  supported  by  a  force  of  10  lbs.  in  a  system  of 
3  moveable  pulleys  whose  weights,  beginning  with  the  highest,  are 
1,  2,  3  lbs.,  respectively? 

Consider,  first,  the  equilibrium  of  the  highest  pulley  (A,  Fig.  110). 
The  forces  on  it  are  the  two  equal  pulls  of  10  lbs.  in  the  two  parts  of 
the  string  round  it,  acting  upwards,  and  the  weight  of  the  pulley 
(1  lb.)  and  the  tension  Tx  of  the  string  next  below,  acting  downwards. 

Hence  2P  =  1  +  7\   (1). 

Consider,  now,  the  pulley  B,  acted  upon  by  2TX  upwards,  and  by 
P2  and  its  own  weight  (2  lbs.)  downwards. 

Hence  2Ti  =  2  +  T2  (2). 

Similarly,  for  the  pulley  0,  we  get  the  equation  of  forces 

2P2  =  3+  W (3). 

Since  P  =  10,  we  find,  from  equation  (1),  that  7\  =  20  —  1  =  19  ; 
then,  from  equation  (2),  P>  =  22\-2  =  38  —  2  =  36  ;  and  lastly, 
from  equation  ^3),    W '=  2T2—Z  =  72-3  =  69  lbs. 

(4)  What  force  is  required  to  support  a  load  of  13  lbs.  in  a  system 
of  4  moveable  pulleys  whose  weights,  commencing  with  the  highest, 
are  3,  5,  7,  9  lbs.,  respectively  ? 

Here  we  are  given  the  weight,  and  have  to  find  the  effort.  Hence 
the  process  is  the  reverse  of  that  of  Ex.  (3).  We  must  begin  with 
the  lowest  pulley.  Adding  its  weight  (9  lbs.)  to  the  attached  weight 
(13  lbs.),  we  have  the  total  weight  supported  by  the  two  pulls  (T3)  in 
the  parts  of  the  string  round  the  lowest  pulley. 

Hence  2T3  =  22  lbs.,     T,  =  11  lbs. 

Similarly,  in  the  lowest  pulley  but  one,  we  have  11  +  7  lbs. 
supported  by  2T.2. 

Hence  2T2  =  18  lbs.,     T2  =  9  lbs. 

In  like  manner,      2^  =  9  +  5,        Tx  =  7  lbs. 
2P=7  +  3,         P-5  1bs. 
'That  is,  the  required  force  =  5  lbs. 
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a=7P 

Fig.   111. 


*123.  The  inverted  separate  -  string 
system  of  pulleys,*  in  which  the  strings 
are  all  attached  to  the  weight,  is  merely 
the  system  last  described  (i.e.,  the  "first") 
turned  upside  down  (the  fixed  pulley  being 
omitted).  The  strings  are  all  attached  to 
the  weight,  or  rather  to  a  rod  carrying 
the  weight,  and  the  uppermost  pulley  is 
fixed  to  some  support.  If  Fig.  Ill  be  turned 
upside  down,  it  will  present  a  similar  ap- 
pearance to  Fig.  110. 


The  mechanical  advantage  (when  the 
weights  of  the  individual  pulleys  are 
neglected)  is  easily  deduced  from  this 
property.  Let  B  be  the  pull  which  the 
system  exerts  on  its  support,  Q  the  weight,  P  the  effort, 
and  let  there  be  n  pulleys.  By  inverting  the  system  or 
otherwise,  we  see  that  the  total  forces  supported  by  the 
several  pulleys,  commencing  with  the  lowest,  are  2P,  4P, 
8P,  &c. ;  thus  B  in  this  present  system  corresponds  to  the 
weight  in  the  last  system,  and  therefore 

B  =  2"P. 

Now  consider  the  equilibrium  of  the  whole  system, 
consisting  of  the  weight  and  the  pulleys.  The  forces 
acting  on  it  are  Q  and  P  pulling  downwards  and  a  reaction 
equal  and  opposite  to  B  holding  the  system  up.  Hence, 
since  these  forces  keep  the  system  in  equilibrium, 

R  =  P+Q. 

.-.     Q  =  B-P  =  2nP-P  =  (2"— 1)P, 

and       mechanical  advantage  =  Q-^P  =  2H— 1  ...(5). 

Or  thus :  The  pulls  of  the  strings,  beginning  with  the  lowest, 
are  P,  2P,  4P,  8P,  ...  2"-1P,  and,  since  these  support  the  weight  Q, 
we  have  Q  =  P(l  +  2  +  4  +  8  +  ...  +  2'*-1).  Now  1  +  1  =  2;  therefore 
1  +  1  +  2  --  2  +  2=  4;  therefore  1  +  1  +  2  +  4  =  4  +  4  =  8  and  so  on ; 
therefore  1  +  1  +  2  + ...  +  2"-1  =  2"-1  +  2'*-1  =  2  x  2"-1  =  2n  or 
1  +  2  +  4  +  ...  +  2'1-1  =  2»-l,    giving    Q  =  (2"-1)P,   as  above. 


The  so-called  third  system.    This  system  is  practically  useless  (see  §  125). 
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Example.  —  To  find  the  number  of  weightless  pulleys,  having 
given  that  a  force  of  5  lbs.  supports  a  weight  of  75  lbs.,  and  all  the 
strings  being  attached  to  the  weight. 

Here  the  pull  on  the  beam  supporting  the  upper  pulley 
=  75  lbs.  +  5  lbs.  =  80  lbs. 
Now  80  =  5  x  (2  x  2  x  2  x  2),  and,  since  the  total  pull  is  doubled  by 
each  pulley,  the  number  of  pulleys  must  be  4. 

124.  If  the  weights  of  the  pulleys  are  taken  into  account,  we  proceed 
as  follows : — 

Examples. — (I)  To  find  the  weight  which  can  be  lifted  by  a  force  of 
10  lbs.  in  a  system  of  three  pulleys,  the  weights  of  the  lowest  and  next 
pulleys  being  3  and  5  lbs.,*  and  the  strings  all  being  attached  to  the 
weight. 

Here  the  pulls  in  the  two  parts  of  the  lowest  string  are  each 
10  lbs.  The  next  string  above  has  to  support  these  pulls,  and  also  to 
support  the  weight  of  the  lowest  pulley,  viz.,  3  lbs.,  and  so  on;  hence 
the  process  stands  thus  : 

Pull  of  lowest  string  =  10  lbs.         =  10  lbs. 

Multiply  by  2 


Add  weight  of  lowest  pulley 


pull  of  second  lowest  string         =23   >• 
Multiply  by 


20    >i 

3   •• 

23   »* 

2 

=  23  »» 

46    >> 
5    » 

51   » 

-  51   »» 

Add  weight  of  second  pulley 
.".     pull  in  last  string 

Required  weight  =  sum  of  puils  of  strings  =  84  lbs. 

(2)  To  find  the  foree  required  to  support  a  weight  of  112  lbs.  in 
the  system  of  Ex.  (1). 

Let  P  be  the  force.     Proceed,  as  in  Ex.  (1),  thus : 

Pnll  of  lowest  string  =  P  =  P. 

Pull  in  second  lowest  string  7T1=2P+3  =  2P  +  3 

Pull  in  last  string  T2  =  22\  +  5  =  4P+  1  i 


.-.     weight  supported  =  7P+ 14 
.-.     7P+14  =  112. 
required  force  P  =  14  lbs. 


*  Since  the  upper  pulley  is  fixed,  its  weight  does  not  enter  into  the  relation 
between  P  and  }V. 
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125.  Uses    of    the   various    systems    of  pulleys. — 

The  single-string  system,  with  the  pulleys  arranged  in 
two  blocks,  as  in  Fig.  108,  is  by  far  the  most  important, 
system  for  practical  use,  because  with  it  weights  may  be; 
raised  till  the  two  blocks  come  together,  i.e.,  nearly  up  to- 
the  level  of  the  supporting  beam  or  crane,  or  lowered  tilll 
all  the  string  is  paid  out. 

The  separate-string  system  gives  a  greater  mechanical 
advantage  with  the  same  number  of  pulleys,  for  each  addi- 
tional pulley  doubles  the  mechanical  advantage  instead 
of  merely  increasing  it  by  unity.  But  it  requires  the 
strings  to  be  attached  to  a  point  considerably  above  the 
highest  point  to  which  weights  have  to  be  raised,  for 
when  the  top  pulley  is  drawn  up  as  high  as  it  will  go 
the  weight  will  still  be  a  considerable  distance  below  the 
support.  By  attaching  the  strings  (or  rather  ropes)  high 
up  on  the  mast  of  a  ship,  the  system  may  be  used,  and  is 
actually  so  used,  for  raising  cargo  from  the  hold  up  to 
the  deck. 

The  inverted  separate-string  system,  or  "third  system," 
is  of  no  practical  use  whatever,  for  it  is  found  that  the 
strings  are  almost  certain  to  get  hopelessly  entangled, 
even  in  the  few  working  models  that  are  constructed  for 
the  lecture-room. 

[This  system  seems  to  have  been  originally  introduced  into  text-books  and 
examination  papers  on  account  of  its  being  a  convenient  subject  for  problems 
illustrating  the  summation  of  a  geometrical  progression.] 


126.  Man  raising  himself  with  a  system  of 
pulleys. — When  a  man,  sitting  in  a  loop  or  seat  sus- 
pended by  any  arrangement  of  pulleys,  pulls  himself  up, 
the  rope  which  he  pulls  will  support  part  of  his  weight, 
and  only  the  remaining  part  of  his  weight  will  have  to  be 
supported  by  the  system. 

Generally,  suppose  that  a  man  is  pulling  himself  up  by 
applying  a  force  P  to  a  rope  passing  round  a  system  of 
pulleys  or  a  wheel  and  axle,  in  which  P  would  support  a 
weight  nP.  Then,  since  the  rope  he  pulls  also  helps  lift 
him  up  with  a  force  P,  the  total  weight  supported  must 
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be  nP+P  or  (n  +  l)P.     Hence; 

mechanical  advantage  =  n  +  1  (6)  ; 

instead  of  being  n,  as  it  would  be  for  a  man  standing  on 
the  ground  and  raising  a  weight. 

Examples. — (1)  Consider  a  man  of  weight  W  raising  himself  by- 
pulling  a  rope  passing  over  a  fixed  pulley  with  a  force  P.  The 
man's  weight  is  really  supported  by  the  pulls  P  in  two  parts  of  the 
rope — the  part  where  he  pulls  and  the  part  supporting  the  loop. 
Hence  the  condition  of  equilibrium  gives    W  =  2P; 

.-.     P=\W\ 
or  the  man  pulls  with  a  force  of  half his  weight. 

(2)  If  the  man  pulls  a  rope  which  passes  over  a  fixed  pulley  and 
under  a  moveable  pulley  supporting  the  loop,  there  are  three  portions 
of  the  string  supporting  his  v  eight,  inclusive  of  tbe  one  that  he  is 
pulling.  Hence  the  relation  between  the  pulling  force  P  and  the 
weight  is  W  =  3P,  or  P  =  \W  \  so  that  the  man  pulls  with  a  force 
of  one-third  of  his  weight. 

127.  Applications  of  the  Principle  of  Work. — We 

shall  now  apply  the  Principle  of  Work  to  find  the  relations 
between  the  effort  and  weight  in  the  various  systems  of 
pulleys. 

The  single  moveable  pulley.  —  Let  the  pulley 
(weight  w)  and  its  attached  weight  W  be  raised  through 
a  height  h.  Then  the  portions  of  string  on  the  two  sides 
of  the  pulley  will  each  be  shortened  by  h  ;  hence  the  end  at 
which  P  is  applied  will  rise  through  a  distance  2h.     Since 

sum  of  works  done  against  W,  iv  =  work  done  by  P; 

.-.      Wl.+wh=  ZJx2//, 

or  W+iv  =  2P  (2a), 

the  required  relation  between  W  and  P.  Tin's  agrees 
with  (2)  on  writing  Q  =  W+iv. 

128.  The  single-string  system.  —  Let  there  be  n 
strings  from  which  the  lower  block  of  pulleys  hangs.  If 
the  effort  P  lifts  a  weight  W,  hanging  from  a  moveable 
b|ock  of  weight  w,  through  a  height  h,  each  of  the  n  por- 
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tions  of  string  will  have  shortened  by  an  amount  Ji,  and 
so  P  will  have  to  pull  the  end  of  the  string  down  through 
a  distance  nh.     By  the  Principle  of  Work,  therefore, 

Wh  +  wh  =  nPh. 

.'.     W+w  =  nP   (3a), 

the  required  relation  between  W  and  P,  which  agrees 
with  (3)  on  writing  Q  =  W+w. 

*129.  The  separate-string1  system. — Let  wx  be  the  weight  of  the 
pulley  supporting  the  weight  W ;  let  w2,  w%,  ...  he  the  weights  of  the 
pulleys  next  above.  If  W  is  drawn  up  through  a  height  h,  then 
the  lowest  pulley  wx  will  rise  through  A,  the  next  above  ic*  will  rise 
through  2A,  the  next  w3  through  4A,  and  so  on  :  and  if  there  are  n 
moveable  pulleys  the  force  P  will  move  its  point  of  application  through 
a  distance  2"A. 

Therefore,  by  the  Principle  of  Work, 

P x  2nA  =  Wh  +  wl h  +  2w2h  +  4w3h  +  . . .  +  2M - 1  wnh, 
or  2"P  =  W+  wx  t  2wt  +  4w3  +  . . .  +  2"  - J  ivn  ; 

or  again  P  =  — -  +  — L  +  — ^-r+  __i_  +  ...+  __^  (4ft). 

2"        2"       2"  2"—  2 

[Note  that  a\  stands  for  the  weight  of  the  lowest  pulley  in  (4b)  and 
the  highest  in  §  122  (4a).] 

#130.  The  inverted  separate-string1  system.— In  the  system 
of  §  129,  when  the  weight  rises  through  a  height  h,  the  various  pulleys 
rise  through  distances  h,  2h,  4h,  ...  2n_1A,  and  the  point  of  application 
of  P  through  2nh.  Hence  their  distances  from  the  weight  W  increase  by 
amounts   0,  (2-1)  A,   (4-1)  h  ...  (2"-1-  1)  h,  (2M-1)  h. 

Now  turn  the  system  upside  down ;  fix  the  pulley  that  previously 
supported  the  weight,  and  attach  the  weight  to  the  beam  that  was 
previously  fixed.  We  now  get  the  "  third  "  system,  and  we  see  that 
when  the  weight  rises  through  h  the  pulleys,  beginning  with  the  top, 
descend  through  distances  0,  (2—1)  A,  (4—1)  A  ...  (2"_1  — 1)  A,  and 
the  point  of  application  of  P  through  (2n—  1)  A.  Hence  if  wlf  w.2,  ... 
are  the  weights  of  the  pulleys,  the  Principle  of  Work  gives 

Wh  =  Wx  +  0A  +  w2  x  A  +  w3  x  3A  +  w4  x  7A  +  . . .  +  wn 

x  (2»-1-l)A  +  Px(2"-l)A, 
or  W=  (2n—  l)p+tt>2+3tt>3-f-7ie>4+. ..(2,,-1r-l)wn  ...  (5a), 

the  required  relation  connecting  P  and  W, 
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131.  The  screw. — Every  one  is  familiar  with  a  screw. 
It  consists  essentially  of  a  cylindrical  bolt  OM,  whose 
surface  carries  a  thread  or  has  a  groove  cut  in  it  along  a 
spiral  curve.  The  form  of  this  spiral  can  easily  be  con- 
structed by  taking  a  strip  of  paper  with  a  straight  edge, 
and  wrapping  it  round  a  pencil  in  a  slanting  direction  ; 
the  edge  forms  the  curve  like  that  along  which  the  thread 
or  groove  runs. 

The  screw  works  in  a  collar  or  nut  C,  through  which  a 
hole  is  bored,  having  a  groove  to  fit  the  thread  or  a  thread 
to  fit  the  groove  of  the  screw. 

When  the  screw  turns  in  a 
fixed  collar,  it  moves  forward 
in  the  direction  of  its  length.  In 
each  turn  of  the  screw,  the  dis- 
tance moved  forward  is  equal  to 
the  distance  between  consecutive 
threads  :  i.e.,  the  distance  DE  be- 
tween two  consecutive  turns  of 
the  thread,  measured  along  the 
length  of  the  bolt.  This  distance 
is  called  the  step.  Hence,  by  turn- 
ing the  screw  round,  it  may  be 
used  to  raise  weights  or  overcome 
resistances  applied  to  its  end. 

The  effort  must  tend  to 
turn  the  screw,  and  must 
therefore  have  a  moment 
about  OM  in  a  plane  perpen- 
dicular to  OM.  Hence  the 
effort  may  be  a  single  force 
P  applied  at  the  end  of  a 
long  arm  OA,  projecting  at 
right  angles  to  OM.  More 
often  the  arm  projects  in 
both  directions,  as  in  the 
common  screw-press  of  Fig. 
113,  and  two  equal  and 
opposite  forces  constituting  Fig,  jj3( 


Fig.  112. 


138 


STATICS. 


a   couple    are   then    applied    perpendicularly    to   its   two 
extremities  W,  B. 


132.  To  find  the  mechanical  advantage  of  a  screw 
working  without  friction. 

Let  the  effort  P  be  applied 
perpendicularly  at  the  end  of 
an  arm  OA  of  length  a,  and 
let  it  overcome  a  resistance 
Q  acting  along  the  axis  OM. 
Let  b  be  the  "  step  "  or  dis- 
tance between  two  consecu- 
tive threads.  Then,  if  the 
screw  makes  one  complete 
turn,  A  the  point  of  applica- 
tion of  P  will  describe  a  circle 
of  radius  a  about  0,  and  will 
therefore  move  through  a 
distance  2ira  in  the  direction 
of  P.*  Also  the  screw  will 
move  through  a  distance  b  against  the  resistance  Q. 

Therefore,  since 

work  done  by  P  =  work  done  against  Q, 

we  have  P  x  2-n-a  =  Qxb. 

.'.   mechanical  advantage  —  = (7) 

__  circumference  of  circle  described  by  the  arm 
step  of  screw 

Cor.  1.  Since  the  moment  of  P  is  P  x  a,  we  have 

7 

moment  of  P  =  Qx  —  . 


*  As  the  screw  moves  forward  along  its  axis  OM,  A  really  describes  a  spiral  and 
not  a  circle  ;  but,  since  P  acts  perpendicular  to  OM,  the  forward  motion  contribute* 
nothing  to  the  wo*k  done  by  P,  which  is  therefore  l'x  2  mi. 
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If  the  quantify  bj'Iir  be  called  the  pitch  of  the  screw* 
rthen  moment  of  effort  =  (resistance)  X  (pitch)  ...  (8). 

Con.  2.  By  the  Principle  of  Moments  the  effort  P  may  be  replaced 

by  any  other  force  or  couple  whose  moment  tending  to  turn  the  screw 

is  the  same.     If  two  forces  F  act  in  opposite  directions  at  the  ends  of 

:  an  arm  AB  of  length  2a  fixed  at  its  middle  point  to  the  screw,  the 

moment  of  the  couple  thus  formed  =  2Fa,  and  therefore 

2Fa  =  Q  x  bj2ir, 

a  relation  easily  verified  by  the  Principle  of  Work.  This  shows  that 
the  effect  is  the. same  as  if  the  two  forces  F  were  both  applied  at  one 
end  of  the  arm,  forming  a  single  force  2F. 

Example. — A  screw-press  is  turned  by  applying  two  forces  of  21  lbs. 
in  opposite  directions  at  the  ends  of  an  arm  2  ft.  long.  If  the  step  is 
i  in.,  to  find  (i.)  the  resistance  overcome,  (ii.)  tbe  pressure  in  lbs.  per 
sq.  in.  produced  over  the  area  of  a  circular  piston  1  ft.  in  diameter. 

(i.)  Let  Q  be  the  resistance.  Then  in  one  revolution  of  the  screw 
the  works  done  by  the  efforts  and  against  Q  are 

'    2x2lx2ir.l  ft.-lbs.     and     Q  x  i  x  T'¥  ft-lbs. 

.-.     T^Q  =  84tt,     or     Q  =  96  x  SW. 

Taking  ir  =  %?-,  this  gives  Q  =  25344  lbs.  =  11$  tons,  roughly. 

(ii.)  Also    area  of  piston  =  it  (radius)'2  =  -k  .  6"-  =  36tt  sq.  ins. 

,\    required  pressure  =  -%—  =  —  x —  =224  lbs.  per  sq.  in. 
367r  36 

=  2  cwt.  per  sq.  in. 

Summary  of  Results. 
Infixed  pulley, 

W  =  P,  mech.  advantage  M  =  1  ...  (1).     (§  116.) 

With  a  single  moveable  pulley, 

Q  =  2P,     M=2  (pulley  light)  ...  (2),     (§  117.) 
W+iv  =  2P  (pulley  heavy)  ...  (2a).  (§  118.) 


*  This  is  the  definition  of  "  pitch"  used  by  Sir  Robert  Ball  in  his  "  Theory  of 
Screws,"  and  now  generally  adopted,  although  in  a  number  of  books  before  us  we 
;tind  no  less  than  three  different  definitions  of  pitch. 
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The  "second"  system  is  single  string  system,  pulleys  in 
two  blocks.  With  n  pulleys  and  string  hanging  from 
upper  block, 

Q  =  nP,     M=n  (pnlleys  light)  ...  (3),     (§  119.) 

W+iv  =  nP         (pulleys  heavy)  ...  (3a).  (§  120.) 

The  "first "  is  the  separate  string  system,  with  strings 
tied  up  to  fixed  support.     With  n  moveable  pulleys, 

Q  =  2"P,     M  =  2?   (pulleys  light)  ...  (4).     (§  121.) 

W+ivx  +  2iv*  +  ...  +2n-lwn  =  2"P  (pulleys  heavy,  lowest  Wj) 

...  (46).  (§  129.) 

The  "third"  is  the  previous  system  turned  upside 
down,  strings  all  attached  to  weight. 

Q  =  2nP-P  =  (2n-l)  P,     M  =  2'1-1  (pulleys  light) 

...(5).     (§123.) 

W  =  (2»-l)P  +  w2  +  3wi+...(2n-'-l)wn 

(pulleys  heavy,  lowest  wn)  ...  (5a).   (§  130.) 

For  man  pulling  himself  up,  mechanical  advantage  is 
increased  by  unity    (6).     (§126.) 

For  a  smooth  screw,  mechanical  advantage 

,r       Q      2ira      circumference  of  circle  described  by  P 

M  or  —  = = 1 — *■ — 

P         b  distance  between  two  threads 

...(7).     (§132.) 

moment  of  P        b        step          .,  ,      -  /Dx 

— — =  —  =  -^r-1-  =  pitch  ot  screw (o) . 
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EXAMPLES   IX. 

1.  Find  the  ratio  of  the  power  to  the  weight  in  that  system  of 
pulleys  in  which  each  moveable  pulley  hangs  by  a  separate  string, 
the  number  of  moveable  pulleys  being  4. 

If  the  weights  of  the  pulleys  be  taken  into  account,  and  are 
1,  2,  3,  and  4  lbs.,  respectively,  beginning  with  the  highest,  find 
what  power  will  support  a  weight  of  294  lbs. 

2.  Find  the  ratio  of  the  power  to  the  weight  in  that  system  of 
pulleys  in  which  each  string  is  attached  to  the  weight,  the  number  of 
moveable  pulleys  being  4. 

If  the  weights  of  the  moveable  pulleys  be  taken  into  account, 
and  are  1,  2,  3,  and  4  lbs.,  respectively,  beginning  with  the  lowest, 
find  what  power  will  support  a  weight  of  4j  cwt. 

3.  If  there  are  4  pulleys  in  the  third  system,  and  each  weighs 
2  lbs.,  what  weight  can  be  raised  by  a  power  equal  to  the  weight  of 
20  lbs.  ? 

4  A  man  weighing  IS  stone,  holding  the  bar  to  which  the  strings 
are  attached  in  the  third  system  of  pulleys,  can  just  raise  a  child 
weighing  1  stone,  holding  on  to  the  last  string.  How  many  pulleys 
are  there  ? 

5.  If  there  be  three  moveable  pulleys,  each  of  mass  1  lb.,  in  a 
system  in  which  all  the  strings  are  parallel  and  are  attached  to  the 
weight,  and  the  force  required  to  support  a  certain  weight  is  half  that 
which  would  be  required  if  the  pulleys  were  weightless,  find  that 
weight. 

6.  Is  it  more  advantageous  in  raising  a  weight  by  (i.)  the  first 
system,  (ii.)  the  third  system,  of  pulleys,  to  have  the  pulleys  heavy  or 
light? 

7.  If  in  a  system  of  pulleys  in  which  each  hangs  by  a  separate  string 
there  be  three  pulleys,  each  of  mass  1  lb.,  and  the  power  required  to 
support  a  certain  weight  is  twice  that  which  would  be  required  if  these 
pulleys  were  weightless,  find  that  weight. 
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8.  "Being  given,  four 'weightless  pulley's,  tind  £he  greatest  weights 
that  caoo.  he  supported  by  a  force  of  1  lb.  when  the  pulleys  are  arranged 
as  in  the  first,  second,  and  third  systems,  respectively,  in  such  a  way 
that  the  effort  is  applied  downward*. 

9.  If  in  Ex.  8  the  effort  of  1  lb.  had  to  be  applied  upicards,  what 
would  be  the  weights  lifted  in  the  corresponding  arrangements  ? 

10.  In  the  first  system  of  pulleys,  find  from  first  principles  the 
power  necessary  to  support  a  weight  of  4000  lbs.  when  there  are  four 
moveable  pulleys.  Find  also  the  pull  of  each  rope  on  the  beam  ;  and, 
if  the  sum  is  not  equal  to  the  weight,  explain  the  difference. 

11.  If  a  man  whose  weight  is  10  stone  supports  2  cwt.  by  a  block  - 
and-tackle,  there  being  3  pulleys  in  the  block,  what  is  the  pressure 
on  the  floor  on  which  the  man  stands,  and  what  the  pressure  on  the 
beam  to  which  the  upper  pulley -block  is  attached  ? 

12.  In  the  system  of  pulleys  in  which  each  pulley  hangs  by  a 
separate  string,  how  would  you  find  experimentally  the  relation 
between  the  tension  of  any  string  and  that  of  the  string  next  above  it  ? 

13.  Two  bodies  connected  by  means  of  a  string  passing  over  a  smooth 
pulley  touch  each  other  at  one  point ;  show  that  the  stress  between 
them  cannot  be  horizontal  unless  their  weights  are  equal. 

14.  A  man  weighing  10  stone  supports  a  weight  of  91  lbs.  by 
means  of  3  moveable  pulleys  arranged  in  the  first  system  and  weigh- 
ing, respectively,  2  lbs.,  4  lbs.,  5  lbs.  What  is  the  thrust  of  the  man 
on  the  ground  ? 

15.  Apply  the  Principle  of  Energy  to  prove  that  in  a  system  con- 
sisting of  three  very  light  pulleys,  of  which  the  first  is  fixed  and  each 
of  the  others  is  supported  by  the  string  of  the  preceding  one,  the  strings 
being  all  parallel  and  all  attached  to  the  weight  W,  the  downward 
acceleration  of  this  weight,  when  the  power  P  is  not   sufficient  to- 

•     •                                  W—  7P 
balance  it,  is  a. 

16.  In  the  second  system  of  pulleys,  what  must  be  the  relation' 
between  the  radii  of  the  pulleys  at  the  lower  block  in  order  that  they' 
may  all  be  grooved  in  the  same  piece  ? 
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17.  In  the  third  system  of  pulleys,  a  weight  of  45  lhs.  is  supported 
'by  a  force  of  3  lhs.  weight.  The  strings  are  attached  to  a  6-ft.  har 
from  which  the  weight  is  suspended,  and  at  distances  oi  1  ft.  from 
each  other.  To  what  point  of  the  bar  should  the  weight  be  attached? 
The  bar  and  pulle)rs  may  be  considered  weightless. 

18.  The  distance  between  two  consecutive  threads  df  a  screw  is 
i  in.-,  and  the  length  of  the  power  arm  is  5  ft.  What  weight  will  be 
sustained  by  a  powerof  1  lb.-? 

'19.  If  a  power  of  10  lbs.  acting  on  an  arm  2  ft.  long  produces  in  the 
screw  press  a  thrust  of  one  ton  weight,  what  is  the  "step"  of  the 
screw  ? 

20.  The  arm  of  a  screw-jack  is  2  ft.  long,  and  the  screw  rises  2  ins. 
when  it  is  turned  round  nine  times.  What  force  must  be  applied  to 
produce  a  thrust  of  half  a  ton  weight  ? 

21.  A  screw  is  formed  upon  a  cylinder  whose  length  is  1  ft.  and 
circumference  3  ins.  How  many  turns  must  be  given  to  the  thread 
in  order  that  a  power  of  4  lbs.  weight,  applied  tangentially  at  the 
edge  of  the  cylinder,  may  support  a  weight  of  2  cwt.  ? 
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EXAMINATION  PAPER  IV. 

1 .  Classify  the  different  kinds  of  levers,  pointing  out  those  in  which 
there  is  a  mechanical  advantage. 

2.  Explain  how  the  mechanical  advantage  of  an  oar  will  be  altered 
by  altering  the  position  of  the  point  in  contact  with  the  rowlock. 

3.  u  What  is  gained  in  power  is  lost  in  speed." — Explain  clearly 
what  is  meant  by  this  statement,  and  show  that  it  is  true  in  the  case 
of  the  wheel  and  axle. 

4.  In  a  wheel  and  axle  the  radius  of  the  wheel  is  2  ft.  and  that  of 
the  axle  is  2  ins.  What  power  will  balance  a  weight  of  97  lbs.  if 
the  ropes  to  which  the  power  and  weight  are  applied  are  each  ^in.  in 
diameter  ? 

5.  State  the  Principle  of  Work,  and  apply  it  to  find  the  relation 
between  the  effort  and  weight  in  the  single-string  system  of  pulleys, 
the  strings  being  parallel  and  the  number  of  pulleys  n. 

6.  Prove  that  the  mechanical  advantage  of  n  pulleys  arranged  in  the 
separate-striDg  system  is  2",  and  arranged  in  the  "third"  system  is 
2M—  1  ;  and  draw  the  figure  with  five  pulleys 

7.  In  the  first  system  of  pulleys,  what  weight  will  a  power  of 
80  lbs.  support  if  there  are  three  moveable  pulleys  whose  weights  are 
2,  3,  and  4  lbs.,  respectively,  the  lightest  being  highest  ? 

8.  Find  the  relation  of  the  power  to  the  weight  in  the  screw, 
neglecting  friction. 

9.  In  a  screw-press  a  power  equal  to  16  lbs.  weight,  acting  on  an  arm 
3  ft.  long,  produces  a  thrust  of  half-a-ton.  What  is  (i.)  the 
"step,"  (ii.)  the  pitch,  of  the  screw? 

10.  In  the  second  system  of  pulleys,  if  a  weight  of  3  lbs.  supports  a 
weight  of  15  lbs.,  and  a  weight  of  5  lbs.  supports  a  weight  of  27  lbs., 
what  is  the  weight  of  the  lower  block,  and  what  would  the  mechanical 
advantage  be  if  the  lower  block  were  weightless  P 
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CHAPTER    X. 


CENTRES  OF  PARALLEL  FORCES. 

DEFINITIONS. 

133.  We  have  frequently  assumed  the  fact  that  the 
weight  of  a  heavy  straight  uniform  rod  or  beam  may  be 
supposed  to  act  at  its  middle  point,  and,  generally,  that 
the  weight  of  a  rigid  body  of  any  shape  may  be  supposed 
to  be  concentrated  at  a  single  point,  called  the  centre  of 
gravity  of  the  body.  We  shall  now  prove  this  property, 
and  in  Chap.  XII.  we  shall  show  how  to  determine  the 
position  of  this  point  for  bodies  of  certain  shapes. 

We  commence  by  proving  a  few  further  theorems  about 
parallel  forces. 

134.  To  find  the  resultant  of  any  number  of 
parallel  forces  of  given  magnitudes  applied  at  given 
points  of  a  rigid  body,  not  necessarily  in  the  same 
plane 

Let  the  given  parallel  forces  be  P  acting  at  A,  Q  at  B, 
B  at  C,  8  at  D,  and  so  on. 

Join  AB,  and  in  AB  take  a  point  £  such  that 

P  x  AE  =  Q  x  EB. 

Then,  by  §  77,  the  forces  P  and  Q  are  equivalent  to  a 
single  resultant  force  P+Q  acting  at  £,  parallel  to  both 
of  them, 

STAT.  & 
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Now  compound  this  resultant  with  tho  force  B  at  C. 
Join  EG,  and  on  it  take  a  point  F,  such  that 

(P  +  Q)xEF=BxFC; 

then  the  forces  P  +  Q  at  G  and  B  at  £  are  equivalent  to  a 
single  resultant  force  P+Q  +  B  acting  at  F  parallel  to 
them. 


Fig.  115. 

This  result  nt  is  therefore  the  resultant  of  the  three 
forces  P,  Q,  I?  a   A,  B,  C,  respectively. 

Now  join  FDy  and  in  it  take  a  point  G,  such  that 

(P+Q+B)xFQ  ==  SxGD ; 

then  the  forces  P+Q  +  R  at  Z7  and  S  at  Z?  are  equivalent 
to  a  single  resultant  P+Q  +  i?  \- S  acting  at  G  parallel  to 
them. 

This  resultant  is  therefore  the  resultant  of  the  four 
forces  P,  Q,  B,  S,  at  A,  B,  C,  D,  respectively. 

Proceeding  in  this  way,  we  may  find  the  resultant  of 
any  number  of  parallel  foroes  acting  at  different  points  of 
a  body. 

We  might  have  compounded  the  four  forces  P,  Q,  R,  ,  <n  any  other 
order  whatever.  Thus,  if  we  had  first  found  the  resultant  of  R  and 
S,  thon  compounded  this  with  Q,  and  compounded  the  resultant  so 
obtained  with  P,  we  should  have  a  different  construction  for  the 
resultant  of  the  four  forces.  The  point  G  finally  arrived  at  will  be 
the  same  in  every  case. 
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135.  The  Centre  of  Parallel  Forces. — Definition. — 
The  above  constr actions  show  that — 

The  resultant  of  any  number  of  parallel  forces  passes 
through  a  certain  point  whose  position  depends  only  on  the 
magnitudes  and  the  points  of  application  of  the  forces  and 
not  on  their  direction. 

This  point  is  called  the  centre  of  the  parallel  forces. 

Thus,  in  §  134,  £  is  the  centre  of  P  and  Q,  F  is  the  centre  of  P,  Q,  P, 
and  G  is  the  centre  of  P,  Q,  P,  8. 

If  the  forces  P,  Q,  B,  S,  instead  of  acting  as  in  Fig. 
115,  are  applied  at  the  same  points  A,  B,  C,  D,  but  in  a 


G^ 


Fig.  116. 

different  direction  (though  still  parallel),  as  in  Fig.  116, 
their  resultant  will  still  pass  through  the  same  point  G  as 
before.     And  this  can  be  said  of  no  other  point. 

Observation. — The  student  should  carefully  notice  the  difference 
between  the  point  of  application  of  the  resultant  and  the  centre  of  a  system 
of  parallel  forces. 

If  P,  Q,  P,  S  act  at  A,  B,  C,  D  in  a  given  direction,  their  result- 
ant acts  in  a  straight  line  GL,  parallel  to  this  direction  and  passing 
through  the  centre  G.  The  resultant  may  be  supposed  to  act  at  G,  but  it 
need  not  necessarily  be  applied  at  G ;  for,  by  the  Principle  of  Trans- 
mission of  Force,  it  may  be  applied  at  any  point  (say  L)  in  its  line  of 
action  (Fig.  115).  But  let  P,  Q,  P,  S,  still  acting  at  A,  B,  C,  D,  bo 
turned  round  into  a  different  direction.  Their  resultant  will  still 
pass  through  G,  the  centre  of  the  forces,  but  it  will  no  longer  pass 
through  L  (Fig.  116). 

136.    A   system    of  parallel    forces    cannot    have 
more  than  one  centre. — For  the  resultant  of  several 
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parallel   forces   cannot   pass  through  two  points  except 
when  the  forces  are  parallel  to  the  line  joining  the  points. 

137.  Centre  of  parallel  forces  acting  at  points  in  a 
straight  line.— If  a  number  of  parallel  forces  Pu  P2>  ^3  are  applied 
at  points  Ax,  A-2,  Az  lying  along  a  straight  rod  or  beam,  the  construc- 
tion for  the  centre  of  parallel  forces  (§  134)  shows  that  their  centre 
also  lies  in  the  straight  line  through  Av  A2,  A3.  If  xu  %2,  #3  are  the 
distances  of  Ay  A2,  A3  from  a  fixed  point  0  on  the  rod,  the  distance  of 
the  centre  from  0  is  therefore  given  by  the  formula  of  §  84, 

-  _  Plxl  +  P^c^  +  P3x3  +  . . . 

P1  +  P2  +  P3+... 

This  follows  at  once,  by  taking  moments,  if  we  suppose  the  forces 
applied  perpendicular  to  the  rod.  If  they  act  in  any  other  direction, 
the  products  P^fy  P2x2,  -P3#3,  ...  will  not  be  the  moments  of  the  forces 
about  0  ;  but,  since  the  centre  of  the  parallel  forces  is  unaltered  in 
position,  the  formula  shows  that  it  may  be  found  by  treating  the 
products  Pxxl}  PtfCz,  Pf*jj  ...  as  if  they  were  moments. 

138.  Every  body  has  a  centre  of  gravity.  —  De- 
fining gravity*  as  the  attraction  which  the  Earth  exerts 
on  all  bodies,  and  the  weight  of  a  body  as  the  force  with 
which  that  body  is  attracted  to  the  Earth,  it  is  known 
that  at  any  given  place  the  weights  of  different  bodies 
are  proportional  to  their  masses. 

The  weight  of  a  body  always  tends  to  pull  it  towards 
the  centre  of  the  Earth.  Hence,  defining  the  vertical  as 
the  direction  of  gravity,  the  verticals  at  different  places 
would,  if  produced,  meet  in  the  Earth's  centre.  But  the 
Earth's  radius  is  nearly  4000  miles  ;  consequently  the 
verticals  at  two  places  would  have  to  be  produced  nearly 
4000  miles  below  the  Earth's  surface  before  they  would 
meet.  Hence,  unless  the  places  themselves  are  at  a  con- 
siderable distance  apart,  the  verticals  are  very  approxi- 

*  'We  are  here  dealing  with  terrestrial  gravity  only.  Considerations  respecting 
the  universal  gravitation  which  exists  between  all  bodies  are  beyond  the  scope  of 
this  book.  We  omit  the  subject  altogether  in  preference  to  furnishing  a  few 
fragmentary  statements  about  it,  and  refer  the  advanced  student  to  Barlow  and 
Bryan's  Astronomy,  Chap.  XIII.,  Sections  II.  and  III. 
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mately  parallel,  and  we  shall  consider  them  as  parallel  in 
treating  of  the  centre  of  gravity. 

Now  suppose  a  body  to  be  built  up  of  a  number  of 
heavy  particles  rigidly  connected  together.  Then,  unless 
the  body  is  very  large  (so  large,  indeed,  as  to  be  com- 
parable in  size  with  the  whole  Earth),  the  weights  of  the 
particles  will  form  a  system  of  parallel  forces  acting  on 
them.  By  §  135,  these  forces  will  have  a  centre  through 
which  their  resultant  always  passes.  This  centre  is  called 
the  centre  of  gravity  of  the  system  of  particles. 

The  same  thing  is  true  for  any  body,  whatever  be  its 
nature  or  the  distribution  of  its  parts.  For  if  we  subdivide 
any  body  into  a  very  large  number  of  parts,  we  may  make 
these  parts  so  small  that  each  may  (for  all  practical  pur- 
poses) be  regarded  as  a  single  heavy  particle.  Hence  the 
resultant  weight  due  to  the  weights  of  the  different 
portions  of  a  body  always  passes  through  a  certain  point 
in  the  body,  and  this  point  is  called  the  centre  of  gravity 
of  the  body. 

The  centre  of  a  system  of  parallel  forces  was  defined  by 
the  property  that  the  resultant  force  continues  to  pass 
through  this  point,  even  when  the  direction  of  the  forces 
is  changed,  provided  that  they  remain  parallel  forces  and 
have  the  same  magnitudes  as  before.  We  cannot  alter 
the  direction  of  gravity,  but  it  will  amount  to  the  same 
thing  if,  instead,  we  turn  the  body  itself  round,  provided 
that  in  doing  so  we  do  not  alter  its  size  and  shape,  and 
that  we  suppose  the  centre  of  gravity  to  move  as  if 
rigidly  connected  with  it. 

The  centre  of  gravity  of  a  body  is  therefore  fixed 
relative  to  the  body,  so  that,  when  the  body  move3  as  a 
rigid  body,  the  centre  of  gravity  moves  with  it. 

The  centre  of  gravity  need  not  be  in  the  body  itself- 
Thus  the  centre  of  gravity  of  a  circular  ring  of  wire  is  at 
the  centre  of  the  circle,  not  in  the  wire. 

It  13  not  necessary  that  the  body  itself  should  be  rigid 
in  order  to  have  a  centre  of  gravity,  but  the  centre  of 
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gravity  remains  fixed  relative  to  the  body  only  as  long  as 
its  size  and  shape  remain  unaltered. 

Thus  a  straight  piece  of  wire  has  a  centre  of  gravity  at  its  middle 
point,  and  its  weight  will  act  at  that  point  as  long  as  it  remains 
straight.  If  the  wire  be  bent,  it  will  no  longer  have  the  same  centre 
of  gravity.  A  bicycle  has  a  centre  of  gravity  through  which  its 
weight  will  always  act,  so  long  as  its  different  parts  (the  steering- 
wheel  and  handle,  and  the  frame,  &c.)  preserve  the  same  relative 
position. 

139.  We  may  therefore  give  the  following  : — 

Definition. — The  centre  of  gravity  of  a  body  is  that 
point,  fixed  relative  to  the  body,  through  which  the  resultant 
force  due  to  the  Eartlis  attraction  on  it  always  passes,  what- 
ever be  the  position  of  the  body,  provided  that  its  size  and 
shape  remain  constant. 

In  short,  the  centre  of  gravity  is  the  point  at  which  the 
whole  weight  of  the  body  may  always  be  supposed  to  act. 

The  abbreviation  for  centre  of  gravity  is  C.G. 

140.  The  construction  for  the  C.G.  of  a  system 
of  particles  at  given  points  is  identical  with  that  for 
the  centre  of  parallel  forces,  the  weights  of  the  particles 
being  the  parallel  forces.  It  is,  therefore,  given  by  §  134 
or  §  137.* 

141.  A  body  cannot   have   more   than    one   CO. — 

For  if  the  body  had  two  centres  of  gravity  G,  H,  the  line 
of  action  of  the  body's  weight  would  always  have  to  pass 
through  both  G  and  //,  and  would  therefore  have  to  be 
the  line  GH .  But  this  is  impossible,  except  when  GH  is 
vertical,  for  the  weight  of  a  body  always  acts  vertically. 
Hence  the  body  cannot  have  two  c.G.'s. 

[Compare  this  proof  with  §  136.] 

*  The  student  is  recommended  to  write  out  §  134,  substituting  the  words 
"  weight"  for  "parallel  force,"  and  "centre  of  gravity"  for  "  centre  of  parallel 
forces." 


DEFINITION    OF   THE    CENTRE    OF   GRAVITY.  151 

142.  Centre  of  mass. —  The  foregoing  considerations 
show  that  a  body  has  a  C.G.  only  when — 

(i.)  It  is  acted  on  by  gravity,  i.e.,  it  has  weight. 

(ii.)  The  intensity  of  gravity  is  constant,  both  in  mag- 
nitude and  direction,  at  all  points  of  the  body  (as  is  the 
case  for  bodies  of  small  size  as  compared  with  the  Earth). 

Now,  if  gravity  were  not  to  exist,  a  body  would  not 
have  weight,  but  it  would  still  have  what  is  called 
mass,  although  its  mass  could  not  be  measured  in  the 
ordinary  way  by  weighing,  and  the  analogy  naturally 
suggests  (as  we  shall  now  learn)  that  the  body  would 
still  have  a  centre  of  mass. 

Suppose  a  body  to  be  at  first  acted  on  by  gravity,  and  let  its  c.o. 
be  found  and  indicated  in  position  by  marks  made  on  the  body. 
Suppose  the  body  to  be  then  removed  from  the  influence  of  gravity 
by  being  carried  right  away  from  the  Earth  into  space.  The  marks 
will  still  indicate  the  same  point  of  the  body,  and  the  position  of  this 
point  will  have  a  definite  relation  to  the  distribution  of  matter  in  the 
body,  although  it  can  no  longer  be  called  its  centre  of  gravity.  This 
point  will  be  called  the  body's  centre  of  mass.  It  may  be  defined 
statically  as  follows  : — 

143.  Definition.  —  The  centre  of  mass,  or  mass- 
centre,  of  a  body  is  the  centre  of  a  system  of  parallel  forces 
acting  on  all  the  particles  into  which  the  body  may  be 
supposed  to  be  divided,  the  force  on  each  particle  being 
proportional  to  its  mass. 

The  abbreviation  for  centre  of  mass  is  CM. 

We  observe  that  every  body,  or  system  of  bodies,  has 
always  a  cm.*4  If  it  have  a  C.G.,  that  point  will  necessarily 
coincide  with  its  CM.,  because  the  weights  of  the  particles 
of  the  body,  being  proportional  to  their  masses,  form  a 
system  of  forces  having  the  CM.  for  their  centre. 

It  is,  therefore,  always  correct  to  speak  of  the  C.G.  of  a 
body  as  its  centre  of  mass,  but  not  vice  versa. 

As  we  are  only  concerned  with  the  effects  of  terrestrial 

*  For  the  definition  makes  no  assumption  as  to  the  cause  producing  the  forces 
on  the  particles  of  the  body,  and  only  assumes  that  these  particles  have  mass. 


152  STATICS. 

gravity,  we  shall  continue  to  use  the  term  c.G.  By  finding 
the  c.G.,  we  really  determine  the  cm.  ;  just  as  by  weighing 
a  body  we  really  determine  its  mass, 

[*  144.  The  following  dynamical  definition  may  be  sub- 
stituted for  the  above  equivalent  statical  definition : — 

Definition. — The  centre  of  mass  of  a  body  is  the 
point  through  which  the  resultant  ("  impressed  ")  force 
on  the  body  acts  when  all  parts  of  the  body  move  with  the 
same  acceleration.* 

For  the  forces  acting  on  different  parts  of  the  body  are 
proportional  to  their  respective  masses.] 

145.  Construction  for  the  CM-  of  a  number  of 
particles. — If  particles,  whose  masses  are  P,  Q,  R,  8,  ..., 
are  situated  at  points  A,  B,  C,  D,  the  point  G,  obtained  by 
the  construction  of  §  134,  will  be  the  centre  of  parallel 
forces  of  magnitudes  P,  Qy  B,  S  acting  at  A,  B,  C,  D,  re- 
spectively, and  will  therefore  be  the  cm.  of  the  particles. 

Similarly  for  particles  in  a  straight  line  the  cm.  is  given  by  the 
formula  of  §  137. 

146.  Definitions.  —  A  lamina  is  a  sheet  of  material 
whose  thickness  is  so  small  that  it  may  be  regarded  as  a 
distribution  of  matter  over  an  area.  A  uniform  lamina 
is  one  which  is  of  the  same  thickness  and  formed  of  the 
same  substance  throughout. 

The  C.G.  of  an  area  or  surface  means  the  c.G.  of  a 
uniform  lamina  covering  that  area  or  surface. 

Thus  a  sheet  of  paper  or  thin  card,  a  thin  sheet  of  metal  such  as 
that  forming  a  tin  canister,  a  plate  of  glass  of  small  thickness,  a 
slate,  and  in  some  cases  even  a  wooden  plank,  may  be  regarded  as  a 
lamina.  And  the  c.g.  of  a  parallelogram  will  be  the  <\o.  of  a  sheet 
of  paper  or  any  other  uniform  lamina  forming  that  parallelogram. 

A  wire,  stick,  rod,  or  beam  is  said  to  be  uniform  when 
it  is  of  the  same  cross  section  and  of  the  same  substance 
throughout  its  length. 

The  C.G.  of  a  line  (whether  straight  or  curved)  means 
the  c.G.  of  a  tliin  uniform  wire  placed  along  that  line. 

*  This  is  the  case  when  the  motion  of  the  body  is  one  of  "  pure  translation." 


bEfllNITION  Off  THE   CENTRE   Off   GRAVlTt.  153 

147.  The  C.G.  of  a  straight  line  is  at  its  middle 
point. 

This  is  obvious,  for  there  is  no  reason  why  it  should  be 
nearer  one  end  than  the  other. 

To  prove  it,  let  AB  be  a  straight  uni-     A  G  B 

form  wire,  G  its  C.G.     Then  G  evidently     B  G  A 

lies  somewhere  in  the  line  AB.     And  if  Yig.  117. 

the  wire  be  turned  round  so  that  the  end 
B  is  placed  at  A  and  the  end  A  is  placed  at  B,  the  wire 
lies  along  the  same  line  as  before,  and  the  position  of  G 
must  therefore  be  unaltered.     Hence  GA  =  GB,  or  G  is 
the  middle  point  of  AB. 

148.  To  find  the  C.G.  of  a  parallelogram. 

Let  ABGD  be  either  a  uniform  lamina  or  a  uniform  wire 
in  the  shape  of  a  parallelogram.  Let  its  diagonals  AG,  BD 
intersect  in  G.     Then  shall  G  be  the  required  c.G. 

A 


Fig.  118.  Fig.  119. 

Turn  the  parallelogram  round  as  in  Fig.  119,  and  place 
it  so  that  the  vertices  A,  B,  C,  D  coincide  with  the  previous 
positions  of  the  vertices  (?,  D,  A,  B,  respectively.  Then 
the  diagonal  AG  will  coincide  with  its  previous  position 
GA,  and  BD  with  DB.  Hence  (?,  the  intersection  of  the 
diagonals,  will  be  unaltered  in  position.  Also  no  other 
point  in  the  parallelogram  will  occupy  the  same  position 
as  before.  For  any  other  point  will  be  brought  round 
to  the  opposite  side  of  G. 

Now,  when  the  parallelogram  is  turned  round,  it  occu- 
pies the  same  space  as  before ;  hence  its  C.G.  in  its  new 
position  coincides  with  its  c.G.  in  its  old  position.  There- 
fore the  c.G.  of  the  parallelogram  must  be  at  G. 

Observation. — The  reader  should  cut  the  parallelogram  out  of  a 
sheet  of  paper,  marking  the  points  A,  B,  C,  D  both  on  the  parallelo- 
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gram  and  on  the  paper  from  which  it  was  cut.  On  turning  it  round 
into  the  new  position,  it  will  again  exactly  fill  the  hole  from  which  it 
was  cut,  and  the  diagonals  will  he  unaltered  in  position,  hut  their 
extremities  will  he  interchanged.  Hence  G  will  he  the  intersection  of 
the  same  two  straight  lines  as  "before,  and  will  therefore  he  unaltered 
in  position. 

Cor.  1.  Since  the  diagonals  of  a  parallelogram  "bisect  each  other, 
the  c.g.  is  at  the  middle  point  of  either  diagonal. 

This  is  also  obvious  from  the  method  of  proof.  When  the  parallelo- 
gram is  turned  round,  AG  is  brought  into  coincidence  with  the  former 
position  of  GC.    Therefore  AG  =  GC,  and  G  is  the  middle  point  of  AC. 

Cor.  2.  The  c.g.  is  the  middle  point  of  the  line  bisecting  a  pair  of 
opposite  sides. 

For  let  E,  F  be  the  middle  points  of  AB,  CD.  When  the  parallelo- 
gram is  turned  round,  AB,  CD  occupy  the  former  places  of  CD,  AB, 
respectively.  Hence  E,  F  occupy  the  former  places  of  F,  E,  respect- 
ively; and  therefore  the  middle  point  of  EF  occupies  the  same 
position  as  before.  Therefore  this  point  is  G,  the  required  c.g.  of  the 
parallelogram. 

Cor.  3.  Similarly,  G  is  the  middle  point  of  the  bisector  of  the  pair 
of  opposite  sides  BC,  DA.  Hence  the  diagonals  and  the  bisectors  of  the 
opposite  sides  of  the  parallelogram  all  bisect  one  another  in  the  c.g.  of  the 
parallelogram,  as  may  be  otherwise  proved  by  geometry. 

149.  The  C.G.  of 

(a)  a  circular  ring,  and 

(b)  a  circular  area, 
are  at  the  centre  of  the  circle  itself. 

For,  if  either  a  uniform  circular  wire  or  a  uniform 
circular  lamina  is  rotated  about  its  centre,  it  will  continue 
to  occupy  the  same  space  as  before ;  therefore  its  C.G.  will  be 
unaltered  in  position.  But  if  the  C.G.  were  not  at  the 
centre  of  the  circle,  its  position  would  rotate  with  the  wire 
or  lamina,  and  would  therefore  change.  Therefore  the 
C.G.  cannot  be  elsewhere  than  at  the  centre  (as  is  almost 
obvious  without  proof). 
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150.  Other  symmetrical  figures.  —  The  method  of 
the  last  three  articles  depends  on  the  fact  of  the  figure 
whose  C.G.  is  required  being  "  symmetrical  about  a 
point,"  in  such  a  way  that  it  is  capable  of  being  turned 
about  that  point  till  it  occupies  exactly  the  same  space  as 
before,  without  its  different  parts  all  coming  round  to  their 
original  positions.  We  find,  in  each  case,  that  one  point 
alone  remains  unchanged  in  position,  aud  we  conclude 
that  this  point  must  be  the  required  C.G. 

A  body  of  any  shape  could,  of  course,  be  rotated  completely  round 
{i.e.,  turned  through  four  right  angles)  about  any  point  and  brought 
"back  into  its  original  position  ;  but  this  would  not  help  us  to  find  the 
c.g.,  because  every  point  of  the  body  would  come  back  to  its  former 
position,  so  that  we  should  be  no  nearer  knowing  which  was  the  c.g. 
than  we  were  before* 

From  the  above  property  we  are  able  at  once  to  write 
down  the  following  additional  results  : — 

The  C.G.  of  the  area  of  a  regular  polygon  is  the  centre 
of  the  polygon,  and  the  same  is  true  for  a  uniform  wire 
bent  round  to  form  the  sides  or  "perimeter"  of  a  regular 
polygon.  For  the  C.G.  must  be  nnaltered  in  position  when 
the  polygon  is  turned  about  the  centre,  and  each  side  is 
brought  into  the  former  place  of  the  next  side. 

The  c.G.  of  a  solid  sphere,  or  of  the  surface  of  a  sphere 
is  at  the  centre  of  the  sphere,  for  its  position  is  evidently 
unaltered  by  turning  the  sphere  round  about  its  centre 
through  any  angle. 

The  c.G.  of  the  volume  or  the  surface  of  a  right 
cylinder  is  at  the  middle  point  of  its  axis,  for  it  is 
evidently  unaltered  in  position  when  the  cylinder  is  re- 
volved about  its  axis,  and  also  when  turned,  so  that  the 
positions  of  the  two  ends  are  interchanged. 

The  c.G.  of  the  volume  or  surface  of  a  cube  or  any 
other  parallelepiped  {e.g.,  a  brick)  is  at  a  point  midway 
between  each  pair  of  opposite  faces,  as  may  be  seen  by 
turning  it  round  so  as  to  interchange  the  positions  of  two 
opposite  faces.  It  may  be  proved  geometrically  that  the 
diagonals  all  intersect  and  bisect  one  another  at  the  c.G. 
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Summary  of  Results. 

The  centre  of  parallel  forces  P,  Q,  E,  S  at  A,  B,  G,  D,  &c 
is  found  by  dividing 

AB  at  £,  where  PxAE  =  QxEB-, 

Etfatf,  where  (P  +  Q)  EF  =  RxFC  ; 

FD  at  G,  where  (P+Q  +  R)  FG  =  SxGD; 

and  so  on.  (§§  134,  135.) 

T&e  centre  of  gravity  of  a  body  is  that  point  through 
which  the  resultant  force  due  to  the  Earth's  attraction 
always  passes.  (§  139.) 

The  centre  of  gravity  of 

(1)  a  straight  line  is  its  middle  point ;  (§  147.) 

(2)  a  parallelogram  is  the  intersection  of  its  diagonals  ; 

(§  148.) 

(3)  a  circular  ring  is  the  centre  of  the  circle  ;         (§  149.) 

(4)  a  circular  area  is  the  centre  of  the  circle;         (§  149.) 

(5)  a  regular  polygon  is  the  centre  of  the  polygon ;   (§  150.) 

(6)  a  sphere  is  the  centre  of  the  sphere  ;  (§150.) 

(7)  a  right  cylinder  is  the  middle  point  of  its  axis  ;  (§  150.) 

(8)  a  cube  or  rectangular  parallelepiped  is  at  the  inter- 

section of  its  diagonals.  (§  150.) 

EXAMPLES  VIII. 

1 .  Equal  parallel  forces  act  at  the  angular  points  of  an  equilateral 
triangle.  Find  their  centre  (i.)  when  the  forces  are  like,  (ii.)  when 
one  of  them  is  unlike  the  other  two. 

2.  P,  Q,  R  are  parallel  forces  acting  in  the  same  direction  at  the 
angular  points  of  an  equilateral  triangle  ABC.  If  P  =  2Q  =  ZRy  find 
the  position  of  their  centre. 

3.  In  the  preceding  question,  find  the  position  of  the  centre  of  the 
forces  if  the  direction  of  Q  is  reversed. 
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4.  Parallel  forces  of  3,  5,  7,  and  11  lbs.  act  at  points  in  a  straight 
line  at  distances  of  4  ins.  from  each  other.  "What  is  the  distance  of 
their  centre  from  the  5  lb.  force  ? 

5.  A  uniform  straight  lever  of  weight  10  lbs.  and  length  6  ft. 
balances  about  a  certain  point  when  weights  of  3  lbs.  and  5  lbs.  are 
attached  to  its  extremities.  How  far  must  the  point  of  support  be 
moved  so  that  the  lever  may  balance  when  each  of  the  weights  is 
increased  by  1  lb.  ? 

6.  Four  equal  forces  act  at  the  corners  of  a  square  in  the  same 
direction  along  parallel  lines.  What  change  will  be  produced  in  the 
position  of  their  centre  if  the  direction  of  one  of  them  is  reversed  ? 

7.  If  a  series  of  parallel  forces  can  be  reduced  to  a  couple,  what  is 
the  position  of  their  centre  ? 

8.  ABCD  is  a  square,  and  AC  a  diagonal.  Forces  P,  Q,  P  act 
along  parallel  lines  at  B,  C,  D,  respectively ;  Q  acts  in  the  direction 
A  to  C,  P  and  P  act  in  the  opposite  direction.  Find,  and  show  in  a 
diagram,  the  position  of  the  centre  when  Q  =  5P  and  P  =  IP. 

9.  ABCD  is  a  square  table  whose  side  is  3  ft.  long.  The  sides 
AB,  BC,  &c,  are  bisected  at  E,  F,  G,  H,  respectively,  and  0  is  the 
centre  of  the  table.  At  A,  B,  C,  D,  0  act  upward  parallel  forces  of 
1  lb.,  2  lbs.,  3  lbs.,  4  lbs.,  and  5  lbs.,  respectively,  and  at  £,  F,  6,  H 
act  downward  parallel  forces  of  2  lbs.,  1  lb.,  2  lbs.,  1  lb.,  respectively. 
What  is  the  position  of  the  centre  of  the  nine  forces  ? 

10.  A  rod  ABC,  16  ins.  long,  rests  in  a  horizontal  position  upon  two 
supports  at  A  and  B  1  ft.  apart,  and  it  is  found  that  the  least  upward 
and  the  least  downward  force  applied  at  C  which  would  move  the  rod 
are  4  oz.  and  5  oz.  respectively.  Find  the  weight  of  the  rod  and  the 
position  of  its  centre  of  gravity. 

11.  Equal  masses  are  placed  at  the  angular  points  of  a  regular 
pentagon.  Show  that  their  centre  of  gravity  is  at  the  centre  of  the 
circumscribing  circle. 
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PROPERTIES  OF  THE  CENTRE  OF  GRAVITY. 

151.  Equilibrium  of  a  heavy  body  about  a  fixed 
point. 

If  a  heavy  body  be  at  rest  when  supported  at  one  point,  and 
be  not  acted  upon  by  forces  other  than  gravity,  the  C.G.  and  the 
point  of  support  will  be  in  the  same  vertical  line. 

For  the  only  forces  acting  on  the  body  are — 

(i.)  The  resultant  force  due  to  gravity.  This  is  the 
weight  of  the  body,  and  acts  vertically  through  the  C.G. 

(ii.)  The  reaction  at  the  point  s**"^^ 

of  support.  /g         ^ 

These  forces  are  in  equilibrium ;  m     |G  ■ 

therefore  they  must  be  equal  and  ^^bLjIJ^ — ~ 
opposite  and  in  the  same  straight 

Therefore  the  point  of  support 
is  in  the  vertical  through  the  C.G.  Fig.  120. 

This  refers  to  a  body  either  resting  on  a  surface  at  one  point,  as  in 
Fig.  120,  or  capable  of  rotation  about  a  point,  or  suspended  by  a 
string  as  in  Figs.  121,  122. 
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152.  The  plumb-line,*  used  by  builders  and  others  for 
finding  the  direction  of  the  vertical,  is  a  flexible  string 
from  which  a  heavy  weight  of  lead,  or  plummet,  hangs. 
When  at  rest,  the  string  is  vertical  throughout  its  length, 
for  the  tension  at  any  point  has  only  to  support  the 
weight  of  the  plummet,  which  acts  vertically  (§138). 
We  may  sometimes  define  the  vertical  line  at  any  point  a-* 
the  direction  of  a  plumb-line  at  that  point. 

153.  To  find  by  experiment  the  C.G-.  of  a  lamina. 

The  C.G.  of  a  sheet  of  metal  or  any  other  material,  or  a 
wooden  plank,  or  a  wire  of  any  shape,  may  be  found  in 
the  following  manner : — 

Suspend  the  body  by  a  string  attached  to  any  point  A, 
and  on  it  draw  the  vertical  line  AD  through  A.  This  line 
may  be  traced  either  by  means  of  a  plumb-line  or  by 
producing  the  direction  of  the  string.  Wc  know,  by 
§  151,  that  the  C.G.  lies  in  AD. 


Now  suspend  the  body  from  any  ether  point  B,  and  on 
it  draw  the  vertical  line  BE  through  B.  As  before,  the 
C.G.  lies  in  BE.  Therefore  the  required  c.G.  is  at  the 
intersection  of  AD,  BE. 


From  the  Latiu  plumbum  =  "  lead.' 


160  STATICS. 

If  we  now  hang  the  lamina  from  a  third  point  C,  it  will 
be  found  that  G  is  vertically  below  C,  thus  verifying  that 
G  is  the  C.G. 

This  method  is  theoretically  applicable  to  any  body  whatever,  but 
except  in  the  case  of  a  lamina,  or  a  wire  bent  in  one  plane,  it  would 
usually  not  be  very  easy  to  mark  the  two  positions  of  the  vertical, 
AD  and  BE. 

If  the  lamina  is  in  the  shape  of  a  rectangle  or  parallelo- 
gram, and  is  hnng  up  from  one  o?  its  angles,  the  diagonal 
through  that  angle  will  be  found  to  be  vertical,  thus 
verifying  that  the  c.G.  lies  in  the  diagonals. 

To  apply  the  method  to  a 
straight  thin  rod  (e.g.,  a  ruler, 
a  straight  walking-stick,  or, 
better  still,  a  billiard  cue),  we 
suspend  it  by  means  of  two 
very  fine  strings  from  any  point 
0.  Also  make  a  plumb-line  by 
hanging  a  small  weight  W  by  a 
single  thread  from  0.      If  the  lw 

thread  0W  cuts  the  rod  in  G, 
the  C.G.  of  the  rod  will  be  at  G.  Fig.  123. 

Mark   this   point   on   the    rod. 

Then,  if  the  rod  be  laid  on  the  finger  or  on  any  support 
touching  it  at  G,  it  will  balance. 

If  the  rod  is  uniform,  G  will  be  found  to  be  at  its  middle 
point.  If  one  end  of  the  rod  is  heavier  than  the  other, 
G  will  be  found  to  be  nearer  to  the  heavier  end. 

Example.  —  A  heavy  rod  AB,  whose  centre  of  gravity  G  is  not 
at  its  middle  point,  is  suspended  by  a  single  string  AOB  over  a 
smooth  peg  0.     Discuss  the  possible  positions  of  equilibrium. 

[The  student  should  draw  a  figure  very  like  Fig.  123,  but  making 
AG  rather  shorter,  so  that  OG  bisects  the  angle  AOB."] 

Since  the  weight  of  the  rod  at  G  acts  vertically  downwards, 
OG  must  be  vertical. 

Moreover,  since  the  peg  is  smooth,  the  tension  T  is  the  same  in 
each  part  of  the  string. 

Hence  the  resultant  of  the  two  tensions  T  must  bisect  ACB,  the 
angle  between  them.  For  equilibrium,  this  resultant  is  equal  and 
opposite  to  the  weight,  and  must  act  along  OG.  Thus  OG  must  bisect 
the  angle  AOB,  that  is,  the  strings  must  be  equally  inclined  to  the  vertical. 
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By  Euclid  VI.  3,  frfg 

That  is,  the  parts  of  the  string  must  be  proportional  to  the  segments 
of  the  rod. 

By  drawing  GE  parallel  to  BO,  we  get  a  convenient  triangle  of 
forces,  OEG,  from  which  the  relation  between  the  tension  and  the 
weight  can  be  calculated,  in  particular  cases. 

There  are  other  less  interesting  positions  of  equilibrium,  namely, 
with  the  rod  vertical,  and  either  end  uppermost.  If  we  assume  the 
peg  to  be  of  insignificant  dimensions,  the  three  -forces  will  then  act 
in  one  straight  line,  and  the  tension  will  be  equal  to  half  the  weight. 

It  is  noteworthy  that,  in  the  case  of  a  picture-frame  as  ordinarily  suspended, 
the  two  parts  of  the  string  would  be  equally  inclined  to  the  vertical,  even  if  the 
frame  itself  were  hanging  crookedly,  if  the  peg  were  perfectly  smooth. 

154.  If  a  heavy  body  is  supported  at  its  C.G-.,  it 
will  balance  in  every  position. 

Since  the  c.G.  is  at  the  point  of  support,  the  body's  weight 
always  acts  through  the  point  of  support.  This  weight 
cannot  move  the  point  of  support,  because  that  point  is 
fixed ;  and  it  cannot  turn  the  body  round,  because  it  has 
no  moment  about  that  point.  Hence  the  body  must 
remain  balanced  in  every  position. 

In  consequence  of  this  property,  the  c.G.  is  very  commonly 
spoken  of  as  the  balancing  point  of  a  body. 

155.  Definition. — When  a  body  rests  upon  any  hard 
flat  surface,  its  base  is  defined  to  be  the  area  enclosed  by 
a  fine  string  drawn  tightly  round  it  so  as  to  enclose  all 
points  of  the  body  in  contact  with  the  supporting  surface. 

When  a  glass  tumbler  rests  on  a  table, 
the  base  of  the  tumbler  is  evidently  the 
circular  area  enclosed  by  the  parts  of 
the  tumbler  touching  the  table.  But 
in  the  case  of  a  table  resting  on  the  floor 
on  its  four  legs,  the  base  is  the  quadri- 
lateral formed  by  joining  the  feet,  for 
this  would  be  the  figure  assumed  by  a 
string  pulled  tightly  round  the  points  of  S*      4* 

contact.      The   definition    ensures  that 

when  the  body  is  overturned  it  must  turn  about  some  point  or  line 
bounding  the  base. 
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156.  When  a  body  is  placed  on  a  plane  it  will 
stand  or  fall  according  as  the  vertical  line  through 
its  C.G.  falls  within  or  without  the  base  on  which 
it  rests. 

(i)  First  let  the  vertical  through  the  c.G.  cut  the  sup- 
porting plane  at  a  point  M  outside  the  base  AD;  let  A  be 
the  point  of  the  base  that  is  nearest   to  M.     Then   the 
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weight  of  the  body  is  equivalent  to  a  single  resultant  force 
acting  at  G,  and  the  moment  of  this  weight  (Pig-  125) 
tends  to  turn  the  body  about  A  in  such  a  way  as  to  lift 
up  all  the  other  points  of  the  body  touching  the  plane. 
Now  the  reaction  of  the  plane  always  acts  away  from  it, 
and  never  tends  to  prevent  any  part  of  the  body  from 
being  lifted  off.  Hence  there  is  nothing  to  counteract 
the  tendency  of  the  body  to  overturn  about  A.  Therefore 
it  will  fall. 

(ii.)  Second,  let  the  vertical  through  the  C.G.  cut  the 
supporting  plane  at  a  point  M  inside  the  base  AD.  Then, 
if  A  be  any  point  at  the  edge  of  the  base,  the  moment  of 
the  weight  about  A  tends  to  press  down  the  other  points 
of  the  body  touching  the  plane  (Fig.  126),  as  at  D.  Now 
the  reaction  of  the  plane  prevents  the  body  from  pene- 
trating it.     Hence,  the  body  will   stand.     And  if   it  be 
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slightly  tilted   up,   its   weight  will    bring  it   back    to    its 
original  position  as  soon  as  it  is  let  go. 

As  a  particular  case,  when  a  body  rests  touching  ihe 
ground  at  a  single  point,  the  vertical  through  the  centre 
of  gravity  must  pass  through  that  point  (Fig.  119). 

Observation. — The  plane  supporting  the  body  may  be 
either  horizontal  or  inclined,  provided  that  it  is  sufficiently 
rough  to  prevent  the  body  from  sliding  down. 


157.  Illustrations. — (1)  A  cart  or  tricycle  will  overturn  if  the  vertical 
through  its  c.g.  falls  outside  the  wheel  base  (Fig.  127). 


(2)  A  porter  carrying  a  heavy  trunk  in  one  hand  often  extends  the 
opposite  arm  at  full  length  in  order  to  more  readily  bring  his  c.g. 
over  a  point  between  his  two  feet.  A  man  carrying  a  heavy  weight 
in  front  of  him  leans  back  in  order  to  bring  his  c.g.  over  his  base. 

(3)  If  we  lean  too  far  back  in  a  chair  tilted  up  on  its  hind  legs,  we 
shall  fall  over  backwards  when  the  vertical  through  the  c.g.  falls 
behind  the  line  joining  the  two  back  feet. 

(4)  The  leaning  tower  of  Pisa  overlaps  it  base  by  13£  feet  at  its 
highest  point,  but  it  stands  because  the  vertical  through  its  c  g.  is 
well  within  the  base.  Treating  the  tower  as  a  uniform  cylinder 
(Fig.  126),  its  c.g.  is  at  G  midway  between  two  diagonally  opposite 
points  A,  C  at  the  top  and  bottom.  Hence  the  tower  would  fall  if  it 
were  to  project  beyond  A,  that  is,  if  the  top  were  to  overlap  by 
more  than  the  diameter  of  its  base. 
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158.  Experimental  verifications.  —  The  reader  is 
strongly  recommended  to  test  the  truth  of  the  theorem 
by  some  simple  experiments  made  with  any  common 
objects  around  him. 

Thus,  a  book  can  be  placed  on  the  top  of  another 
book  resting  on  a  table,  provided  that  the  middle  (or  c.G.) 
of  the  upper  book  does  not  project  beyond  the  lower  book 
(i.e.,  beyond  the  base).  Hence,  in  order  to  make  the  upper 
book  project  beyond  its  middle,  weights  must  be  placed 
on  the  supported  end  to  bring  the  C.G.  nearer  that  end. 


Fig.  128.  Fig.  129. 

Tn  like  manner,  if  any  body  of  rectangular  section 
ABCD  (say  a  brick)  be  stood  upon  a  rough  plank,  and 
the  plank  be  gradually  tilted  about  the  edge  A,  the  body 
will  remain  standing  as  long  as  its  c.G.  does  not  overlap 
the  base,  but  directly  this  happens  it  will  fall  over  about 
its  lowest  edge  (Figs.  125,  126). 

Now  the  c.G.  of  a  rectangular  body  lies  in  the  diagonal 
plane  AC  Hence  the  body  will  turn  over  just  after  the 
diagonal  AG  has  passed  through  the  vertical  position. 


159.  Stable,   unstable,  and  neutral  equilibrium. — 

Theoretically,  it  is  possible  to  balance  a  body  by  sup- 
porting it  at  a  point  either  vertically  above  or  vertically 
below,  or  at  its  c.G.  But,  practically,  it  is  often  very 
difficult  to  keep  a  body  balanced  on  a  point  even  for  a 
short  time,  and  the  least  disturbance  suffices  to  overturn 
it.  Bodies  have,  as  we  know,  a  tendency  to  fall  into 
certain  natural  positions  of  equilibrium,  and  to  fall  away 
from  other  positions. 
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Definition. — Bodies  are  said  to  bo  in  unstable  equili- 
brium when,  after  a  slight  disturbance,  they  tend  to  move 
further  and  further  away  from  their  equilibrium  position, 
i.e.,  to  upset. 

Thus  an  egg  naturally  rests  on  a  table  with  its  side  touching  the 
table.  But  it  is  difficult  to  balance  the  egg  on  its  end ;  and,  if  this  has 
been  done  by  bringing  the  c.g.  directly  over  the  point  of  support,  the 
egg  will  still  overturn,  as  in  Fig.  133,  with  the  slightest  shake  or 
breath  of  air,  or  other  disturbance,  which  moves  the  egg  and  therefore 
its  c.g.  or  its  point  of  support  a  little  to  one  side  or  the  other. 
In  ordinary  language,  we  express  this  fact  by  saying  that  the  egg 
is  top  heavy. 

A  pin  would  theoretically  satisfy  the  conditions  of  equilibrium  of 
\  151  if  stood  upright  with  its  point  resting  on  a  plate.  But  no  hand 
is  sufficiently  steady  and  patient  to  place  it  exactly  in  the  right 
position,  nor  could  the  plate  and  pin  remain  sufficiently  undisturbed 
for  the  pin  to  continue  balanced  for  more  than  an  instant,  even  if  it 
were  so  placed.     The  pin  would  in  fact  be  top  heavy. 

A  walking-stick  standing  upright  on  the  finger,  a  ball  or  marble 
placed  at  the  top  of  an  inverted  bowl,  are  also  examples  of  unstable 
equilibrium. 

Note. — When  we  say  that  a  body  is  "  top  heavy  " 
we  imply  that  it  is  in  unstable  equilibrium. 

Definition. — Bodies  are  said  to  be  in  stable  equilibrium 
when  they  tend  to  return  to  their  equilibrium  position 
after  being  slightly  disturbed. 

Thus,  for  example,  a  weight  (such  as  a  plummet)  hanging  from  a 
string  will  of  its  own  accord  fall  into  a  position  of  equilibrium  with 
the  string  vertical.  If  pulled,  aside,  it  will  at  first  swing  to  and  fro, 
but  the  string  will  at  last  again  assume  a  vertical  position. 

A  stick  hanging  by  its  crook,  a  ball  or  marble  inside  a  basin,  the 
beam  of  a  balance,  are  also  examples  of  stable  equilibrium. 

Definition. — Bodies  are  said  to  be  in  neutral  equili- 
brium wheu,  after  being  slightly  displaced,  they  remain 
in  their  new  position. 

A  ball  whose  c.g.  is  at  its  centre  is  in  neutral  equilibrium  when 
placed  on  a  horizontal  surface.  For,  however  the  ball  be  rolled  about, 
its  c.g.  will  always  be  vertically  above  its  point  of  contact,  and  hence 
it  will  always  remain  in  equilibrium  (Fig.  120,  p.  158), 
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An  egg  or  cylinder  resting  on  its  side  when  allowed  to  roll  along 
the  table,  a  hetvy  body  of  any  kind  supported  at  its  c.g.  (§  151),  a 
door  turning  on  its  hinge,  are  also  examples  of  neutral  equilibrium. 

A  cone  affords  a  good  illustration  of  all  three  kinds  of  equilibrium. 
On  its  base  it  is  stable,  on  its  vertex  unstable,  and  on  its  side  neutral 
for  lateral  displacements  (rolling). 

A  top,  a  hoop,  or  a  bicycle  will  remain  upright  as  long  as  it  is 
in  rapid  motion,  although  it  would  be  unstable  and  would  overturn 
if  at  rest.  Similarly  the  Japanese  in  their  balancing  feats  are  able  to 
keep  bodies  standing  in  positions  of  unstable  equilibrium  by  moving 
the  point  of  support  slightly,  so  as  to  counteract  every  tendency  to 
overturn.  Hence,  when  a  body  is  in  motion,  it  is  impossible  to  argue 
from  purely  statical  considerations  as  to  whether  it  is  stable  or  not: 


160.  Stability  of  a  body  with  one  point  fixed. 

A  heavy  body,  moveable  freely  about  a  fixed  point  0,  is 
in  stable,  unstable,  or  neutral  equilibrium,  according  as  0 
is  vertically  above,  vertically  below,  or  at  G,  the  body's  c.g. 


Fig.  130. 


Fig.  131. 


For  if  the  line  0G  is  not  quite  vertical,  Figs.  130,  131 
show  that  the  moment  of  the  weight  acting  at  G  tends  to 
turn  the  body  abont  0  towards  the  position  in  which  G  is 
vertically  below  0,  and  away  from  the  position  in  which 
G  is  vertically  above  0.  Hence  the  former  position  is 
stable  aud  the  latter  unstable.  And  since  the  body 
balances  in  every  position  when  supported  at  G,  its  equili- 
brium is  then  neutral. 
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161.  Stability  of  a  body  resting  on  a  horizontal  plane. — 

When  a  body  rests  touching  the  ground  at  one  point,  its  equilibrium 
is  not  necessarily  unstable,  even  although  its  c.g.  is  above  its  point  ef 
contact. 


Fig.  132. 


Fig.  133. 


If  the  surface  of  a  body  is  spherical  and  its  c.g.  is  not  at  its  centre, 
the  body  will  be  in  stable  equilibrium  on  a  horizontal  plane  if  its  c.g. 
be  vertically  below  its  centre,  and  in  unstable  equilibrium  if  its  c.g. 
be  vertically  above  its  centre  ;  for  Figs.  132,  133  show  that  the  moment 
of  the  weight  tends  to  turn  the  body  towards  the  former  position  and 
away  from  the  latter. 

The  whole  body  need  not  necessarily  be  spherical,  provided  that 
the  part  of  the  surface  touching  the  plane  is  spherical. 

162.  Thus,  if  a  hemisphere  of  lead  is  joined  to  a  cylinder  of  cork  so 
that  the  c.g.  of  the  whole  is  below  the  centre  of  the  hemisphere,  it 
will  stand  upright  although  it  looks  very  top-heavy.  For  lead  is  so 
much  heavier  than  cork,  that  a  cork  of  considerable  length  may  be 
attached  to  the  hemisphere  without  raising  the  c.g.  above  the  centre 
(Fig.  132). 

Several  toys  act  on  this  principle,  for,  if  the  lead  and  cork  be  coated 
together  with  paint,  the  difference  of  materials  is  disguised,  and  so  a 
doll  which  will  only  stand  on  its  head  is  easily  made. 


163.  General  condition  of  stability. — The  weight  of  a  body 
acting  at  its  c.g.  always  tends  to  pull  this  c.g.  down  towards  the 
Earth.  Hence,  if  the  body  is  in  equilibrium  with  the  c.g.  in  the 
highest  possible  position,  its  equilibrium  must  necessarily  he  un- 
stable. And  when  the  c.g.  is  at  the  lowest  possible  position,  the 
body  must  necessarily  be  in  stable  equilibrium,  for  gravity  has 
pulled  it  as  low  as  possible,  and  it  can  go  no  further. 

For  this  reason,  in  order  to  make  a  body  stable,  it  is  often  loaded 
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with  weights  low  down,  so  as  to  lower  the  c.o.  as  much  as  possible. 
This  is  why  ships  carry  ballast.  On  the  other  hand,  people  by 
standing  up  in  a  small  boat  raise  the  c.g.,  and  may  upset  it. 

164.  As  another  illustration,  a  small  particle  or  spherical  ball  will 
be  in  unstable  equilibrium  when  resting  at  the  highest  point  of  the 
convex  surface  of  a  round  body,  and  in  stable  equilibrium  when  resting 
at  the  lowest  point  of  a  concave  bowl.  The  student  should,  as  an 
exercise,  draw  diagrams  for  the  two  cases,  showing  that  when  the 
ball  is  displaced  its  weight  tends  to  pull  it  away  from  the  former 
but  towards  the  latter  position  of  equilibrium. 


Summary  of  Results. 

When  a  body  is  supported  at  one  point,  its  C.G.  is  in 
the  same  vertical  line  as  the  point  of  support.  (§  151.) 

The  base  of  a  body  is  the  area  enclosed  by  a  string 
drawn  tightly  round  the  points  of  contact  with  the 
supporting  surface.  (§  155.) 

A  body  placed  on  a  plane  will  stand  or  fall  according  as 
the  vertical  line  through  its  c.G.  falls  within  or  without  its 
base.  (§  156.) 

A  body  is  in  stable  or  in  unstable  equilibrium  according 
as  when  slightly  displaced  from  its  equilibrium  position 
it  tends  to  return  to  or  move  further  away  from  that 
position.  (§  159.) 

A  body  is  in  neutral  equilibrium  if  when  slightly 
displaced  it  remains  in  its  new  position.  (§  159.) 


EXAMPLES  XI. 

1.  "Weights  of  1  and  5  lbs.  are  fixed  at  the  two  extremities  of  a 
uniform  heavy  bar  3  ft.  long.  The  centre  of  gravity  of  the  whole  is 
1  ft.  from  one  end.     Find  the  weight  of  the  bar. 

2.  A  rod,  of  which  the  centre  of  mass  trisects  its  length,  is  hung 
from  a  smooth  peg  by  means  of  a  string  attached  to  its  extremities. 
Find  the  positions  of  equilibrium. 
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3.  A  rod  12  ft.  long  has  a  weight  of  1  lb.  suspended  from  one  end, 
and  when  15  lbs.  is  suspended  from  the  other  end  it  balances  at  a 
point  3  ft.  from  that  end,  while  if  8  lbs.  are  suspended  there  it  balances 
at  a  point  4  ft.  from  that  end.  Find  the  weight  of  the  rod  and  the 
position  of  its  centre  of  gravity. 

4.  A  bar  projects  6  ins.  beyond  the  edge  of  a  table,  and  when  2  oz. 
is  hung  on  to  the  projecting  end  the  bar  just  topples  over ;  when  it  is 
pushed  out  so  as  to  project  8  ins.  beyond  the  edge  1  oz.  makes  it 
topple  over.  Find  the  weight  of  the  bar  and  the  distance  of  its  centre 
of  gravity  from  the  end. 

5.  A  body  of  any  form  is  supported  by  a  string,  which,  passing  over 
a  smooth  peg,  is  fastened  at  its  extremities  to  two  points  in  the  body. 
Show  that  in  its  position  of  equilibrium  the  c.g.  of  the  body  is  vertically 
beneath  the  peg,  and  that  the  two  portions  of  the  string  make  equal 
angles  with  the  vertical  direction. 

6.  Explain  fully  the  circumstances  under  which  a  rectangular  block, 
standing  on  a  plank  which  is  being  gradually  tilted,  shall  topple  over, 
being  prevented  from  sliding  by  a  small  obstacle.  As  an  example, 
take  the  case  of  a  block  8x5x5  cubic  ins. 

7.  Masses  of  1  lb.,  1  lb.,  2  lbs.,  2  lbs.  are  placed  at  the  corners 
A,  B,  C,  D  of  a  rectangle  ABCD.  Determine  the  centre  of  giavity  of 
the  four  masses. 

8.  Of  two  equal  hollow  spheres  of  the  same  material,  cne  contains 
a  quantity  of  water,  and  the  other  a  mass  of  lead  attached  to  the  inner 
surface.  Describe  experiments  which  would  enable  you  to  distinguish 
between  them. 

9.  A  number  of  rectangular  bricks  are  placed  so  that  each  overlaps 
the  one  next  below  by  the  greatest  amount  possible.  Show  that  the 
distance  they  overlap  (beginning  at  the  top)  are  proportional  to  the 
fractions  |,  |,  \t  \t  

10.  A  crane  is  on  a  four-wheeled  railway  truck  weighing  6  tons. 
The  area  of  the  base  formed  by  the  wheels  is  50  sq.  ft.  Neglecting  the 
weight  of  the  crane,  calculate  the  area  of  the  ground  from  which  a 
mass  of  3  tons  can  be  lifted  by  the  crane. 


CHAPTER    XII 


determination  of  the  centre  of 
gravitt. 


165.  In  the  last  chapter  we  showed  how  the  position 
of  the  C.G.  of  certain  figures — such  as  the  straight  line., 
sphere,  and  parallelogram  —  can  be  inferred  from  the 
symmetry  of  the  figures.  In  most  cases,  however,  it  is 
necessary  to  divide  a  body  into  a  number  of  parts,  and 
to  deduce  the  position  of  the  C.G.  of  the  whole  body  from 
those  of  its  parts.  Accordingly  we  commence  by  investi- 
gating the  general  method  applicable  in  such  cases. 

165.  Having  given  the  weights  and  centres  of 
gravity  of  the  different  parts  of  a  body,  to  find 
the  C.G.  of  the  whole  body. 

Let  Sv  Sv  $3  be  different 
parts  of  a  body,  and  let 
wv  Wf,  ws  be  the  weights, 
K,  /.,  M  the  c.g.'s,  of  8V 
fc'2,  #3,  respectively.  It  is 
required  to  find  the  C.G.  of 
the  whole  body  made  np  of 
the  parts  8lt  S2,  S3. 

The  weights  wv  iv2  may 
be  taken  to  act  at  K,  L. 
Therefore  their  resultant  is 
a  weight  w-i-\-w2  acting  at  a 
point  Q  on  AX,  such  that  Fig.  134. 
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whence 
K0  = 


wx  .  KO  =  «»,  .  OL 

wo . OL  +  tr,  K0  =  w2.KL; 


Wo 


KL,    0L  =  KL-K0  = 


W-, 


KL 


Wl+W2  W^  +  W, 

Thus  0  is  the  c.G.  of  the  body  made  up  of  Sx  and  S2. 

The  total  weight  of  the  two  parts  fif,  and  $2  is  therefore 
^!  -|-  w2  acting  at  0. 

The  weight  of  8t  is  w3  acting  at  M.  Therefore  their 
resultant  is  a  wTeight  iv1~\-w.2  +  ivs  acting  at  a  point  G,  such 

that  (>!  +  w%)  OG  =  iv3 .  GM. 

.-.     (t*i+w,+*J  0G  =  tr,  (OG+GM)  =  tr, .  0Af, 

whence 


0G  = 


w. 


OM,       GM  = 


!0j  +  ?r.2 


OM. 


^  +  w2  +  w-'s  ^i  +  w.2  +  w3 

Thus  G  is  the  c.G.  of  the  body  made  up  of  Sv  Sv  8S. 

In  like  manner,  if  the  weights  and  c.G.'s  of  four  or  more 
parts  of  a  body  are  known,  we  can  find  the  c.G.  of  the 
whole  body.  The  required  c.G.  is  evidently  the  c.G.  of  a 
number  of  particles  whose  weights  are  equal  to  those  of 
the  several  parts  of  the  body,  placed  at  their  respective 
C.G.'s,  and  the  above  method  is  identical  with  that  used 
for  finding  the  centre  of  parallel  forces  (p.  145). 

Examples. — (1)  To  find  the  c.G.  of 
a  wire  bent  into  an  angle. 

Let  a  uniform  wire  AB  be  bent 
into  an  angle  ACB.  We  may  con- 
sider it  as  consisting  of  two  straight 
wires  AC,  OB  joined  together  at  Q. 

The  c.o.'s  of  these  two  portions 
are  at  their  middle  points  K,  L,  and 
their  weights  are  proportional  to 
their  lengths  AC,  CB.  Hence  the 
c.G.  of  the  whole  wire  is  at  a  point  G 
in  KL,  such  that 

ACxKG  =  CBx  GL, 
GK=CB 
GL      CA  Fig.  135. 
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[The  point  G  may  be  found  by  the  following  geometrical  construction :— Draw 
CD  bisecting  the  angle  ACB  and  cutting  KL  in  D.  Take  KG  =  DL,  and  therefore 
GL  =  KD.    Then  G  is  the  required  c.o. 

For  since  CD  bisects  angle  KCL,  therefore  (Euclid,  VI.  3) 

LD^LC.  .     GK=CL=  \C±  =  CB     ~| 

DK      CK'         "     GL      CK      \CA      CA  '  J 

(2)  To  find  the  c.o.  of  a  cubical  box  without  a  lid. 
Let  a  be  the  length  of  a  side  of  the  cube.  Let  0  be  the  centre  of 
the  cube,  A  the  centre  of  its  base,  G  the  required  c.g.  (figure  should 
be  drawn).  Then  it  is  easy  to  see  that  the  c.g.  of  the  four  sides  of 
the  box  is  at  0,  and  their  total  area  is  4«2.  Also  the  c.o.  of  the  base 
is  a.tA,  and  its  area  is  a~.  Therefore  G  is  the  c.o.  of  weights  «2  at 
A  and  Ad2  at  0. 

.'.     a**AG  =  U2xGO. 
.-.    AG  =  4G0,    and    AO  =  oGO. 
.-.    GO  =  \A0,    and    AG  =  ±A0. 
But  AO  -  £'*.     Therefore  AG  -  ff. 

Hence  the  c.o.  is  at  a  height  above  the  base  =  f  the  height  of  the 
cube. 


167.  Definition. — The  medians  of  a  triangle  are  the 
straight  lines  joining  its  vertices  to  the  middle  points  of 
its  opposite  sides. 

In  finding  the  c.g.  of  a  triangle,  it  will  be  necessary  to  assume  the 
following : — 

Lemma.  Any  straight  line,  parallel  to  the  base  of  a  triangle  and  termi- 
nated by  its  sides,  is  bisected  by  the  median  through  the  vei'tex  opposite  the 
base. 

This  is  usually  proved  by  the  aid  of  similar  triangles  ;  it  can  also 
be  proved  by  Euclid,  Book  I.,  thus  : — 

Let  ABO  be  the  triangle,  be  any  line  parallel  to  BO.  Let  D  be  the 
middle  point  of  BO,  and  let  AD  cut  be  in  d.  Then  shall  d  be  the 
middle  point  of  6c. 

For,  if  not,  from  dc,  cut  off  dh  =  bd.   Join  Ah,  and  join  D  to  6,  c,  k. 
Then,  since  BD  =  DO;    .'.    AABD  =  &ACD  and    AbBD  =  AcCD, 
.-.    remaining    AAbD  =  AAcD.      And   since    bd  =  dh, 
.'.     AAbd  =  AAhd,    and    ADbd  =  ADhd ;      .*.     AAbD  =  AAhD  ; 

.-.     AAcD  -  AAhD; 
.-.    ch  is  parallel  to  AD,  which  is  impossible,  since  ch  cuts  AD  in  d. 
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168.  To  find  the  C.G.  of  a  triangular  area. 

Lot  ABC  be  a  triangular  lamina,  D,  £,Fthe  middle  points 
of  the  sides.  Join  AD.  Then  we  shall  show  that  the  C.G. 
of  the  triangle  lies  in  AD. 

Suppose  the  triangle  to  be  divided  into  a  very  large 
number  of  thin  strips  such  as  be,  by  drawing  straight 
lines  parallel  to  the  base  BG. 


If  the  strips  are  made  sufficiently  thin,  each  may  be 
treated  as  a  uniform  thin  rod,  and  the  c.G.  of  such  a  rod 
is  at  its  middle  point  d* 

But,  by  the  above  lemma,  the  median  AD  passes  through 
d.  Hence  the  C.G.  of  every  thin  strip  of  the  triangle  lies 
in  AD.  And  since  the  weight  of  each  strip  acts  as  if  it 
were  concentrated  at  its  c.G.,  we  see  that  the  c.G.  of  the 
whole  triangle  is  the  same  as  that  of  a  certain  distribution 
of  weights  along  the  line  AD. 

Therefore  the  c.G.  of  the  triangle  lies  in  AD. 

Similarly,  by  dividing  the  triangle  up  into  strips 
parallel  to  AG,  it  may  be  shown  that  the  C.G.  of  the 
triangle  lies  in  the  median  line  BE,  and  also  in  CF. 

*  We  may  suppose  the  triangle  to  be  built  up  of  a  number  of  thin  laths  or  strips 
of  material,  each  slightly  longer  than  the  next  above,  and  fixed  side  by  side. 
Strictly  speaking,  their  ends  would  have  to  be  smoothed  off  along  the  sides 
AB,  AC;  but  we  suppose  the  strips  so  thin  that  the  amount  smoothed  off  is 
inappreciable.] 
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Therefore  the  c.G.  of  the  triangle  is  at  G,  the  common  point 

of  intersection  of  the  medians  AD,  BE,  CF. 

Cor.   The  three  medians  AD,  BE,  CF  all  pass  through  one  common  point. 
This  is  a  well-known  geometrical  theorem. 


Fiff.  138. 


169.  The  C.G.  of  a  triangular  area  coincides  with 
the  C.G.  of  three  equal  particles  placed  at  its 
vertices. 

Also  it  is  the  point  of  trisection  of  any  median 
line  which  is  the  more  remote  from  the  corre- 
sponding vertex. 

(i.)  Let  three  equal  weights  w 
be  placed  at  A,  B,  G. 

Then,  if  D  be  the  middle  point 
of  BG,  the  weights  w  at  B  and  w 
at  G  have  a  resultant  2w  at  D. 

Hence  the  c.G.  of  the  three 
weights  is  also  the  c.G.  of  weights 
2w  at  D  and  w  &t  A. 

Therefore  it  lies  in  AD. 

Similarly,  it  lies  in  the  other  two  medians. 

Therefore  it  is  at  G,  their  point  of  intersection. 

That  is,  it  coincides  with  the  c.G.  of  the  triangular 
area  ABC. 

(ii.)  Again,  since  G  is  the  point  of  application  of  the 
resultant  of  weights  2w  at  D  and  w  at  A, 

therefore  G  divides  AD,  so  that 

w  .AG  =  2w  .  GD. 
.'.    AG  =  2GD, 
and  .-.    AD  =  AG  +  GD  =  3GD. 

.-.    GD  =  IAD,    and    AG  =  iAD. 

Therefore  G  is  that  poiut  of  trisection  of  AD  which  is 
the  more  remote  from  the  vertex  A. 
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Cor.  1.  If  each  of  the  weights  w  is  one-third  the  weight  of  the 
lamina,  their  total  weight  and  the  position  of  their  c.G.  will  he  the 
.lame  as  for  the  lamina.  Hence  a  uniform  triangular  lamina  is  stati- 
cally equivalent  to  three  equal  weights  placed  at  its  vertices,  each  being 
one-third  the  weight  of  the  lamina. 

Cor.  2.  The  point  of  intersection  of  the  three  medians  of  a  triangle  is 
one  of  the  points  of  trisection  of  each  of  them. 

This  may  also  be  proved  by  pure  geometry.  The  proof  is  left  as 
an  exercise  for  the  reader. 


170.  To  find  the  C.G.  of  the  perimeter  of  a  triangle. 

Let  ABC  be  a  triangle.  It  is 
required  to  find  the  C.G.  of  a  thin 
uniform  wire  bent  into  the  tri- 
angle ABC. 

Let  D,  E,  Fbe  the  middle  points 
of  the  sides  BO,  CA,  AB,  and  let 
their  lengths  be  a,  b,  c,  respec- 
tively. 

The  weights  of  the  three  sides 
are  proportional  to  their  lengths, 
and  act  at  their  middle  points. 
Hence  the  required  c.G.  is  the  c.G. 
of  weights  a,  b,  c  placed  at  D,  E,  F. 

The  weight  a  acting  at  D  is  equivalent  to  weights  \a 
at  B  and  \a  at  C.  Similarly,  for  each  of  the  other  sides. 
Therefore  the  c.G.  of  the  perimeter  is  the  c.G.  of  weights 
|(6+ft)  at  A,  \(c  +  a)  at  B,  \(a  +  b)  at  0. 

It  might,  therefore,  be  found  by  §  134. 

But  the  following:  method  is  more  convenient : — - 


171.  Alternative  construction. — Since  g  is  the  c.g.  of  weights 
a,  b,  c  placed  at  D.  E,  F,  therefore  Dg  produced  divides  EF  in  a  point 
K,  such  that  6  .  EK  =  c  .  KF.  But  the  sides  of  &DEF  are,  respect- 
ively, half  those  of  ABO. 

'  '    KF       b        2DF      DF' 

whence  (Euclid,  VI.  3)  DK  bisects  /  EOF.     Similarly  Eg,  Fg  bisect 
the  angles  FED,  DFE. 

Therefore  g  is  the  centre  of  the  circle  inscribed  in  the  triangle  DEF. 
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172.  To  find  the  c.G.  of  the  area  of  any  polygon. 

Divide  the  polygon  into  tri- 
angles  (8l9  Sv  #3,.  Fig.  140) 
by  joining  one  of  its  vertices 
A  to  the  other  vertices  not 
already  joined  to  it.  Find 
K,  L,  M,  the  c.G.'s  of  these 
triangles.  Then  the  required 
c.G.  of  the  polygon  is  the 
C.G.  of  weights  at  K,  Z.,  M 
proportional  to  the  areas 
#i,  S2,  jS8,  and  is  therefore  given 
by  the  construction  of  §  166. 

Caution. — The  c.G.  of  a  polygon  is  not,  in  general,  the  c.G.  of 
equal  weights  placed  at  all  the  corners  of  the  polygon. 


Fig.  140. 


173.  To  find  the  C.G.  of  a  portion  of  a  body. 

Having  given  the  weight  and  c.G.  of  a  whole  body  and 
of  any  part  removed  from  it,  to  find  the  position  of  the 
C.G.  of  the  remaining  part. 

Let  0  be  the  C.G.  of  a  body,  W 
its  weight. 

Let  C  bo  the  C.G.  of  any  part  of 
the  body,  w  its  weight. 

Let  G  be  the  c.G.  of  the  remainder 
of  the  body.  It  is  required  to 
findG. 

The  weight  of  this  remaining 
part  is  evidently  W—w. 

Now,  since  0  is  the  c.G.  of  the  whole  body,  0  is  the 
c.G.  of  weights  w  at  G  and  W—w  at  G. 

.'.     C,  0,  G  lie  in  a  straight  line,  and 
(W-w)G0  =  iv.0C. 

Therefore  G  lies  on  CO  produced  through  0,  so  that 


Fig.  141. 


0G  = 


w 


W-w 


CO. 
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Examples. — (1)  ABCD  is  a  square  of  paper,  and  E,  Fare  the  middle 
points  of  A B,  AD. 

(i.)  To  find  the  c.g.  of  the  portion  left  when  the  triangle  AEF  is 
cut  off. 

(ii.)  To  find  the  c.g.  of  the  whole  when  the  triangle  AEF  is  doubled 
over. 

Let  0  be  the  centre  of  the  square, 
and  let  2a  he  the  length  of  a 
diagonal  so  that  OA  —  a.  Let  W 
be  the  weight  of  the  square ;  then 
that  of  AAEFiB±ir. 


(i.)  Now  the  c.g.  of  AAEF  lies 
at  K  where    AK  =  \A0,    OK  =  fr. 

Hence,    if   G  be   the   c.g.    of   the 
remaining  portion, 

lWxOG  =  \W*OK\ 

...   OG=\OK=--ixa  =  ^AG. 

(ii.)  When  AAEF  is  folded  over 
into  the  position  OEF  its  c.g.  is  at 
L  where  OL  =  \a.  Let  H  be  the 
c.g.  of  the  whole.    Taking  moments  Fig.  142. 

about    0,    we    have    to    find   the 
centre  of  |7Tat  G  and  \W\t  L  ;  hence,  by  §  137, 

Wx  OH  =  |7Fx  OG-lWx  OL  ; 

.-.  OH  =  lOG-iOL  -  isa—fa  =  ^a  =  T^AC. 


---M 


(2)  To  find  the  c.g.  of  a  hollow  spherical  bullet  containing 
an  excentric  spherical  cavity. 

Let  0  be  the  centre  of  the  surface  of  the  bullet,  C  the  centre  of  the 
cavity  (Fig.  141). 

Let  a,  b  be  the  known  radii  of  the  bullet  and  cavity,  and  let  00  =  c. 
Then  the  volumes  of  the  bullet  and  of  the  cavity  are,  respectively, 
|7ra3  and  |ir£3. 

Hence,  if  W  denote  the  weight  which  the  bullet  would  have  if  no 
cavity  existed,  w  the  weight  of  matter  which  would  fill  the  cavity, 

w        b% 

and  the  weight  of  the  actual  bullet  is  W—  w. 

Hence  the  required  c.G.  of  the  hollow  bullet  is  a  point  G  in  CO 


STAT, 


H 


• 
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produced,  such  that         OG  =  CO  x 
or  OG  =  ex 


to 


W-w' 
b* 


rt:i-^3 


Fig.  143. 


(3)  To  find  the  c.g.  of  a  trapezoid  {i.e.,  a  quadrilateral  two  of  whose 
sides  are  parallel). 

Let  ABDC  be  the  trape- 
zoid, having>4C,  BD  parallel. 
Let  AO  =a,  BD  =  *,  and  let 
h  be  the  perpendicular  dis- 
tance between  AC  and  BD. 

The  quadrilateral  may  be 
divided  into  two  triangles 
ADC,  ABD,  and  the  areas  of 
these  triangles  are  \ha,  \hb; 
therefore  their  weights  are 
proportional  to  a,  b. 

Their  c.g.  will  therefore  be  unaltered  by  supposing  their  weights 
to  be  equal  to  a,  b,  respectively. 

Then  the  c.g.  and  weight  of  the  triangle  ADC  will  be  the  same  as 
that  of  equal  weights  \a  placed  at  A,  D,  C.  Similarly,  the  triangle 
ABD  may  be  replaced  by  equal  weights  \b  at  A,  B,  D. 

Hence  the  c.g.  of  the  quadrilateral  is  the  c.g.  of  the  weights 

£  (a  +  b)  at  A,      \a  at  C,     \b  at  B,     and    |  (a  +  b)  at  D. 

Again,  by  dividing  the  quadrilateral  into  two  triangles  ABC,  BDC, 
we  see  that  its  c.g.  is  also  the  c.g.  of  weights 

la  at  A,     l(a  +  b)  a,t  C,     %(a  +  b)  at  B,     and     $b  at  D. 

Hence  the  c.g.  will  be  the  same  when  the  latter  weights  are  added 
to  the  former,  and  it  is  therefore  the  c.g.  of  weights 

\  (2a  +  b)  at  A,     $  (2a  +  b)  at  C,     }{a+  2b)  at  B,     £  (a  +  2b)  at  D. 

Let  H,  K  be  the  middle  points  of  AC,  BD. 

Then  the  weights  \(2a  +  b)  at  A  and  \{2a  +  b)  at  C  are  equivalent  to 
a  weight  f  (2a  +  b)  at  H. 

Similarly,  the  weights  %(a+2b)  at  B  and  %(a  +  2b)  at  D  are  equi- 
valent to  a  weight  |  (a  +  2b)  at  K. 

Hence  the  c.g.  of  the  quadrilateral  is  in  HK  at  a  point  G,  such  that 

f  (2a  +  b)  x  HG  =  |  (a  +  2b)  x  GK, 

HG  m  a  +  2b 
GK      2a  +  b' 


it* 
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174.  To  find  the  CO.  of  any  number  of  weights  at  given 
points  in  one  plane. 

Let  any  number  of  particles  of 
known  weights  wx,  w2,  tv6, ...  be  situated 
at  given  points  AUA2,AM  ...  in  one  plane. 
Draw  two  straight  lines  OX,  OY  at 
right  angles  to  one  another  in  the 
plane,  and  let  the  distances  of  each 
weight  from  each  of  these  two  lines  be 
measured.* 

Let  xx,  %%,  x3,  ...  be  the  distances  of 
the  weights  from  OY ;  jfe  y2,  yA,  ... 
their  distances  from  OX. 

[So  that  if,  from  any  weight  Ax,  perpendiculars  AXMX  on  OX  and 
A\NX  on  OY  be  drawn,  we  have 

xx  =  0MX  =  NXAX    and    yx  =  0NX  =  MXAX.] 

Let  G  be  the  required  c.g.  of  the  weights.  Draw  GM ,  GN  perpen- 
dicular on  OX,  OY,  and  let  x  =  OM  =  NG,    y  =  ON  =  MG. 

The  resultant  of  the  weights  wx,  w2t  iv3)  &c,  acting  at  Ax,  A2,  A3,  is* 
weight  of  wx  +  w.i  +  iv3  ...   acting  at  G. 

Suppose  the  plane  turned  so  that  0  Y  is  vertical  and  OX  horizontal . 
Then,  since  the  sum  of  the  moments  of  the  several  weights  about  0  is 
equal  to  the  moment  of  their  resultant, 

.".    OM  x  (tvx  +  w2  +  w3  +  ...)  =  0MX  x  wx  +  0M^y  w2+  0M3  x  w3+  ..., 
x  =  OM 


or 


ll-yX\  +  W.JC-2  +  w3x3  +  ... 
wx  +-  «?2  +  w3  +  . . . 

Next  place  the  system  so  that  OX  is  vertical  and  0  Y  horizontal. 
By  taking  moments  in  like  manner  about  0,  we  have 
ON  X  ( wx  +  w2  +  w3  +  . . . )  =  0yVt  X  wx  +  ON 2  x  w2  +  0N3  X  w?3  +  . . ., 


whence 


y  =  oyv 


te,  Vy  + 1#2>/2  +  tr8ya  +  . . . 
iv  x  +  ws  +  w3  +  ... 

Hence  the  distancos  OM,  ON  are  known,  and  by  completing  the 
rectangle  OMGN,  the  position  of  G,  the  required  c.g.,  can  be  found. 


*We  may  suppose  the  "  particles  in  one  plane  "  to  be  a  number  of  small  weights 
attached  to  a  flat  square  sheet  of  cardboard,  and  the  two  straight  lines  at  right 
angles  to  be  two  adjacent  edges  of  the  square. 
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Observations.— The  formulae  evidently  apply  to  finding  the  c.o.  of  a  body, 
when  A i,  A%,  A3  are  the  c.g.'s  of  its  several  portions,  and  w\,  w2,  w3  their  weights. 

Again,  if  for  w>,  w2,  w3  we  write  mi,  m2,  m3,  the  masses  of  the  bodies,  the 
formulae  determine  the  position  of  their  centre  of  mass. 

Although  the  weights  are  supposed  above  to  be  in  one  plane,  we  may  here  state 
that  similar  formulae  hold  in  the  more  general  case.  If  x\,  y\,  z\  are  the  distances 
of  any  weight  A\  from  three  planes  at  right  angles  (say  two  adjacent  walls  and  the 
floor  of  a  room),  and  so  on,  the  corresponding  distances  f,  y,  1  for  the  c.g.  are 
given  by  formulae  proved  above,  and  a  third  similar  formula  with  z's  written  for 
x's  or  y'a. 

Example. — (1)  To  find  the  c.g.  of  a  square  slab  ABCD  whose  weight 
is  1  lb.,  together  with  weights  of  2,  3,  4,  6  lbs.,  placed  at  its  four 
corners. 

Let  x  be  the  distance  of  the  c.g.  from  AD,  y  its  distance  from  AB, 
a  the  length  of  the  side  of  the  square. 

The  total  weight  =  1+2  +  3  +  4  +  5  lbs.  =  15  lbs.  Therefore,  taking 
AD  vertical,  the  equation  of  moments  about  A  gives 

I5x  =  2  .  0  +  5  .  0  +  1  .  \a  +  3  .  a  +  4  .  a  =  1\a  ; 
.-.     x  =  \a. 
Taking  AB  vertical,  we  have,  in  like  manner, 

lby  =  2  .  0  +  3  .  0  +  1  .  \a  +  4  .  a  +  5  .  a  =  9|«  ; 
.-.     y  =  \%a. 

Hence  G  lies  on  the  bisector  of  the  sides  AB,  DC  at  a  distance  \%n 
from  AB. 


175.  Work  done  in  raising  weights.  —  The  ivork 
done  in  raising  a  number  of  weights  off  the  ground  or  raising 
them  up  to  the  ground  is  the  same  as  if  their  total  weight 
were  collected  at  their  c.g. 

Let  there  be  any  number  of  weights  wlf  wx  w3,  ...  ,  and  let  them  be 
raised  from  the  ground  to  heights  xu  #2,  x3,  ...  .  Let  Wbe  their  total 
weight,  x  the  height  of  their  c.g.  in  the  new  position. 

Then  work  done  in  raising  the  weights 

=  tvixl  +  u\2x.2  +  u:ix3+.... 
But,  by  the  last  article, 

-  _  tV}X}  +  W^  4  W3X3  +  ...    _  W]Xl  +  U\2X1  +  w'iX3  +  -jj   . 

wx  +  wx  +  w3  +  . . .  W 

.'.     tcxxx  +  w?2#2+  ...  =  JF.x; 
.-.     whole  work  done  =  Wx  =  work  required  to  lift  total  weight  to 
the  height  of  the  c.q. 
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Similarly,  by  taking  xu  x2...  to  represent  the  depths  of  a  number  of 

weights  below  the  ground,  we  see  that  the  work  done  in  lifting  a 

number  of  weights  from  below  the  surface  to  the  ground  is  the  same 

as  if  the  weights  were  all  concentrated  at  their  c.o. 

Observation. — The  weights  need  not  all  be  in  the  same  vertical  plane.  The 
theorem  is  true  in  every  case,  but,  unless  the  weights  are  in  a  vertical  plane,  the 
above  proof  assumes  the  more  general  theorem  which  we  stated  without  proof  in 
the  observation  on  §  174. 

Examples. — (1)  The  work  done  in  building  a  cylindrical  tower  is 
the  same  as  would  bo  required  to  lift  the  whole  of  the  materials  through 
£  the  height  of  the  tower. 

(2)  The  work  done  in  digging  a  ditch  of  triangular  section  through 
earth  of  uniform  material  is  the  same  as  would  be  required  to  lift  the 
total  mass  of  earth  through  ^  the  depth  of  the  lowest  point  of  the  ditch. 

176.  To  find  the  C.G.  of  a  uniform  tetrahedron  or 
pyramid  on  a  triangular  base. — We  shall  now  show* 
that — 

(i.)  The  C.G.  of  a  triangular  -pyramid  ABCD  is  in  the  line 
joining  any  corner  D  to  //,  the  c.G.  of  the  opposite  face. 

(ii.)   It   coincides  with    the    C.G.    of   four    equal   weight 
placed  at  the  corners  A,  B,  G,  D. 

(iii.)  It  divides  the  straight  line  joining  any  corner  to  the 
C.G.  of  the  opposite  face  in  the  ratio  of  3  to  1,  i.e.,  at  a  point 
G,  such  that  DG  =  %DH  and  GH  =  \DH. 

(i.)  Let  F  be  the  middle 
point  of  AB.  H  the  C.G.  of  the 
triangle  ABC.  It  is  required 
to  show  that  the  C.G.  of  the 
pyramid  lies  in  DH. 

Divide  the  pyramid  into 
an  infinitely  large  number 
of  infinitely  thin  triangular 
laminee  of  uniform  thickness 
by  drawing  planes  parallel 
to  the  face  ABC,  and  let  abc 
be  one  of  these  sections.  Fig-  145. 

Jo'mDF,  cutting  ab  in/,  and  in  the  plane  of  the  triangle 
DOF  draw  the  straight  lines  cf,  DH  intersecting  in  h 

*   The  proofs  may  be  omitted  by  the  beginner,   but  the  results  stated  are 
important. 
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Then,  since  ab  is  parallel  to  AB  and  F  is  the  middle 
point  of  AB,  therefore/ is  the  middle  point  of  ab  (§  167). 
Hence  ch  produced  bisects  ab  in  /;  therefore  ch  is  a 
median  of  the  triangle  abc  In  like  manner,  ah  and  bh 
are  medians  of  abc.  Therefore  h  is  the  c.G.  of  the 
triangular  lamina  abc,  and  it  lies  in  the  line  DH.  Thus 
the  c.G.  of  each  of  the  laminae  of  the  pyramid  is  in  the 
line  DH',  therefore  that  of  the  pyramid  is  also  in  the  line/}//. 

(ii.)  Now  let  equal  weights 
w  be  placed  at  the  four 
corners  A,B,G,  D.  The  c.G. 
of  the  weights  at  A,  B,  G  is 
H ;  hence  that  of  the  four 
weights  also  lies  in  the  line 
DH. 

Similarly,  if  either  of  the 
other  corners,  such  as  A,  be 
joined  to  K,  the  c.G.  of  the 
opposite  face,  both  the  C.G. 
of  the  pyramid  and  that  of 
of  the  four   equal    weights  Fig.  145. 

at  A,  B,  C,  D  mnst  lie  in  the  joining  line  AK. 

Therefore  AK  and  DH  mnst  intersect  in  a  point  G,  and 
G  will  be  the  C.G.  both  of  the  pyramid  and  of  the  four 
equal  weights  at  A,  B,  0,  D. 

(iii.)  Now  the  c.G.  of  the  four  weights  w  at  A,  B,  G,  D  is 
the  same  as  that  of  w  at  D,  and  Sw  at  H  (since  H  is  the 
C.G.  of  the  weights  at  A,  B,  G).  Therefore  G,  the  C.G.  of 
the  pyramid,  is  a  point  in  DH,  such  that 

SGH  =  DG,  or  DG  :GH  =  3  :  1, 

whence  GH  =  \DH,     DG  =  \DH. 

Cob..  1.  G  is  the  middle  point  of  tlie  line  joining  the  middle  points 
of  opposite  edges  of  the  pyramid. 

This  follows  at  once  by  replacing  the  weights  to  at  A,  B  by  a  single 
weight  1w  at  F.  the  middle  point  of  AB,  and  the  weights  w  at  0,  D  by 
2tv  at  the  middle  point  of  CD. 

Cor.  2.  The  lines  joining  the  four  corners  of  a  triangular  pyramid 
to  the  c.G.'s  of  the  opposite  faces  all  pass  through  one  common  point 
G,  and  are  there  divided  in  the  ratio  of  3  to  1.  Also  the  lines  joining 
the  middle  points  of  pairs  of  opposite  edges  pass  through  and  are 
bisected  at  the  same  point. 
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177.  To  find  the  C.G.  of  a  pyramid  on  any  poly- 
gonal base  whatever. 

Let  V  e  the  vertex,  ABODE 
the  polygonal  base  of  the  pyra- 
mid. Let  H  be  the  c.G.  of  the 
base.  Then  shall  the  c.G.  of  the 
pyramid  be  a  point  G  on  l/H, 
such  that 

VG  =  'SGH,    or    GH  =  \VHi 
and      .'.     VG  =  %VH. 

For  divide  the  pyramid  into 
a  nnmber  of  triangular  pyra- 
mids, having  V  for  vertex  and 
the    triangles    ABC,    ACD,  ADE  Fig.  146. 

for  bases.      Let  K,  L,  M  be  the 
c.G.'s  of  these  bases. 

Consider  the  triangular  pyramid  l/ABC.  Its  C.G. 
divides  VK  in  the  proportion  of  3:1;  therefore  it  may 
be  replaced  by  £  its  weight  at  V  and  f  its  weight  at  K. 

Let  the  weights  of  the  other  triangular  pyramids  be 
similarly  replaced.  Then  the  weights  thus  placed  at  K, 
L,  M  are  proportional  to  the  volumes  of  the  pyramids, 
and  therefore  to  the  areas  of  their  bases  (since  they  have 
the  same  altitude).  Hence  the  c.G.  of  these  weights  is  //, 
the  c.G.  of  the  area  of  the  base. 

Therefore  the  whole  pyramid  is  replaced  by  \  its  total 
weight  at  V  and  §  its  total  weight  at  H.  Therefore  its 
c.G.  divides  VH  so  that  VG  =  3GH,  as  was  to  be  proved. 

178.  To  find  the  C.G.  of  a  cone. 

Draw  any  polygon  circumscribing  the  base  of  the  cone 
and  complete  the  pyramid,  having  this  polygon  for  base, 
and  having  its  vertex  at  the  vertex  of  the  cone.  This 
pyramid  will  circumscribe  the  cone,  but,  if  the  number  of 
faces  of  the  pyramid  be  made  sufficiently  great,  the 
pyramid  will  not  differ  perceptibly  from  the  cone.* 

*  For  fresh  faces  may  be  added  by  slicing  off  the  sharp  edges  of  the  slant  surface 
of  the  pyramid,  and  this  process  continued  till  the  pyramid  is  smoothed  down  to 
a  cone. 
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Hence  what  holds  good  for  the  c.G.  of  a  pyramid  must 
also  hold  good  for  the  c.G.  of  a  cone. 

Therefore  the  c.G.  of  a  cone  is  in  the  line  joining  the 
vertex  to  the  c.G  of  the  base,  and  at  a  distance  from  the 
latter  point  equal  to  J  the  distance  of  the  vertex. 

In  a  right  circular  cone  (the  only  kind  of  cone  we  have 
to  consider)  the  C.G.  is,  of  course,  in  the  axis,  at  a  distance 
from  the  base  of  J  the  altitude  of  the  cone. 

179.  To  find  the  C.G.  of  the  slant  surface  of  a  regular 
pyramid,  and  of  a  right  circular  cone. 

The  slant  surface  of  the  pyramid  whose  vertex  is  V  and  base  any 
polygon  ABCDE...  consists  of  a  number  of  triangles  VAB,  VBC,  VCD. 
The  c.G.  of  each  triangle  is  at  a  distance  from  its  base  equal  to  j  the 
distance  of  the  vertex  V. 

Hence  the  c.G.  of  the  whole  surface  is  at  a  height  above  the  base 
equal  to  \  the  altitude  of  the  pyramid. 

And  therefore,  if  the  pyramid  is  regular,  the  c.G.  must  lie  in  its 
axis  VH  (which  is  perpendicular  to  and  passes  through  H  the  centre  of 
the  base)  at  a  point  G,  such  that 

HG  =  \HV    and    GV  =  iHV. 

If  the  number  of  faces  of  the  pyramid  be  sufficiently  increased,  the 
slant  surface  of  the  pyramid  will  ultimately  become  the  slant  surface 
of  a  cone. 

Hence  the  c.G.  of  the  slant  surface  of  a  right  circular  cone  is  on  its 
axis,  at  a  distance  from  the  base  equal  to  \  of  the  altitude. 

Observations. — In  the  above  investigation,  the  surface  of  the  base 
is  not  taken  into  account.  If  we  wanted  the  cg.  of  the  whole 
surface-area,  we  should  have  to  apply  §  166  or  §  174. 

The  c.G.  of  the  slant  surface  of  any  pyramid  or  cone  whatever  is  at 
a  distance  from  the  base  equal  to  \  the  altitude ;  but,  unless  the 
pyramid  or  cone  is  symmetrical  about  its  axis,  there  is  no  simple  rule 
for  finding  the  point  where  the  line  VG  produced  meets  the  base. 
This  point  is  not,  in  general,  the  cg.  of  either  the  area  or  perimeter 
of  the  base. 

Summary  of  Results. 

The  centre  of  gravity  of 

(1)  a  triangular  area  is  the  point  of  trisection  of  any 
median  furthest  from  the  corresponding  vertex. 
It  coincides  with  the  C.G.  of  three  equal  particles 
placed  at  its  vertices.  (§§  168,  1G9.) 
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(2)  a  pyramid  or  a  right  cone  is  in  the  line  joining  its 
vertex  to  the  c  G.  of  the  base  at  a  distance  from  the 
base  equal  to  £  of  the  distance  of  the  vertex  from 
the  base.  (§§176-178.) 

If  W,  w  be  the  weights  of  a  body  and  of  a  portion  of  it, 
and  if  their  c.G.'s  are  at  0  and  C,  the  c.G.  of  the  remaining 
portion  is  at  a  point  G  in  CO  produced  through  0,  such  that 

0G  =  -^—C0.  (§173.) 

W  —  w 

If  xv  #2,  xs  ...,  yx,  y%,  y3  ...  be  the  distances  of  a  series 
of  weights  w^  w%,  w%  ...  from  two  perpendicular  straight 
lines  OY,  OX,  respectively,  the  distances  %,  y  of  the  C.G.  of 
these  weights  from  OY,  OX  are  given  by 

-  _  w\*\  4-^2^2+--'?    -  -.  Wi?/i+way8  +  ...t      (§174) 

The  ^o?'^  cfowe  in  raising  a  number  of  weights  is  the  same 
as  if  their  total  weight  were  collected  at  their  c.G.  (§  175.) 

EXAMPLES  XII. 

1.  How  would  you  determine  the  centre  of  gravity  of  a  hoop  that 
was  not  quite  circular  ? 

2.  A  uniform  isosceles  triangle  has  its  two  equal  sides  each  5  ft.  long 
and  its  base  8  ft.  long  ;  find  its  centre  of  gravity.      If  its  weight  be 
5  lbs.,  and  a  weight  of  10  lbs.  be  hung  at  the  vertex,  find  the  centre  of 
gravity  of  the  whole. 

3.  Weights  of  2  lbs.,  7  lbs.,  9  lbs.,  4  lbs.  are  placed  at  the  corners 
A,  B,  0,  D,  respectively,  of  a  square,  the  length  of  w  hose  side  is  1  ft. 
Find  the  position  of  the  c.G.  of  the  weights. 

4.  "Weights  of  3  lbs.,  5  lbs.,  2  lbs.,  and  6  lbs.  are  placed  at  the 
corners  A,  B,  0,  D,  respectively,  of  a  square,  the  length  of  whose  side 
is  8  ins.     Find  the  position  of  the  centre  of  gravity  of  the  weights. 

5.  ABCD  is  a  square,  0  the  point  of  intersection  of  its  diagonals, 
E,  Fthe  middle  points  of  the  sides  AB,  AD.  If  the  square  AEOF  be 
removed,  find  the  centre  of  gravity  of  the  remainder. 

6.  Find  the  centre  of  gravity  of  the  remaining  portion  of  a  parallelo- 
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gram  when  a  triangle  has  been  eut   off  from  the  parallelogram  by  a 
single  straight  cut. 

7.  ABODE F  is  a  regular  hexagon,  having  0  as  the  centre  and  a  as 
radius  of  its  inscribed  circle.  If  the  triangle  AOB  be  removed,  find 
the  centre  of  gravity  of  the  remaining  area. 

8.  Assuming  the  rule  for  finding  the  centre  of  gravity  of  a 
triangular  pyramid,  prove  the  rule  for  finding  that  of  a  pyramid 
whose  base  is  a  four-sided  figure. 

9.  Prove  that  if  equal  triangles  be  cut  from  the  corners  of  a  given 
triangle  by  lines  parallel  to  the  respective  opposite  sides  the  centre 
of  mass  of  the  remainder  will  coincide  with  that  of  the  triangle. 

10.  If  there  are  two  triangles  on  the  same  base  and  between  the 
same  parallels,  prove  that  the  distance  between  their  centres  of  gravity 
is  one-third  of  the  distance  between  their  vertices. 

11.  ABOD  is  a  square,  0  the  intersection  of  its  diagonals.  If  the 
triangle  AOB  is  removed,  find  the  centre  of  gravity  of  the  remainder. 

12.  If  the  angular  points  of  one  triangle  lie  at  the  middle  points  of 
the  sides  of  another,  show  that  the  centres  of  gravity  of  the  triangles 
are  coincident. 

13.  A  cylinder  of  metal  is  1ft.  high,  1ft.  external  diameter  and 
11  ins.  internal  diameter  and  11  ins.  deep  inside.  It  is  open  at  the  top. 
Find  the  position  of  its  centre  of  gravity. 

14.  Determine  the  c.o.  of  a  cone  and  of  a  frustum  of  a  cone. 

15.  A  wire  1  ft.  long  is  bent  into  a  right-angled  triangle  whose 
sides  are  3,  4,  h  ins.  long.  Apply  the  method  of  §  174  to  find  the 
distances  of  its  cg.  from  the  sides  including  the  right  angle. 

16.  Find  the  number  of  foot-pounds  of  work  required  to  wind  up  a 
given  chain  which  hangs  by  one  end. 

17.  Find  the  c.G.  of  a  circular  board,  from  which  a  circular  piece 
has  been  cut  out,  having  as  diameter  a  radius  of  the  board. 

18.  Prove  that  a  triangular  plate  cannot  stand  vertically  with  its 
base  resting  on  a  horizontal  plane  if  its  vertex  overhangs  the  base  by 
more  than  the  length  of  the  base. 
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19.  Three  particles  are  situate  at  A,  B,  C.  Prove  that,  by  properly- 
adjusting  the  ratios  of  their  masses,  their  centre  of  gravity  can  be 
made  to  occupy  any  given  position  within  the  triangle  ABC. 

20.  Find  the  ratios  of  the  masses  in  Question  19  when  the  centre 
of  gravity  is  at  the  centre  of  the  inscribed  circle. 

21.  A  circular  wire  is  divided  into  two  parts  by  a  chord.  Prove 
that  the  distances  of  the  centres  of  gravity  of  the  parts  from  the  centre 
of  the  circle  are  inversely  proportional  to  the  lengths  of  the  parts. 

22.  A  solid  figure  is  formed  of  an  upright  triangular  prism  sur- 
mounted by  a  pyramid  ;  if  the  length  of  every  edge  of  this  figure  be 
a  ft.,  find  the  height  of  its  centre  of  gravity  above  the  base. 

23.  A  square  uniform  plate  is  suspended  at  one  of  its  vertices,  and 
a  weight  equal  to  half  that  of  the  plate  is  suspended  from  an  adjacent 
vertex  of  the  square.  Find  the  point  where  the  vertical  through  the 
point  of  suspension  cuts  the  opposite  diagonal  of  the  square. 

24.  Two  sides  of  a  rectangle  are  double  of  the  other  two,  and  on 
the  longer  side  an  equilateral  triangle  is  described.  Find  the  centre 
of  gravity  of  the  lamina  made  up  of  the  rectangle  and  the  triangle. 

25.  Masses  of  1,  2,  3,  4,  5,  6,  7,  8  lbs.  respectively  are  placed  at 
the  corners  of  a  cube  ABCDEFGH,  whose  edge  is  1  ft.  and  whose  faces 
ABCD,  EFGH  are  horizontal,  ABCD  being  uppermost.  How  many 
ft. -lbs.  of  work  are  done  in  exchanging  the  masses  at  A,  B,  C,  D 
with  those  at  E ,  F,  G,  H?  Hence  find  the  vertical  distance  through 
which  the  common  centre  of  gravity  has  been  raised. 

26.  A  shaft,  560  ft.  deep  and  5  ft.  in  diameter,  is  full  of  water; 
how  many  ft. -lbs.  of  work  are  required  to  empty  it  ? 

27.  ABC  is  a  plane  triangle.  Weights  of  2  lbs.,  2  lbs.,  and  1  lb. 
are  placed  at  the  vertices,  and  their  centre  of  gravity  G  is  found. 
Then  weights  of  8  oz.,  8  oz.,  and  14  oz.  are  placed  at  the  same 
vertices,  and  their  centre  of  gravity  H  is  found.  Prove  that  G  and  H 
are  equally  distant  from  the  centre  of  gravity  of  the  triangle. 

28.  Two  circles  of  radii  a,  b  touch  one  another  internally,  and  the 
space  between  them  is  cut  out  of  paper.  Show  that  the  distance  of 
its  c.g.  from  the  point  of  contact  of  the  circles  is  (a"  +  ab  +  b")  -f  (a  +  b), 
and  find  this  distance  when  b  approaches  and  becomes  equal  to  a. 
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EXAMINATION  PAPER  V. 

1.  Define  the  centre  of  a  system  of  parallel  forces,  and  state  a 
method  of  finding  its  position  when  there  are  more  than  two  forces. 

2.  If  a  body  be  suspended  from  a  point,  prove  that  its  centre  of 
gravity  is  vertically  below  that  point. 

3.  Having  given  the  c.o.  of  a  body  and  that  of  one  part,  find  the 
c.g.  of  the  remainder. 

4.  Prove  that  the  centre  of  gravity  of  a  uniform  triangular  area 
coincides  with  that  of  three  equal  heavy  particles  placed  at  its  angular 
points. 

5.  The  centre  of  gravity  of  a  quadrilateral  lies  in  one  of  the 
diagonals.     Prove  that  one  of  the  diagonals  is  bisected  by  the  other. 

6.  How  would  you  test  the  nature  of  the  equilibrium  of  a  body  at 
rest? 

Point    out  the   advantages  of  three-legged  and   four-legged 
tables  respectively. 

7.  Find  the  centre  of  six  like  parallel  forces  of  3  lbs.,  2  lbs.,  3  lbs., 
4  lbs.,  5 lbs.,  2  lbs.  acting  at  points  A,  B,  C,  D,  E,  Fin  a  straight  line 
such  that  AB,  BO,  CD,  DE,  EF  equal  2,  2,  4,  4,  and  3  ins.  respectively. 

Where  would  the  resultant  act  if  the  forces  at  D  and  E  were  in 
the  opposite  direction  to  the  rest  ? 

8.  The  lid  of  a  cubical  box  of  uniform  thickness  is  turned  back  till 
it  comes  into  a  horizontal  position.  If  each  edge  of  the  box  measures 
12  ins.,  what  is  the  position  of  the  centre  of  gravity  of  the  box  ? 

9.  Find  the  centre  of  gravity  of  a  uniform  triangular  pyramid ; 
and  prove  that  its  position  coincides  with  that  of  four  spheres  of  equal 
weight  centred  at  the  four  angles  of  the  pyramid. 

10.  The  triangle  formed  by  joining  the  middle  points  of  the  sides 
of  a  given  triangle  is  removed.  Find  the  position  of  the  centre  of 
gravity  of  the  remainder. 
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BALANCES. 

180.  In  this  chapter  we  shall  describe  the  various 
contrivances  by  which  bodies  are  usually  weighed. 
Remembering  that  weight  is  proportional  to  mass,  we 
observe  that  the  operation  of  weighing  by  balancing  a 
body  with  known  weights  affords  in  every  case  a  correct 
measure  of  the  masi  or  quantity  of  matter  in  the  body  in 
pounds  or  grammes  or  other  chosen  units,  and  that  the 
observed  weight  is  independent  of  any  local  variations  in 
the  intensity  of  gravity. 

181.  The  common  balance  (see  Fig.  147,  p.  190)  con- 
sists essentially  of  a  beam  or  lever  AB  fixed  so  that  it  can 
turn  about  a  fulcrum  0  placed  a  little  above  its  middle 
point.  From  its  ends  are  suspended  two  scale  pans ;  the 
goods  to  be  weighed  are  placed  in  one  of  these,  and  are 
balanced  by  placing  suitable  weights  in  the  other,  till  the 
beam  assumes  a  horizontal  position. 

In  delicately  constructed  balances,  the  fulcrum  and 
points  of  suspension  consist  of  wedge-shaped  pieces  of 
hard  steel  (called  "  knife  blades  "),  whose  edges  rest  on, 
hard  plates  of  steel. 

The  requisites  of  a  good  balance  are  that  It  be 
(i.)  true,      (ii.)  stable,      (iii.)  sensitive,      (iv.)  rigid.. 
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182.  Conditions   that  the  balance  may  be  true. — 

A  balance  is  said  to  be  true  if  the  beam  assumes  a  Hori- 
zontal position  when  equal  weights  are  placed  in  the  two 
scale  pans.     This  requires  that — 


Fie;.  147. 


(i.)  The  two  arms  of  the  beam  must  he  of  equal  length, 
that  is,  A0  =  BO,  or  the  fulcrum  0  must  be  in  a  line  HO, 
bisecting  at  right  angles  the  line  AB,  which  joins  the 
points  of  suspension  of  the  two  scale  pans. 

(ii.)   The  scale  pans  must  be  of  equal  weight. 

(iii.)  The  c.G.  of  the  beam  must  be  vertically  under  the 
fulcrum  when  the  beam  is  horizontal,  and  therefore  also 
in  HO. 

When  these  conditions  are  satisfied,  equal  weights 
placed  anywhere  whatever  in  the  scale  pans  will  balance 
each  other  with  the  beam  horizontal. 

For,  since  the  scale  pans  hang  freel}'-  from  the  heam  at  A  and  B,  they 
will  assume  positions  in  which  the  c.g.  of  each  pan  and  its  contents  is 
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vertically  below  its  points  of  suspension.*  Hence  the  total  weights  of 
the  pans  and  their  contents  always  act  vertically  through  A,  B  (Fig. 
148,  p.  192).  These  weights  are  equal;  therefore  their  resultant  acts  at 
H,  the  middle  point  of  AB.  Also  the  weight  of  the  beam  acts  at  G,  its 
c.g.  But  when  the  beam  is  horizontal,  G,  H  are  both  vertically  below 
the  fulcrum  0.  Hence  the  resultant  forces  at  G,  H  have  no  moment 
about  0,  and  the  beam  is  in  equilibrium. 

183.  Conditions  that  the  balance  may  be  stable. — 

A  balance  is  said  to  be  stable  if  the  beam  tends  of  its 
own  accord  to  fall  into  its  equilibrium  position.  A 
balance  would  evidently  be  useless  for  weighing  if  its 
equilibrium  position  were  unstable  or  even  neutral  (§  159). 

A  balance  is  said  to  be  more  or  less  stable  according  to 
the  comparative  readiness  or  reluctance  of  the  beam  to 
assume  its  equilibrium  position. 

Stability  is  secured  by  placing  0,  the  fulcrum  of  the 
beam,  a  little  above  the  points  G,  H,  at  which  the  resultant 
weights  of  the  beam  and  the  two  pans  act  respectively. 

For,  if  the  beam  be  slightly  inclined  (Fig.  148),  the  equal  weights  of 
the  two  loaded  scale  pans  still  act  at  A,  B,  and  their  resultant  therefore 
still  acts  at  Hf.  And  the  moments  abuut  0  of  this  resultant  at  //,  and 
the  weight  of  the  beam  at  G,  both  tend  to  restore  equilibrium  by 
bringing  the  beam  back  to  its  horizontal  position. 

If  the  fulcrum  0  is  only  at  a  very  little  height  above  G,  H,  the 
moment  tending  to  restore  equilibrium  will  be  very  small,  and  the 
balance  will  oscillate  for  a  long  time  before  coming  to  rest,  and  will 
therefore  possess  very  little  stability.  If  goods  have  to  be  weighed 
quickly,  the  stability  may  be  increased  by  increasing  the  height  of  the 
fulcrum  0,  thereby  increasing  the  moment  about  0  for  any  inclination 
of  the  beam.  This,  however,  diminishes  the  sensitiveness  of  the 
balance,  as  we  shall  now  explain. 

*  If  one  of  the  weights  (Q,  Fig.  147)  is  placed  a  little  on  one  side  in  the  scale  pan 
instead  of  in  the  middle,  the  pan  will  swing  itself  a  little  to  the  other  side  so  as  to 
bring  its  c.g.  vertically  below  the  point  of  support  B.  The  student  should  verify 
this  by  experiment. 

t  The  point  H  is  not  the  c.o.  of  the  scale  pans  and  their  contents,  but  is  the 
centre  of  parallel  forces  for  their  weights  acting  at  A,  B.  It  may  or  may  not  coincide 
with  Q, 
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184.  Conditions  that  the  balance  may  be  sensitive. 

— It  is  not  sufficient  that  the  beam  should  be  horizontal 
when  the  weights  in  the  scale  pans  are  equal.  It  must 
also  indicate  when  they  are  unequal,  by  the  beam  assuming 
a  non-horizontal  position.  This  is  expressed  by  saying 
that  the  balance  must  be  sensitive  (or,  as  some  writers 
call  it,  "sensible").  In  a  sensitive  balance,  even  a  small 
additional  weight  placed  in  one  scale  pan  should  turn 
the  beam  through  a  perceptible  angle,  and  the  smallness 
of  the  weight  which  suffices  to  do  so  affords  a  measure  of 
the  sensitiveness  of  the  balance  and  of  the  degree  of 
accuracy  attainable  in  weighing  with  it. 

Thus  a  good  chemical  balance  will  indicate  differences 
of  weight  down  to  tenths  of  a  milligramme. 

In  order  to  enable  the  smallest  deflection  to  be  observed 
with  great  accuracy,  the  beam  carries  an  index  or 
pointer  /  (Fig.  147),  which  moves  in  front  of  a  fixed 
graduated  scale  S,  always  remaining  perpendicular  to  AB. 

Sensitiveness  may  be  secured  at  the  expense  of  stability 
by  making  OH  the  height  of  the  fulcrum  small,  and  also 
by  lengthening  the  arms. 

For  let  a  be  the  length  of 
the  arms  AH,  HB,  Q  the  weight 
of  each  scale-pan  and  its  con- 
tents, W  that  of  the  beam. 

Let  a  small  additional  weight 
w  be  placed  in  the  scale-pan  at 
A.  The  moment  of  this  weight 
about  0  is  initially  wa,  and  it 
turns  the  beam  out  of  the  hori- 
zontal position  untilit  is  balanced 
by  the  moment  of  the  original  Fig.  148. 

weights  (i.e.,  W  a.t  G  and  2Q  at 

H),  tending  in  the  opposite  direction.  Hence  the  greater  the  sensitiveness, 
the  smaller  must  be  the  moment  tending  to  restore  equilibrium  when 
w  is  removed,  and  the  smaller  therefore  the  stability  of  the  balance. 

By  increasing  the  arm  a,  we  may  obtain  the  same  moment  with  a 
smaller  weight  iv,  and  thus  increase  the  sensitiveness,  whilst,  according 
to  the  last  article,  the  stabilitv  would  be  unaltered,  since  it  depends 
only  on  the  heights  GO,  HO.  Practically,,  however,  the  effect  of 
lengthening  the  arms  is  to  make  the  beam  oscillate  for  a  longer  time 
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before  coming  to  rest ;  hence  it  is  impossible  to  attain  rapid  weighing 
with  a  highly  sensitive  chemical  balance. 

In  a  balance  so  constructed  that  G,  H  coincided  with  the  fulcrum  0, 
the  beam  would  be  in  neutral  equilibrium  in  any  position  with  equal 
weights  in  the  scale  pans,  but  the  slightest  inequality  in  the  weights 
would  turn  the  beam  right  over.  Such  a  balance  would  be  highly 
sensitive,  but  would  have  no  stability,  and  would  therefore  be  prac- 
tically useless. 

185.  Rigidity.  —  The  balance  must  have  a  beam 
sufficiently  strong  not  to  bend  under  the  weights  which 
it  has  to  carry.  For  this  purpose  a  short  thick  beam 
would  be  preferable  to  a  long  thin  one,  but  it  would  of 
course  be  less  sensitive.  To  secure  the  greatest  strength 
consistent  with  lightness,  the  beam  is  usually  made  in  the 
form  shown  in  Fig.  147. 

186.  False  balances. — Double  weighing. — A  balance 
will  evidently  be  false  if — 

(i.)  The  arms  are  of  unequal  length, 
(ii.)  The  scale  pans  are  of  unequal  weight, 
(iii.)  The  beam  is  improperly  balanced  (i.e.,  G  not 
on  OH). 
In  all  such  cases  the  true  weight  of  a  body  may  be 
found  by  either  of  the  following  methods  of  double  weighing. 

The  first  method  is  to  place  the  body  in  one  scale 
pan  and  balance  it  with  suitable  counterpoises  (e.g.,  small 
shot  or  fine  sand)  placed  in  the  opposite  pan.  Now 
remove  the  body  and  replace  it  by  weights  sufficient  to 
balance  the  counterpoises,  and  to  bring  the  beam  to  the 
same  position  as  before.  These  weights  are  evidently 
equal  to  the  required  weight  of  the  body,  however  false 
the  balance  used,  for  they  act  under  exactly  the  same 
circumstances  and  produce  exactly  the  same  effect. 

The  second  method  is  less  simple,  but  it  enables  us 
to  test  the  trueness  of  the  balance.  The  body  is  weighed 
first  in  one  scale  pan  and  then  in  the  other.  If  the  two 
observed  weights  are  equal,  the  balance  is  true,  and  each 
is  equal  to  the  trne  weight  of  the  body.  If  not,  the  balance 
is  false,  and  we  have  the  following  cases  to  consider  : — - 

STAT.  o 
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187.  Case  1.  When  the  arms  are  of  unequal  length, 

but  the  weights  of  the  scale  pans  balance  one  another  with 
the  beam  horizontal. 

Let  a,  b  be  the  lengths  of  the  arms.  Let  W  be  the  true 
weight  of  a  body,  P,  Q  the  weights  required  to  balance  it 
when  it  is  weighed  first  in  one  scale  pan  and  then  in  the 
other.      Then,  by  taking  moments    about   the   fulcrum, 

we  have  Wxa  =  Pxb (i), 

and  Wxb  =  Qxa (ii) 

By  multiplication,    W2ab  =  PQab,  or 

W*  =  PQ. 

Therefore  W  =  V(PQ) (Hi.), 

that  is,  the  true  weight  is  the  geometric  mean*  between  the 
observed  weights. 

The  moments  of  the  weights  of  the  beam  and  scale  pan  do  not  come 
into  the  above  equations,  because  they  balance  one  another  in  the 
horizontal  position  of  the  beam. 

When  the  inequality  of  the  arms  is  small  (as  is  the  case  in  all  actual 
balances)  it  is  sufficiently  accurate  for  all  practical  purposes  to  take  as 
the  true  weight  the  arithmetic  mean  \  (P+  Q)  instead  of  the  geometric 
mean  V(PQ),  which  would  be  harder  to  calculate. 

To    compare    the    lengths    of   the    two    arms,    we    have, 

v     /•  \    /••  \  a        P  ,      a        W 

by  (i.),  (n.),  j-w  and    T~- 

<P___WP=Z     or     ± 

b*        WQ       Q'  b 

giving  the  ratio  a\b.  When  this  is  known,  the  true  weight  of  any 
body  may  be  found  by  weighing  once  and  multiplying  the  observed 
weight  by  ajb  or  bja,  according  to  which  arm  the  body  is  suspended 
from. 


therefore  —  =  ^=-  =  4r »    or       ^-  =  *  /  f  —  V 


Examples. — (1)  The  arms  of  a  balance  are  in  the  proportion  of  9  :  10. 
Sugar  is  weighed  out  against  \-Vo.  weight,  placed  first  in  one  scale 
pan  and  then  in  the  other.    To  find  the  total  true  weight  of  sugar. 

Since  the  two  portions  of  sugar  balance  the  ^-lb.  weight  in  the  two 
pans,  their  actual  weights  are  \  x  ^  and  £  x  if-  lb. ;  therefore  true 
weight  of  sugar  m  \  (^  +  V°)  -  m  =  1  tIo  Hw- 

(2)  The  observed  weights  of  a  body  when  weighed  first  in  one  scale 
pan  and  then  in  the  other  are  101  lbs.  and  99  lbs.     If  the  discrepancy 

*   *J(PQ)  is  the  geometric  mean  between  P  and  Q. 
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is  due  to  the  unequal  length  of  the  arms  of  the  balance,  find  the 
error  which  would  be  made  in  taking  the  true  weight  to  be  100  lbs. 

The  true  weight  =  V(99  x  101)  =  -v/9999  lbs. 

By  calculation,     V9999  =  99*995  =  100- -005,  approximately. 

Hence,  by  taking  the  arithmetic  mean  of  the  two  weights,  viz., 
100  lbs.,  as  the  true  weight,  we  should  only  make  an  error  of 
•0051b.,  or  ^y  per  cent,  of  the  whole,  whereas,  if  We  were  to  take 
either  of  the  observed  weights  101  or  99  lbs.,  we  should  make  an 
error  of  about  1  lb.,  or  1  per  cent. 

188.  Case  2.  When  the  scale  pans  are  of  unequal 
weight,  but  the  arms  are  of  equal  length. 

This  often  happens  in  old  balances  on  account  of  the 
greater  wear  and  tear  of  the  pan  with  the  larger  surface. 
It  is  sometimes  corrected  by  fastening  a  piece  of  lead 
below  the  lighter  pan,  or  filing  down  the  heavier  pan.  If 
this  is  not  done,  the  beam  will  not  be  horizontal  when  the 
pans  are  empty,  so  that  the  defect  will  be  obvious. 

Let  p,  q  be  the  weights  of  the  two  pans,  P,  Q  the  weights  which,  when 
placed  in  them,  respectively,  will  balance  a  body  whose  true  weight  is  W. 

Then,  since  the  total  weights  on  the  two  sides  of  the  beam  are 
equal,  ...      j>+p  =  W+q, 

JP+p  =  Q  +  q  ; 
.-.P-W=W-Q    or     2W=P+Q; 
W=\(P+Q); 
that  is,  the  true  tveight  is  the  arithmetic  mean  of  the  observed  weights. 

189.  Case  3.  When  the  C.G.  of  the  beam  is  a  little  on 
one  side,  this  also  will  throw  the  beam  slightly  out  of  the  horizontal, 
and  the  effect  will  be  the  same  as  that  produced  by  a  slight  inequality 
in  the  weights  of  the  pans,  from  which,  however,  it  may  be  distin- 
guished by  interchanging  the  two  pans.  It  is  corrected  by  filing  the 
beam  away  on  the  heavier  side  till  it  balances  horizontally.  As  in 
Case  2,  the  arithmetic  mean  of  the  two  weighings  gives  the  correct 
weight. 

It  follows  that  the  correct  weight  of  a  body  is  always  the  arithmetic 
mean  of  its  apparent  weights  in  the  two  scale  pans  except  when  the 
inequality  in  the  arms  of  the  balance  is  considerable.  [But  even  in  this 
case  the  first  method  of  double  weighing  of  §  186  is  correct.] 
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190.  Roberval's  Balance.  nQ, 

— This  is  a  letter-balance  in  p 

which    the    scale    pans    are 
hinged    to   two   levers  AEB,  /, 

CFD,  which  tnrn  about  their 
middle  points  £,  F.  When 
the  balance  is  slightly  dis- 
placed, one  of  the  platforms  ™>  li9 
goes  up  and  th©  other  goes 
down    through    exactly   the 

same  distance,  and  the  platforms  always  continue  to  remain 
horizontal.  Hence,  if  equal  weights  P,  Q  are  placed 
anywhere  on  the  pans,  the  works  done  by  them  in  rising 
and  falling  will  be  equal  and  opposite,  and  will  be  the  same, 
no  matter  whereabouts  on  the  pans  P,  Q  be  placed. 
Therefore,  by  the  Principle  of  Work,  equal  weights  will 
balance  one  another  whatever  be  their  positions,  although 
one  may  be  nearer  the  fulcrums  E,  F  than  the  other. 

191.  The  common  or  Roman  steelyard  consists  of  a 
beam  (AB,  Fig.  150)  moveable  about  a  fulcrum  or  knife 
blade  C  fixed  near  one  end  B.  From  B  is  suspended  the 
scale  pan  containing  the  body  to  be  weighed,  and  a 
moveable  weight  is  slid  along  the  arm  CA  until  the  beam 
balances  horizontally.  The  arm  is  graduated  in  such  a 
way  that  the  reading  P,  at  which  the  weight  rests, 
indicates  the  required  weight  of  the  body. 

192.  To  graduate  the  common  steelyard. — Let  P 

denote  the  moveable  weight.  First  let  the  scale  pan  be 
empty,  and  let  0  be  the  position  of  the  weight  P  when 
the  beam  balances  horizontally  about  G.  Then  the  point 
0  must  bo  marked  0  (zero).  We  notice  that  the  shorter 
aim  GB  and  scale  pan  at  B  must  be  heavy  enough  for 
their  moments  about  G  to  balance  those  of  the  weight  of 
the  longer  arm  GA,  and  of  P  acting  at  0. 

Now  let  a  weight  W  be  placed  in  the  scale  pan.  This 
weight  acts  on  the  beam  at  B,  hence  its  moment  about  G 
is  WxBG.  To  balance  this  added  moment,  we  must 
increase   the   moment  of   P   by   an  equal   and    opposite- 
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amount  by  moving  it  further  away  from  the  fulcrum. 
Thus,  if  P  be  the  new  position  of  P,  its  moment  about  0 
is   increased    by    PxGP-PxCO,    that    ip,    by    P  x  OP 


Fig   150. 
Equating  the  added  moments  of  P,  W  about  G,  we  have 
therefore  PxOP=  WxBG, 

W 


or 


0P=  jxBG. 


Now  let  /  denote  the  position  of  P  when  the  unit  of 
weight  (say  1  lb.)  is  placed  in  the  scale  pan.      Putting 


W  =  1,  we  have 


01  =  ±  BC. 


Therefore  OP  =  W .01. 

Hence,         if  W  =  2  units,  OP  =  20/ 

if  W  =  3  units,  OP  =  SOI 

if  W=iunib,    OP  =  ^0/ 

and  so  on.     We  therefore  have  the  following  rule : — • 

Find,  by  actual  trial,  the  points  0, 1  at  which  P  must  he 
placed  when  the  scale  pan  is  empty  and  when  it  contains  the 
unit  of 'Weight,  respectively.  From  0  measure  off  on  0A 
successive  multiples  and  submultiples  of  the  length  01.  Their 
extremities  will  be  the  points  of  graduation  for  the  corre- 
sponding multiples  and  submidtiples  of  the  unit  of  weight. 

193.  Modifications  of  the  common  steelyard. — Weighing* 
machines. 

In  order  to  use  the  common  steelyard  for  widely  differing  weights, 
it  would  be  necessary  either  to  make  the  aim  very  long,  or  to  bring 
tho  graduations  very  close  together :  in  one  case  tha  beam  would  be 
liable  to  bend  ;  in  the  other  it  would  lose  much  of  its  sensitiveness. 
For  this  reason  most  steelyards  (such  as  the  common  weighbridge  or 
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weighing  machine  of  railway  stations)  carry  a  scale  pan  attached  to 
the  longer  arm  at  A,  and  larger  weights  {e.g.,  28  lbs.,  56  lbs.,  1  cwt., 
&c.)  are  measured  by  a  set  of  weights  placed  in  this  scale,  smaller 
weights  only  [e.g.,  0  to  28  lbs.)  being  read  off  on  the  arm  by  the 
sliding  weight.  And,  since  the  arm  CA  is  many  times  longer  than 
CB,  each  of  the  weights  used  in  the  scale  at  A  is  marked  to  represent 
a  weight  many  times  larger  than  itself.  Thus  heavy  goods  can  be 
weighed  by  means  of  weights  that  are  quite  handy  to  lift. 

This  mechanical  advantage  is  further  increased  in  most  weighing 
machines  by  means  of  levers  placed  underneath  the  platform  carrying 
the  goods. 

In  a  chemical  balance,  small  weights  (milligrammes)  are  measured 
bya"  rider  "  moved  along  the  beam  like  the  moveable  weight  in  a 
steelyard. 

194.  The  Danish  steelyard  (not  used  in  this  country) 
has  no  moveable  weight,  but  the  fulcrum  itself  is  move- 
able, and  generally  consists  of  a  loop  of  string  from  which 
the  beam  hangs.  The  end  A  of  the  beam  is  loaded,  so 
that  when  the  scale  is  empty  it  balances  about  a  point  0 
very  near  that  end.  0  is  therefore  the  point  at  which  the 
resultant  weight  of  the  beam  and  scale  acts. 

If  now  a  series  of 
weights  of  1  lb.,  2  lbs., 
3  lbs.,  &c,  be  placed  in 
succession   in  the    scale,  A    s*3  * 

the  fulcrum  will  have  to 
be  moved  nearer  and 
nearer  towards  the  end 
B,  for  the  greater  the 
weight  at  B,  the  nearer  Fig.  151. 

must  the  balancing  point 

be  to  B.  By  marking  on  the  beam  BO  the  successive 
points  about  which  it  balances,  the  steelyard  will  be 
graduated  in  lbs.,  and  similarly  it  may  be  graduated  in 
grammes  or  for  any  other  set  of  weights. 

195.  To  find  a  mathematical  formula  for  the  positions 
of  the  graduations. 

[We  shall  now  show  how  to  graduate  the  Danish  steelyard 
theoretically,  although,  practically,  the  graduations  can  be  found  much 
more  easily  by  actual  trial,  as  explained  above.] 

Let  W  be  the  weight  placed  in  the  scale  pan  at  B,  and  let  P  be  the 
whole  weight  of  the  beam  and  scale  pan  acting  at  0.     Then,  in  order 


o 
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to  balance,  the  fulcrum  will  have  to  be  moved  from  0  to  a  point  C, 
such  that  the  moments  about  0  of  P  at  0  and  W  at  B  are  equal  and 
opposite,  or  TFxBC  =  PxOO. 

The  graduations  on  the  Banish  s'eehjard  are  not  equidistant.  Sup- 
posing W  to  be  n  times  P,  we  have 

nBC  =  CO ; 
BO  =  BC  +  C0  =  (n+l)BO, 

or  BC=  -i-  BO. 

n+  1 

Putting  n  =  1,  2,  3,  we  see  that  the  distances  BO  corresponding  to 
weights  P,  2P,  ZP  ...  are  respectively  \,  \,  i  ...  of  £0.  It  readily 
follows  that  the  distances  between  the  graduations  grow  less  and  less 
towards  the  end  B. 

[The  numbers  1,  \,  \,  \  ...  are  the  reciprocals  of  1,  2,  3,  4  ...,  and  the  latter 
numbers  are  in  arithmetical  progression.  Now  a  series  of  the  reciprocals  of 
numbers  in  arithmetical  progression  is  called  a  harmonic  progression. 
Hence  the  distances  of  the  successive  graduations  from  B  are  in  harmonic 
progression.] 

196.  The  bent  lever  balance  commonly  used  for  weighing 
letters  and  small  parcels  consists  essentially  of  a  bent  lever  (usually 
cut  out  of  a  sheet  of  metal),  whose  arms  include  rather  more  than  a 
right  angle.  The  longer  arm  is  so  heavy  as  to  rest  nearly  vertically 
in  the  position  of  equilibrium,  but  when  a  letter  or  parcel  is  suspended 
from  the  shorter  arm,  the  moment  of  its  weight  turns  the  lever  round. 
The  inclination  of  the  longer  arm  to  the  vertical  in  its  new  position  of 
equilibrium  determines  the  weight  of  the  latter,  and  is  read  off  by 
means  of  a  pointer  in  front  of  a  graduated  scale  arranged  in  various 
ways  with  which  the  reader  is  doubtless  familiar.  Unlike  the  other 
balances  here  described,  the  bent  lever  balance  falls  into  its  equilibrium 
position  of  its  own  accord  without  any  adjustment  of  weights,  &c,  so 
that  letters  can  be  weighed  very  rapidly  by  it.  A  mathematical 
formula  for  the  positions  of  the  graduations  can  be  obtained,  but  prac- 
tically they  are  ;ound  by  trial. 

Summary  of  Results. 
The  requisites  of  a  good  balance  are  that  it  should  be 

(1)  true,  i.e.,  the  beam  should  be  horizontal  when  loaded 

with  equal  weights. 

Conditions. — Equal    arms,    scale-pans    of    equal 
weight,  beam  properly  balanced.  (§  182.) 

(2)  stable,  i.e.,  the  beam  should  return  to  its  equilibrium 

position  when  displaced. 

Conditions. — c.G.  and  middle  point  of  beam  below 
knife  blade.  (§183.) 
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(3)  sensitive,  i.e.,  the  beam  sensibly  deflected  when  weights 

slightly  unequal. 

Conditions. — Height  of  knife  blade  small,  arms 
long.  (§184) 

(4)  rigid,  i.e.,  beam  not  bent  by  weights.  (§  185.) 
With  &  false  balance  the  true  weight  of  a  body  may  be 

found  by  double  weighing  (two  methods).  (§  186.) 

If  the   arms   are  unequal,  W,  the  true  weight,   is  the 

geometric  mean  of  P,  Q,  the  observed  weights  in  the  two 

pans,  i.e.,  W  =  v/(PQ).  (§  187.) 

If  the  scale  fans  are  of  unequal  weight,  the  true  weight 
is  the  arithmetic  mean  of  the  observed  weights,  i.e., 

W=i(P+Q).  (§188.) 

In  the   common  steelyard,  a  weight  is  moveable  along 

the  beam;  graduations  equidistant.  (§§  191,  192.) 

fn  the  Danish  steelyard,  the  fulcrum  is  moveable,  the 
weights  fixed.  (§  194.) 

EXAMPLES  XIII. 

1.  Describe  some  form  of  weighing-machine,  and  explain  carefully 
why  the  indication  of  the  machine  does  not  depend  on  the  position  of 
the  body  to  be  weighed  on  the  platform. 

2.  A  balance  consists  of  a  uniform  rod,  of  length  18  ins.,  and 
weight  =  ^lb.,  the  fulcrum  being  -|  in,  to  one  side  of  the  c.g.  of  the 
rod.  If  1  lb.  be  in  the  scale  attached  to  the  shorter  arm,  find  how 
much  tea  a  customer  has  weighed  out  to  him  in  the  other  scale. 

3.  In  a  steelyard  the  distance  of  the  fulcrum  from  the  point  of  sus- 
pension of  the  weight  is  1  in.  and  the  moveable  weight  is  6  oz.  To 
weigh  15  lbs.  the  moveable  weight  must  be  placed  8  ins.  from  the 
fulcrum.     Where  must  it  be  placed  to  weigh  24  lbs.  ? 

4.  The  arms  of  a  balance  are  7  ins.  and  8  ins.  respectively.  A  body 
when  suspended  successively  at  the  two  extremities  appears  to  weigh 
4  lbs.  and  o^i-  lbs.     Is  the  beam  of  the  balance  uniform  ? 

5.  Can  the  steelyard  be  employed  to  determine  whether  or  not  the 
weight  of  a  body  is  the  same  in  different  places  ? 

6.  If  a  Danish  steelyard  weighs  5  lbs.,  and  if  to  weigh  15  lbs.  the 


BALANCES.  201 

fulcrum  must  be  placed  3  ins.  from  the  point  of  suspension  of  the 
weight,  where  must  it  be  placed  in  order  to  weigh  7  lbs.  ? 

7.  A  uniform  rod  2ft.  long  and  weighing  3  lbs.  is  to  be  used  as  a  steel- 
yard. The  fulcrum  is  2  ins.  from  one  end  of  the  rod,  and  the  sliding 
weight  is  1  lb.  Find  the  greatest  and  the  least  weights  which  can  be 
determined  by  this  machine ;  and  also  where  the  sliding  weight  must 
be  placed  to  indicate  a  weight  of  20  lbs. 

8.  Write  down  the  weights  of  the  least  number  of  weights  capable 
of  weighing  any  exact  number  of  pounds  (i.)  from  1  to  31  lbs.,  if  no 
weights  are  placed  in  the  scale  pan  containing  the  goods,  (ii.)  from 
1  to  40  lbs.,  if  weights  are  placed  in  either  scale  pan. 

9.  A  shopman  using  a  common  steelyard  alters  the  moveable  weight 
for  which  it  has  been  graduated.  Determine  whether  he  cheats 
himself  or  his  customers. 

10.  A  balance  has  a  weight  attached  to  its  beam  below  the  centre  of 
gravity.  Is  the  sensibility  of  the  balance  greater  when  the  weight  is 
hung  freely  by  a  string,  or  when  it  is  rigidly  attached  to  the  balance  ? 

11.  A  Danish  steelyard  has  the  loop  forming  the  fulcrum  removed, 
and  it  is  hung  from  a  peg  by  two  strings  attached  to  the  end  of  its 
bar.  If  a  plumb-line  be  hung  from  the  same  peg,  prove  that  the 
graduation  on  the  bar  which  falls  opposite  the  plumb-line  will 
indicate  the  correct  weight  of  a  body  placed  in  the  scale  pan. 

12.  A  spring-balance  hangs  from  the  shorter  arm  of  a  lever,  and  in 
weighing  goods,  the  scale  pan  is  raised  from  off  the  ground  by  pulling 
down  the  longer  arm  of  the  lever  and  thus  lifting  the  balance.  A 
person  stands  in  the  scale  pan  and  pulls  himself  up  in  this  way,  and 
the  balance  indicates  a  weight  of  8  stone.  If  the  arms  of  the  lever 
are  6  ins.  and  2  ft.  long  respectively, .find  the  man's  true  weight. 

13.  It  is  desired  to  change  the  moveable  weight,  2  oz.,  of  a  steel- 
yard for  one  of  1  lb.  Show  that  there  will  be  no  necessity  to  alter  the 
graduations,  provided  a  weight  equal  to  7  times  the  weight  of  the  steel- 
yard is  suspended  at  its  centre  of  gravity. 

14.  There  are  no  graduations  on  a  certain  Danish  steelyard,  and  its 
weight  is  not  known ;  but,  by  hanging  up  from  the  end  A,  weights 
P  lbs.  and  Q  lbs.  in  succession,  it  is  found  that  the  corresponding 
distances  of  the  fulcrum  from  A  are  a  and  b  ins.  respectively.  Find 
the  position  of  the  centre  of  gravity  of  the  instrument,  and  show  that  its 
weight  is  (bQ-aP)j(a-b)  lbs, 
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EXAMINATION  PAPER  VI. 

1 .  Explain  why  in  a  common  scale  pan  or  letter  balance  it  does  not 
matter  whereabouts  on  the  pan  the  weights  are  placed  ;  although  they 
may  be  sometimes  near,  and  sometimes  further  off,  the  fulcrum. 

2.  Describe  the  common  steelyard,  and  show  how  to  graduate  it, 
and  that  the  graduations  are  equidistant.  What  advantage  is  gained 
by  the  use  of  a  steelyard  ? 

3.  Describe  the  Danish  steelyard  with  fixed  counterpoises,  and 
show  that  the  distances  of  the  points  of  graduation  along  the  load 
arm  form  a  harmonical  progression. 

4.  Explain  the  method  of  double  weighing  in  a  balance,  and  show 
that  any  inequality  in  the  arms  of  the  balance  will  not  affect  the 
accuracy  of  the  result  obtained. 

5.  A  steelyard  is  correctly  graduated  when  new;  but,  by  the 
wearing  away  of  the  rod,  the  weight  of  the  rod  and  the  position  of  its 
centre  of  gravity  are  slightly  changed.  It  is  found  that  a  body 
appearing  to  weigh  2  lbs.  in  reality  weighs  2  lbs.  ^  oz.  Find  the 
true  weight  of  a  body  appearing  to  weigh  10  lbs. 

6.  Find  an  expression  for  the  whole  amount  of  work  done  in  raising 
several  weights  through  different  heights. 

7.  A  uniform  beam  weighs  1000  lbs.  and  is  20  ft.  long.  It  hangs 
by  one  end,  round  which  it  can  turn  freely.  How  many  foot-pounds 
of  work  must  be  done  to  raise  it  from  its  lowest  to  its  highest  position  ? 

8.  A  thread  9  ft.  long  has  its  ends  fastened  to  the  ends  of  a  weight- 
less rod  6  ft.  long.  The  rod  is  "supported  in  such  a  manner  as  to  be 
capable  of  turning  freely  round  a  point  2  ft.  from  one  end.  A  weight 
is  placed  on  the  thread,  like  a  bead  on  a  string.  Give  a  diagram 
showing  the  position  in  which  the  rod  will  come  to  rest. 

9.  Find  the  centre  of  gravity  of  equal  masses  placed  at  each  of  five 
of  the  corners  of  a  regular  hexagon. 

10.  Two  equal  heavy  spheres  of  1  in.  radius  are  in  equilibrium 
within  a  smooth  spherical  cup  of  3  ins.  radius.  Show  that  the  thrust 
between  the  cup  and  one  of  the  spheres  is  double  the  thrust  between 
the  two  spheres, 
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CONDITIONS  OF  EQUILIBRIUM   OF   COPLANAR 

FORCES. 
197.  Definition. — By  coplanar  forces  are  meant  forces 
in  one  plane.  In  discussing  the  statical  effects  of  different 
systems  of  forces  in  this  chapter  we  shall  assume,  unless 
otherwise  stated,  that  all  the  forces  are  applied  to  the  same 
rigid  body. 

Any  system  of  coplanar  forces,  not  in  equilibrium, 
is  equivalent  either  to  a  single  force,  or  to  a  couple. 
(Of.  §  96.) 

We  will  first  prove  that  any  three  forces,  say  P,  Q,  B,  can 
always  be  reduced  to  two. 

Two  forces  can  always  be  replaced  by  a  single  resultant, 
unless  they  form  a  couple. 

Thus  we  can  always  compound  P  with  either  Q  or  B, 
unless  P  forms  a  couple  with  each  of  them. 

In  this  case,  Q  and  B  are  equal,  parallel,  and  like  forces 
(for  each  acts  in  the  opposite  sense  to  P),  and  thus  Q  and 
B  can  be  compounded. 

Hence  any  three  forces  can  always  be  reduced  to  two. 

By  applying  this  theorem  to  three  of  the  forces  in  any 
system,  we  should  reduce  the  total  number  of  forces  by 
unity.  Hence,  by  repeated  applications  of  the  theorem,  we 
can  obviously  reduce  any  system  of  forces  to  two  forces, 
and  these  two  forces  must  either  be  in  equilibrium,  or 
form  a  couple,  or  have  a  single  resultant. 

If  the  system  reduces  to  a  couple,  it  is  better  to  call  it  the  equivalent 
couple,  rather  than  the  resultant  couple,  of  the  system. 
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198.  Deductions  from  the  preceding  theorem. — Wo 

have  proved  in  §  29  that  the  algebraic  sum  of  the  resolved 
parts  of  two  forces  in  any  direction  is  equal  to  the  resolved 
part  of  their  resultant  in  that  direction. 

By  applying  this  theorem  at  every  step  in  the  reducing 
of  a  system  of  forces,  we  see  that 

The  algebraic  sum  of  the  resolved  farts  of  a  system  of 
coplanar  forces  in  any  direction  is  equal  to  the  resolved  part 
of  their  resultant  force,  or  equivalent  couple,  in  that  direction. 

It  must  also  be  noticed  that  the  sum  of  the  resolved 
parts  of  a  couple  in  any  direction  is  zero.  For  the  resolved 
parts  of  the  two  forces  which  form  the  couple  are  equal  in 
magnitude  (since  the  forces  are  equal  and  are  inclined  at 
equal  angles  to  the  given  direction)  ;  also  the  resolved 
parts  are  of  opposite  sign,  since  the  two  forces  are  unlike. 

Hence,  if  a  system  of  forces  is  in  equilibrium,  or  reduces 
to  a  couple,  the  algebraic  sum  of  resolutes  in  any  direction 
is  equal  to  zero. 

Similarly,  by  repeated  application  of  §  80,  Cor.  2  : — 

The  algebraic  sum  of  the  moments  of  any  system  of  forces 

about  a  point  is  equal  to  the  moment  of  their  resultant  force, 

or  equivalent  couple,  about  that  point. 

199.  Theorem. — (i.)  If  the  algebraic  sum  of  moments  of 
a  system  of  coplanar  forces  about  every  point  in  the  plane  is 
zero,  the  system  is  in  equilibrium. 

For,  if  the  system  reduced  to  a  single  force,  its  moment 
would  only  be  zero  round  a  point  in  its  line  of  action  ; 
and,  if  the  system  reduced  to  a  couple,  the  algebraic  sum 
of  moments  about  any  point  would  be  equal  to  the  moment 
of  the  couple. 

Similarly  we  have  the  two  following  theorems  . — 

Theorem. —  (ii.)  If  the  algebraic  sum  of  moments  of  a 
system  is  the  same  about  every  point  in  its  plane,  (lie  system 
reduces  to  a  couple. 

Theorem. —  (Hi.)  If  the  algebraic  sum  of  moments  of  a 
system  is  different  about  different  points  in  the  plane,  the 
system  reduces  to  a  single  force. 
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200.  Necessary  and  sufficient  conditions  of  equi- 
librium. 

We  are  now  in  a  position  to  prove  the  two  following 
important  theorems  : — 

Theorem. — (i.)  If  the  algebraic  sum  of  moments  of  a 
coplanar  system  of  forces  vanishes  about  each  of  three  points 
which  are  not  in  the  same  straight  line,  then  the  system  is 
in  equilibrium. 

It  cannot  reduce  to  a  couple,  for  in  that  case  the 
algebraic  sum  of  moments  about  any  point  in  the  plane 
would  be  equal  to  the  moment  of  the  couple. 

If  possible,  let  it  reduce  to  a  single  force  ;  then  the 
moment  of  this  force  about  each  of  the  three  points  is  zero; 
therefore  its  line  of  action  passes  through  each  point,  i.e., 
its  line  of  action  passes  through  three  points  which  are  not 
in  the  same  straight  line,  which  is  impossible. 


201.  Theorem. — (ii.)  If  the  algebraic  sum  of  resolved 
parts  of  a  system  vanishes  in  each  of  two  given  different 
directions,  and  if  also  the  algebraic  sum  of  moments  vanishes 
about  one  given  point,  then  the  system  is  in  equilibrium. 

Cor. — The  result  of  §  93  follows  at  once  from  this  theorem.  For 
the  sum  of  the  moments  of  these  two  equal  and  opposite  couples  ahout 
any  point  is  zero. 

[N.B. — To  resolve  a  force  in  a  given  direction  is  to  resolve  it 
parallel  to  a  given  straight  line.  Thus  the  two  given  different  direc- 
tions must  be  determined  by  two  given  straight  lines  which  are 
themselves  not  parallel,  for  two  parallel  lines  are  in  the  same  direction 
and  resolving  parallel  to  the  one  would  be  the  same  as  resolving 
parallel  to  the  other.] 

The  system  cannot  reduce  to  a  couple,  for  in  that  case 
the  algebraic  sum  of  moments  about  the  given  point  would 
be  equal  to  the  moment  of  the  couple. 

If  possible,  let  it  reduce  to  a  single  force.  The  resolved 
part  of  a  force  along  a  line  is  not  zero  unless  the  line  of 
action  of  the  force  is  perpendicular  to  the  line. 

Thus  the  line  of  action  of  the  resultant  force  is  perpen- 
dicular to  each  of  the  two  given  lines,  and,  since  these  are 
not  parallel,  this  is  impossible. 


i 
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202.  Analytical  expressions  for  the  conditions  of 

equilibrium. — The  theorem  of  the  last  paragraph  may  be 

put  into  a  very  convenient  form  if  the  two  given  directions 

are  at  right  angles.    Let  0  be  the  given 

point  round  which  moments  are  taken,        y  y, 

and  let  OX  and  OY  be  drawn  in  the 

two  given  directions;  then  LXOY is  a 

right  angle. 

Let  the  forces  of  the  system  be  P1? 
P2,  P3,  ...,  acting  at  the  points  Av  A2,        o~~  "~x' 

>43,  ...  ;  let  the  perpendicular  distances  Fig.  152. 

of  these  points  from  OK  be  xv  x2,  xs,  ..., 
and   from   OX  be  yv  y2,  yz,  ...    (cf.  §174);    and  let  the 
resolved  parts  of  the  forces  parallel  to  OX  be  Xv  X2,  X3,  ..., 
and  parallel  to  0  Y  be  Y19  Y2,  Ys,  .... 

Then  the  moment  of  Px  about  0 

=  algebraic  sum  of  moments  of  Xx  and  Yx  about  0 

=  xlY1-ylX1; 

thus  the  algebraic  sum  of  moments  of  the  system  about  0 

=  (a^-^XJ  +  (x2Y2-y2X2)  +  &c. 

This  expression  is  most  conveniently  represented  by  the 
notation  S  (xY—yX),  where  5  (k)  denotes  the  summation 
of  a  series  of  terms  of  which  k  is  the  type. 

Again  the  algebraic  sum  of  resolved  parts  parallel  to 

0*is  X1  +  XJ  +  X3K..=2(X), 

and  of  resolved  parts  parallel  to  OY  is 

Thus  the  necessary  and  sufficient  conditions  of  equi- 
librium in  Theorem  (ii.)  of  the  last  paragraph  reduce  to 
the  following  three  equations  : — 

${xY-yX)=0  (1); 

S(X)  =0  (2); 

S(r)      =o (3). 
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If  px,  p.2,  ...  represent  the  perpendiculars  from  0  on  the 
lines  of  action  of  Pv  P2,  ...,  then  the  moment  of  Pl  about 
0  is  Pxpx ;  and  thus  the  first  condition,  viz.,  that  the  sum 
of  moments  about  0  =  0,  may  be  represented  by  the 
equation 

S(-Pp)  =  0 (1a), 

where  the  signs  of  Pxpx,  P2P»  •••  are  determined  according 
to  the  usual  convention  for  moments. 


203.  Condition  for  a  couple. — If  the  algebraic  sum  of 
moments  of  a  system  of  forces  is  the  same  and  of  the  same 
sign  when  taken  about  each  of  three  points  not  in  the  same 
straight  line,  then  the  sy stem  reduces  to  a  couple. 

If  possible,  let  it  reduce  to  a  single  force  P ;  and  let 
PvPv  Ps  be  the  perpendiculars  from  the  three  given  points 
on  the  line  of  action  of  P. 

Then  the  moment  of  P  about  each  point  is  the  same, 
.-.     pPl  =  Pp2  =  Pp&  ; 

•'•     Pi=Pi=Pv 

i.e.,  the  three  points  are  all  at  the  same  distance  from  the 
line  of  action  of  P.  Again,  since  the  moments  are  all  of 
the  same  sign,  the  three  points  are  all  on  the  same  side  of 
the  line  of  action  of  P. 

Therefore  the  three  points  are  in  one  straight  line, 
which  is  contrary  to  hypothesis. 

Examples. — (1)  If  forces  act  along  the  sides  of  a  closed  polygon,  and 
are  represented  in  magnitude  and  direction  by  the  sides  of  the  polygon 
taken  in  order,  prove  that  they  are  equivalent 
to  a  couple. 

Let  ABODEF  be  the  polygon ;  join  each 
angular  point  to  some  point  0  within  the 
polygon. 

Then  moment  of  AB  ah  out  0  =  2&0AB, 

„      „     BO      „'        =2A0B0, 
and  so  on ; 

.*.     algebrai'c  sum  of  moments  about  0 

=*  2  area  of  polygon. 
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Fig.  154. 


If  the  point  0  be  taken  tvithont  the  polygon  as  in  Fig.  1 54,  we  have, 
when  the    positive    and    negative 

signs  of  the  various  moments  are  D 

taken  into  account, 

algebraic  sum  of  moments  about  0 

=  2  .  (AAOB  +  ABOC  f  ACOD 

-AEOD-aFOE-aAOF) 
=  2  (figure  0ABCD-  figure  OAFED) 
—  2  .  area  of  polygon,  as  before.        C 

Thus  the  algebraic  sum  of  mo- 
ments is    the    same    about   every 
point  in  the  plane ;   therefore,  from  §  203,  the  system  is  equivalent 
to  a  couple. 

(2)  If  in  a  system  of  coplanar  forces  in  equilibrium  we  alter  the 
points  of  application  of  the  forces  without  altering  their  magnitudes 
and  directions,  prove  that  the  new  system  is  either  in  equilibrium  or 
equivalent  to  a  couple. 

For,  since  we  have  not  altered  the  magnitudes  or  directions  of  the 
forces,  we  have  not  altered  their  resolved  parts  in  any  given  direction. 
But,  since  the  original  system  is  in  equilibrium,  therefore  the  algebraic 
sum  of  resolved  parts  in  any  direction  is  zero  in  the  original  system, 
and  therefore  also  in  the  new  system.  But  if  the  new  system  were 
equivalent  to  a  single  force,  the  algebraic  sum  of  resolved  parts  would 
not  be  zero,  except  when  resolved  in  one  direction,  viz.,  at  right 
angles  to  the  line  of  action  of  the  force.     Hence  the  theorem  follows. 

204.  To  find  the  resultant  of  a  given  force  and 
conple. — Let  the  force  be  Q,  acting  at  C,  and  let  the 
moment  of  the  couple  be  M. 


A 

I 


B 


a 


^fl-K 


Fig.  155. 
The  couple  can  be  replaced  by  a   conple   whose  two 
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forces   Qx  and  Q.y  are  each  equal  to   Q,  and  whose  arm 

M 
=  — —  units  of  length.     For  the  moment  of  this  couple 

Moreover  the  new  couple  can  be  placed  in  any  position 
in  the  plane.  Suppose  it  then  so  placed  that  Qx  acts  at  G 
in  the  opposite  direction  to  Q.  Then  Q2  will  be  acting  in 
a  direction  parallel  to  Q  and  at  a  distance   equal  to  the 

M 

arm  of  the  couple,  viz.,  -—units  of  length.     (Fig.  155.) 

In  this  case  Q  and  Qx  balance,  and  therefore  the  system 
reduces  to  Q2.     Moreover  the  moment  of  Q2  round  G 

M 
=  Q2  x  arm  of  couple  =  Q  x  —  =  M. 

Thus  the  resultant  of  the  system,  is  a  force  equal  and  parol- 
lei  to  the  given  force,  and  at  such  a  distance  from  it  that  its 
moment  about  the  point  of  application  of  the  original  force 
is  equal  to  the  moment  of  the  couple. 

For  the  sake  of  clearness  we  have  omitted  to  consider  the  sign  of 
M.  In  all  cases  the  moment  of  the  resultant  about  C  is  algebraically 
equal  to  the  moment  of  the  given  couple.  This  the  student  should 
verify. 

Example. — To  find  the  resultant  of  a  force  of  5  lbs.  and  a  couple 
formed  of  two  forces  of  4  lbs.  acting  on  an  arm  of  2\  feet. 

Let  the  given  force  of  5  lbs.  act  at  A 
in  the  direction  represented  in  Fig  .156.  *  5  lbs. 

Draw  AB  perpendicular  to  it.  />v«? .         \i4ihs 

Then,  if  the  resultant  of  the  three        /  ^£  yP^>-\A 
forces  cuts  AB  in  B,  the  algebraic  sum      1^4 lie      ^Sr. fi\  \ 

of  their  moments  about  B  is  zero,  and  \  Xcn 

hence  the  moment  of  the  force  of  5  lbs.  \slls 

at  A  is  equal  and  opposite  to  that  of 
the  couple  ;  Fig.  156. 

.  •.     5  x  AB  =  2}  x  4  ;    whence  AB  =  2  ft. 

At  B  introduce  two  equal  and  opposite  forces  of  5  lbs.  One  of  these 
combined  with  the  force  at  A  will  form  a  couple  whose  moment  is 
equal  and  opposite  to  the  given  couple,  and  which  therefore  balances 
the  latter.  Hence  the  resultant  is  the  remaining  force  of  5  lbs-  acting 
at  B,  parallel  to  the  original  force  at  A. 
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205.  Two  couples  of  equal  and  opposite  moment, 
in  parallel  planes,  balance  one  another. 

Firstly,  let  the  arm  AB  of  one  couple  be  equal  and 
parallel  to  the  arm  CD  of  the  other,  Fig.  150;  then  the 
forces  will  be  equal  and  parallel,  though  not  in  the  same 
plane. 

Then  ABDO  is  a  parallelogram  ;  therefore  its  diagonals 
AD  and  BG  bisect  each  other,  say  at  0. 


Fig.  156. 

Now  P  at  A  and  P  at  D  are  equivalent  to  2P  at  0. 

Also  P  at  B  and  P  at  C  are  equivalent  to  2P  at  0  in  the 
opposite  direction. 

Thus  the  system  is  in  equilibrium. 

Secondly,  if  the  arms  of  the  couple  are  not  equal  and 
parallel,  one  couple  can  be  replaced  by  a  new  couple  of 
equal  moment  in  the  same  plane  whose  arm  is  equal  and 
parallel  to  that  of  the  other  couple.  Whence  the  theorem 
still  holds. 

Cor. — The  effect  of  a  couple  is  unaltered  if  it  be  trans- 
ferred to  a  parallel  plane. 

206.  Axis  of  a  couple. — The  statical  effect  of  a  couple 
on  a  rigid  body  depends  only  on — 

(i.)   The  magnitude  of  its  moment. 

(ii.)  The  direction  of  the  plane  in  which  it  acts. 
Parallel  planes  are,  of  course,  to  be  considered  as  having 
the  same  direction,  which  fits  in  with  the  property  that 
equal  couples  in  parallel  planes  are  equivalent. 
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(iii.)  The  sense  in  which  the  couple  tends  to  turn  a 
body. 

Now  all  these  characteristics  can  be  represented  by  a 
straight  line,  for  the  length  of  the  line  may  be  made  pro- 
portional to  the  moment  of  the  couple,  and  the  direction  of 
the  line  may  be  taken  perpendicular  to  the  plane  of  the 
couple.  The  way  in  which  the  sense  of  the  couple  may 
be  represented  by  the  sense  in  which  the  line  is  drawn 
requires  a  little  fuller  consideration. 

Suppose  we  are  turning  an  ordinary  right -handed  screw  (all  screws 
in  common  use  are  right-handed)  in  a  plank  hy  means  of  a  screw- 
driver. If  we  want  to  unscrew  the  screw,  we  apply  a  couple  to  the 
screwdriver  tending  to  turn  it  in  the  opposite  direction  to  that  in 
which  the'hands  of  a  watch  move  (i.e.,  the  counter-clockwise  direction),, 
and  this  causes  the  screw  to  move  towards  us.  If  we  applied  a  couple 
in  the  reverse  or  clockwise  direction,  we  should  drive  the  screw  further 
into  the  board,  i.e.,  should  make  the  screw  move  away  from  us.  Hence 
the  sense  of  direction  in  which  the  screw  moves  depends  on  the  sense 
of  the  couple  applied  to  it. 

The  sense  of  a  couple  may  therefore  be  represented  by  a 
straight  line  perpendicular  to  its  plane  if  this  line  be 
drawn  in  the  sense  in  which  the  couple  tends  to  move  a 
right-handed  screw. 

We  now  have  the  following  definition : — 

Definition. — The  axis  of  a  couple  is  a  straight  line 
whose  direction  is  perpendicular  to  the  plane  of  the  couple, 
whose  length  measures  the  moment  of  the  couple,  aud  the 
sense  in  which  this  length  is  measured  is  the  sense  in 
which  the  couple  would  tend  to  move  a  right-handed 
screw. 

The  point  from  which  the  axis  of  the  couple  is  measured  may  he 
anywhere. 

We  may  here  state  that,  if  two  couples  act  in  different  planes  (not 
parallel)  on  a  rigid  body,  and  if  their  axes  be  taken  as  two  adjacent 
sides  of  a  parallelogram  drawn  from  their  point  of  intersection,  the 
couples  will  be  equivalent  to  a  single  couple  whose  axis  is  the  diagonal 
of  the  parallelogram  drawn  from  the  same  point.  This  property, 
which  is  called  the  Parallelogram  of  Couples,  is  analogous  to  the 
Parallelogram  of  Forces ;  as  it  is  a  little  difficult  to  prove,  we  content 
ourselves  with  stating  it, 
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207.  Force    Diagrams.  —  Graphic    Solutions.  —  We 

will  now  give  examples  of  the  method  of  solving  problems 
on  the  equilibrium  of  bodies  by  force  diagrams. 

It  is  possible,  and  often  very  convenient,  to  draw  the 
force  diagrams  very  accurately,  and  obtain  the  required 
results  by  direct  measurement,  and  not  by  calculation. 

This  method  of  solving  problems  is  known  as  the  Graphic 
method,  and  the  theory  underlying  the  method  is  known 
as  Graphical  Statics. 

Examples. — (1)  ABCD  (Fig.  158)  represents  a  square  framework  of 
light  rods  freely  hinged  together.  CE  is  a  string  supporting  a  weight 
W.     If  the  whole  is  suspended  from  A,  determine  the  stress  in  BD. 


Fisr.  158. 


Fig.  159. 


There  are  three  forces  in  equilibrium  at  C,  viz.,  TPand  the  tensions 
of  the  rods  CD  and  CB. 

Draw  a  triangle  PQR  whose  sides  are  parallel  to  CE,  CD,  and  CB, 
respectively  (Fig.  157).  Then  the  sides  of  this  triangle  are  propor- 
tional to  the  forces  at  C  ;  thus,  if  PQ  represents  W,  the  tension  along 
CD  is  represented  by  QR. 

Again,  there  are  three  forces  in  equilibrium  at  D,  viz.,  tensions 
along  DC  and  DA,  and  thrust  along  BD.  But  the  tension  along  DC  is 
equal  and  opposite  to  that  at  C  along  CD  ;  and  is  therefore  represented 
by  RQ.  Thus,  if  we  draw  RS  and  QS  parallel  to  DA  and  DB  respectively, 
the  triangle  QRS  represents  the  forces  at  D  ;  thus  the  thrust  along  BD 
is  represented  by  QS. 

It  follows  at  once,  by  geometry,  that   QS  =  PQ. 

Thus  the  thrust  along  BD  =  W. 
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(2)  ABCD  is  a  square  formed  of  equal  light  rods  hinged  freely 
together ;  B  and  D  are  joined  hy  a  string.  If  equal  weights  are 
attached  to  each  corner  and  the  system  is  balancing  on  the  corner  C, 
find  the  tension  of  the  string  (Fig.  160). 

Let  W  be  the  weight  at  each  corner. 

Draw  a  triangle  PQR  (Fig.  161),  whose  sides  are  parallel  to  AC, 
AB,  and  AD,  respectively.     Then  the  sides  of  this  triangle  are  propor- 


Fig  161 


tiOnal  to  the  forces  acting  at  A ;  thus,  if  PQ  represents  W,  RP  repre- 
sents the  thrust  along  DA. 

Produce  QP  to  7*,  making  PT  =  PQ. 

Now  there  are  four  forces  in  equilibrium  at  D,  of  which  two,  viz., 
the  weight  W  and  the  thrust  down  AD,  may  be  represented  by  TP 
and  PR  respectively.  Thus,  if  RS  and  TS  be  drawn  parallel  to  CD  and 
DB  respectively,  it  follows,  from  the  polygon  of  forces,  that  RS  and 
57"  represent  the  thrust  along  CD  and  the  tension  along  DB,  respec- 
tively. 

The  geometry  of  the  figure  gives  ST  =  TQ  =  2PQ ;  thus  the  force 
represented  by  ST  is  2  W. 

Hence  tension  of  string  =  2  W. 
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Summary  of  Results. 

Any  system  of  coplanar  forces  cither  is  in  equilibrium, 
or  reduces  to  a  single  force  or  to  a  couple.  (§  197.) 

A  system  of  coplanar  forces  is  in  equilibrium  if  the 
algebraic  sum  of  moments  is  zero  about  each  of  three 
points  which  are  not  in  the  same  straight  line.        (§  200.) 

A  system  of  coplanar  forces  is  in  equilibrium  if  the 
algebraic  sum  of  resolved  parts  vanishes  in  each  of  two 
different  directions,  and  also  the  algebraic  sum  of  moments 
vanishes  about  one  point.  (§  201.) 

A  system  of  coplanar  forces  is  in  equilibrium  if 

2  (X)       =  0, 
3(Y)       =0, 
and  2  (xY-yX)  =  0.  (§  202.) 

A  couple  may  always  be  replaced  by  any  other  couple 
of  equal  moment  acting  in  any  plane  parallel  to  its  own 
plane.  (§  206.) 

EXAMPLES  XIV. 

1.  Two  coplanar  systems  of  forces  have  equal  algebraic  sums  of 
moments  about  each  of  throe  points  which  are  not  in  the  same  straight 
line.     Prove  that  the  systems  are  equivalent  to  each  other. 

2.  Two  coplanar  systems  of  forces  have  equal  algebraic  sums  of 
resolved  parts  in  each  of  two  different  directions  ;  also  they  have  equal 
algebraic  sums  of  moments  about  one  point.  Prove  that  they  are 
equivalent  to  each  other. 

3.  A  system  of  coplanar  forces,  which  is  not  in  equilibrium,  has  its 
algebraic  sum  of  moments  equal  to  zero,  about  each  of  two  points 
A  and  B.  Prove  that  the  algebraic  sum  of  resolved  parts  is  zero  only 
in  the  direction  perpendicular  to  AB. 

4.  If  a  system  of  forces  reduces  to  a  couple,  prove  that,  if  all  the 
forces  were  applied  at  one  point,  their  magnitudes  and  directions 
being  unaltered,  the  system  would  be  in  equilibrium. 

5.  Prove  §  95,  Cor.,  from  Question  1. 
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6.  Find  the  point  0  within  a  triangle  ABC  such  that  the  three  forces 
represented  by  OA,  OB,  00  are  in  equilibrium. 

7.  A BCDEF is  a  regular  hexagon  having  the  following  forces  acting 
along  the  sides  : — along  BA,  7  lbs. ;  BC,  5  lbs. ;  DC,  1  lb. ;  ED,  1  lb. ; 
FE,  1  lb. ;  FA,  5  lbs.     Show  that  the  system  is  in  equilibrium. 

8.  Forces  act  along  the  sides  of  a  regular  hexagon  ABCDEF  as 
follows :— along  CB,  5  lbs. ;  CD,  8  lbs. ;  ED,  6  lbs. ;  EF,  1  lb. ;  FA,  2  lbs. 
Is  the  system  in  equilibrium  ? 

9.  The  following  forces  act  on  a  square  ABCD  : — along  BA,  4  lbs. ; 
CB,  3  lbs.  ;  DC,  2  lbs.  ;  AD,  5  lbs.  ;  DB,  2  a/2  lbs.  Show  that  the 
system  reduces  to  a  couple,  and  find  its  moment  if  each  side  of  the 
square  measures  3  ft. 

10.  Given  a  quadrilateral  ABCD  acted  on  by  forces  represented  by 
AB,  CB,  DC,  DA,  find  the  condition  that,  it  is  possible  to  balance 
them  by  forces  along  the  diagonals.  Also  find  the  force  required 
along  each  diagonal. 

11.  A  system- of  forces  acts  along  the  sides  of  an  irregular  polygon 
circumscribed  to  a  circle.  Prove  that,  if  the  system  is  in  equilibrium, 
the  sum  of  the  forces  which  act  in  one  direction  round  the  polygon  is 
equal  to  the  sum  of  those  which  act  in  the  other. 

12.  Prove  (from  §  200,  or  otherwise)  that  any  coplanar  system  of 
forces  which  is  not  in  equilibrium  can  be  balanced  by  forces  acting 
along  the  sides  of  a  given  triangle. 

Prove  also  that,  given  the  system  and  the  triangle,  only  one 
set  of  forces  will  balance  it. 

Lastly,  find  the  condition  that  the  required  force  along  any  side 
is  zero. 

13.  Prove,  from  Question  12  or  otherwise,  that  any  coplanar 
cystem  of  forces,  not  in  equilibrium,  can  be  reduced  to  two  forces 
acting  at  two  given  points  A  and  B,  one  of  which  may  be  inclined  at 
any  required  angle  to  the  line  AB. 

14.  Prove  that  a  system  of  forces  can  always  be  reduced  to  a  foree 
at  a  given  point  and  a  couple. 


CHAPTER  XV. 


THE   PRINCIPLES    OF  VIRTUAL  WORK  AND 
VIRTUAL  VELOCITIES. 

208.  Virtual  Work. — We  often  find  ifc  convenient  for 
the  sake  of  argument  to  suppose  a  particle  displaced  from 
one  position  A  to  another  position  B,  although  the  particle 
may  have  no  tendency  to  move  in  this  direction,  or, 
perhaps,  in  any  direction. 

In  this  case  AB  is  called  the  virtual  displacement  of 
the  particle ;  and  the  work  which  would  be  done  by  any 
force  acting  on  the  particle  during  the  displacement  is 
called  the  virtual  work  of  that  force. 

The  results  of  §§  38,  39  can  now  be  stated  thus  : — 
If  a  particle  under  the  action  of  any  forces  receive  a  virtual 
displacement,  then  the  algebraic  sum  of  the  virtual  works  of 
the  forces  is  equal  to  the  virtual  vjorh  of  their  resultant. 

And,  if  the  system  of  forces  be  in  equilibrium,  the  algebraic- 
sum  of  the  virtual  works  is  zero. 

The  last  property  is  a  case  of  what  is  called  the 
Principle  of  Virtual  Work. 

209.  Converse  of  the  Principle  of  Virtual  Work  for 
a  particle. — If  a  particle  is  acted  on  by  a  system  of  forces 
in  one  plane,  and  if  the  virtual  work  of  the  system  vanishes 
for  each  of  two  displacements  which  are  not  in  th.  same 
straight  line,  then  the  system  is  in  equilibrium. 

For,  if  not,  the  virtual  work  of  the  resultant  must  also 
vanish  for  each  displacement.     But; 

the  virtual  work  of  the  resultant  =  displacement  x  resolved 
part  of  the  resultant  along  the  displacement; 

/.   resolved  part  of  resultant  along  each  displacement  =  0: 
therefore  the  line  of  action  of  the  resultant  is  perpendicular 


PRINCIPLES  OP  VIRTUAL  WORK  AND  VIRTUAL  VELOCITIES.     217 

to  each  displacement,  which  is  impossible  since  the  dis- 
placements are  not  in  the  same  straight  line  and  the 
resultant  is  in  the  same  plane  with  them  both. 


210.  Application  to  the  Inclined  Plane. — As  an  example 
of  the  application  of  the  Principle  of  Virtual  Work,  let  us  consider 
the  case  of  a  particle  supported  on  a  smooth  inclined  plane  hy  a  force 
acting  along  the  plane.     (Cf.  §  44.) 

(1)  To  find  the  relation  between  P  and  W. 

Give  the  particle  a  virtual  displacement,    OD,   along  the  plane. 
Draw  Dd  perpendicular  to  the  line  of  action 
of  W  produced.     Then,  since  OD  is  perpen- 
dicular to  R, 

.'.    work  done  by  JR  =  0 ; 
also  work  done  hy  P  —  P .  OD ; 

and  work  done  hy  W  =  —  W.Od; 

whence  the  Equation  of  Virtual  Work  gives 
P.0D-W.0d  =  0; 

P      Od      CB 

.♦.    •— .=  ^-r  =  —  (by  similar  triangles). 
W     OD      AC  )  J  8     ' 

(2)  To  find  the  relation  between  P  and  R. 

Give  the  particle  a  virtual  displacement,  OD,  horizontally.  (This 
displacement  could  not  he  actually  made  in  one  direction  without 
breaking  the  plane,  or  in  the  opposite  direction  without  the  particle 
leaving  the  plane.) 

Draw  Dd  and  De  perpendicular  to  the 
lines  of  action  of  P  and  R,  respectively. 
Then,  since  W  is  perpendicular  to  OD, 

work  done  by  W  =  0  ; 

also  work  done  by  P  =  +P.  Od ; 

and  work  done  by  R  =  —R.Oe; 

whence  the  Equation  of  Virtual  Work  gives 
P.0d-R.0e  =  0, 

"     R      Od     De      AB 

(by  similar  triangles). 

N.B. — It  should  be  noticed  that,  to  find  the  relation  between  P  an<? 
'W,  we  take  a  virtual  displacement  perpendicular  to  R ;  then  the 
virtual  work  of  R  =  0  ;  and  therefore  R  does  not  enter  into  the 
Equation  of  Virtual  Work.  Similarly,  in  (2)  we  take  a  virtual  dis- 
placement perpendicular  to  W. 


Eig.  163. 
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211.  Virtual  Velocities.— Suppose  a  particle  under 
the  action  of  a  system  of  forces  in  equilibrium  to  be 
moved  in  any  manner  whatever;  then,  by  the  principle  of 
virtual  work,  the  work  done  by  the  system  during  any 
time  is  zero ;  therefore  the  rate  of  doing  work  of  the  system 
at  any  instant  is  zero. 

Now,  the  rate  of  doing  work  at  any  instant  depends 
only  on  the  magnitude  and  direction  of  the  forces  at  that 
instant.     Hence, 

If  at  one  particular  instant  the  forces  acting  on  tlie  particle 
are  in  equilibrium,  the  algebraic  sum  of  the  rates  of  working 
of  the  forces  at  that  instant  is  zero. 

Now  suppose  a  particle  moving  with  velocity  u  (which 
we  shall  call  its  virtual  velocity)  in  a  given  direction  AC, 
and  acted  on  by  a  force  P,  making  an  angle  0  with  the 
given  direction. 

Then  the  rate  of  working  of  P  is  the  work  that  would 
be  done  by  P  in  one  second  if  the  particle  continued  to 
move  with  the  same  velocity  during  that  second.  This  is 
equal  to  the  work  done  by  P  while  the  particle  moves  a 
distance  u  in  the  direction  AC 

=  P  x  resolved  part  of  u  along  P's  line  of  action 
=  Pu  cos  0. 

Suppose  the  rate  of  working  of  the  whole  system  is 
zero,  so  that  the  forces  of  the  system  are  in  equilibrium. 
Then  we  have,  by  summation, 

2  (Pu  cos  6)  =  0  (1). 

This  result  may  be  stated  in  words  thus : 

Let  a  system  of  forces  be  in  equilibrium  at  any  instant,  and 
let  given  velocities  be  communicated  to  the  points  of  appli- 
cation of  forces;  then  the  algebraic  sum  of  the  products  formed 
by  multiplying  each  force  into  the  resolved  part  of  the  velocity 
along  the  line  of  action  of  the  force  is  zero. 

Equation  (1)  is  called  the  Equation  of  Virtual  Veloci- 
ties, and  the  principle,  when  enunciated  in  words,  is  the 
Principle  of  Virtual  Velocities.  This  principle  was 
enunciated  by  Newton  in  a  "scholium"  or  rider  appended 
to  his  statement  of  the  Third  Law  of  Motion. 
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Note. — In  some  text-books,  however,  the  Principle  ofVirtualWork  is 
called  by  the  same  name.  The  latter  principle  asserts  that  the  sum 
of  the  works  done  by  a  system  of  forces  is  zero  for  any  displacement  of 
any  magnitude  whatever,  provided  that  the  forces  continue  to  remain  in 
equilibrium  during  the  whole  of  the  displacement.  In  most  statical 
problems  the  forces  do  not  remain  in  equilibrium  in  the  displaced 
position,  and  then  the  principle  only  holds  for  a  very  small  displacement. 
But  for  such  a  displacement  the  virtual  works  of  the  forces  are  them- 
selves very  small,  and  it  is  therefore  more  convenient  to  use  the 
principle  as  stated  above. 

212.  On  the  motion  of  a  right  line  of  constant 
length  in  a  plane. — Let  one  end  A  of  a  line  AB  be 
fixed ;  then,  if  the  length  of  the  line  is  fixed,  the  only 
motion  possible  for  B  is  to  move  round  the  circle  of  which 
A  is  the  centre  and  AB  the  radius ;  and,  therefore,  the 
velocity  of  B  at  any  instant  must  be  perpendicular  to  the 
position  of  AB  at  that  instant.  Now,  if  A  is  also  free  to 
move  in  the  plane,  it  will  still  be  true  that,  in  whatever 
way  the  line  moves,  Z?'s  path  relative  to  A  is  a  circle  or 
part  of  a  circle ;  therefore  Z?'s  velocity  relative  to  A  at  any 
instant  is  at  right  angles  to  the  position  of  AB  at  that 
instant.  Again,  #'s  actual  velocity  at  any  instant  is 
compounded  of  its  velocity  relative  to  A  and  A's  actual 
velocity. 

But  the  resolved  part  of  a  resultant  velocity  in  any 
direction  is  equal  to  the  algebraic  sum  of  the  resolved 
parts  of  the  component  velocities.  (Cf.  §  29  for  the  cor- 
responding theorem  in  forces.) 

.*.     resolved  part  along  AB  of  Z?'s  actual  velocity 
=  resolved  part  of  B's  velocity  relative  to  A 

+ resolved  part  of  A's  actual  velocity. 
But  we  have  proved  that  B's  velocity  relative  to  A  is 
per  endicular  to  AB ;    and,   therefore,  its  resolved  part 
along  AB  is  zero ; 
.*.     resolved  part  of  #'s  velocity  along  AB 

=  resolved  part  of  A's  velocity  along  AB. 

Hence,  if  a  line  AB  of  constant  length  be  moving  in  a 
plane  in  any  manner,  the  resolved  parts  of  the  velocities  of  A 
and  B  along  AB  are  alivays  equal  to  each  other. 
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213.  Principle  of  Virtual  Velocities  for  a  network 
of  particles. — Now  consider  a  system  of  particles  (e.g., 
three  particles  A,  B,  G)  in  a  plane,  rigidly  connected  with 
each  other  by  light  wires,  and  acted  on  by  a  system  of 
forces  which  keep  them  in  equi- 
librium. Then  each  wire  will 
probably  be  in  a  state  of  strain, 
i.e.,  it  may  be  pulling  the  two 
particles  to  which  it  is  attached 
towards  each  other  (in  which 
case  we  say  there  isa"  tension  " 
along  the  wire) ;  or  it  may  be 
pushing  them  away  from  each 
other  (in  which  case  we  say  there 
is  a  "  thrust"  along  the  wire). 

[These  tensions  and  thrusts,  which 
are  merely  reactions  along  different  Fig.  164. 

parts  of  the    system,   are  called  the 

internal  forces  of  the  system ;  and  the  other  forces,  which  are  due  to 
actions  from  outside,  are  called  external  forces.] 

Since  the  system  is  in  equilibrium,  each  particle  is  in 
equilibrium;  therefore,  if  we  give  virtual  velocities  to  A, 
B,  and  G,  algebraic  sum  of  rates  of  working  of  the  forces 
acting  on  A  =  0 ;  and  similarly  for  B  and  G. 

Therefore,  by  summing, 

algebraic  sum  of  rates  of  working  of  all  the  forces  (external 
and  internal)  =  0  (1). 

This  result  is  true  no  matter  what  virtual  velocities  we 
give  to  A,  B,  and  G. 

But  now  suppose  that  we  limit  ourselves  to  giving  only 
such  virtual  velocities  to  A,  B,  and  G  as  they  can  respectively 
have  without  breaking  the  wires  (say,  u,  v,  and  w).  Also  let 
-Rj,  Bv  $!,  #2,  Tlt  T2  be  the  actions  and  reactions  along  the 
wires.     Then,  by  §  212, 

resolved  part  of  u  along  AB  =  resolved  part  of  v  along  AB. 

Moreover,  by  Newton's  Third  Law, 

m  _  _m  . 
J-\  —       x%  > 

but  rate  of  working  of  1\  =  TXX  resolved  part  of  u  along  A  B, 
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rate  of  working  of  T2  =  T2  x  resolved  part  of  v  along  AB, 

as  — TjX  resolved  part  of  u  along  AB  ; 

.*.     algebraic  sura  of  rates  of  working  of  Tx  and  T2  =  0. 

Similarly  for  Rx  and  B.2,  Sx  and  S2 ; 

.*.     sum  of  rates  of  ivorking  of  all  the  internal  forces  =  0 

.      <  (2); 

therefore,  by  subtraction  from  (1), 

algebraic  sum  of  rates  of  working  of  all  the  external 

forces  =  0    (3). 

214.  The  above  theorem  can  obviously  be  extended  to  a 
system  of  any  number  of  coplanar  particles  rigidly  con- 
nected ;  also  to  two  particles  connected  by  an  inextensible 
string ;  and  we  may  further  extend  it  to  the  case  of  a 
rigid  lamina,  or,  indeed,  to  a  rigid  body  of  any  shape. 
For,  whatever  be  the  nature  of  the  forces  which  keep  the 
various  particles  of  the  lamina  in  the  same  position  rela- 
tive to  one  another,  we  may  fairly  assume  (1)  that  these 
forces  act  between  pairs  of  particles ;  and  (2)  that  the 
action  and  reaction  between  any  pair  of  particles  consists 
of  a  pair  of  equal  and  opposite  forces,  such  as  Tx  and  T2 
in  the  figure.  Moreover,  by  the  definition  of  a  rigid  body, 
the  distance  between  any  two  particles  remains  constant 
when  the  body  is  displaced  (§  49).  Hence  the  arguments 
of  §  213  apply  step  for  step. 

The  theorem  also  applies   to  two  particles  connected  by  an  in- 
extensible   string  passing    over   a    smooth   peg 
(Fig.  165). 
For  resolved  part  of  u  along  AC 

=  rate  at  which  A  is  approaching  the  peg 
=  rate  at  which  string  is  passing  over  peg 
=  rate  at  which  B  is  leaving  the  peg 
=  resolved  part  of  v  along  DB. 
Also  tension  at  A  =  tension  at  B. 
Hence,  as  in  §  213, 

algebraic  sum  of  rates  of  working  of  tensions  at  A  and  B  =  0. 
Again,  in  the  case  of  a  particle  on  a  smooth  surface,  if  the  virtual 
velocity  be  taken  along  the  surface,  the  reaction  of  the  surface  does 
no  work,  being  at  right  angles  to  the  displacement, 
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215.  Recapitulation. — The  connections  of  the  various 
particles  in  a  system  with  one  another,  and  the  restraints 
imposed  by  strings,  or  contact  with  smooth  planes,  &c, 
are  usually  spoken  of  as  the  Geometrical  Conditions  of 
the  System. 

Thus  we  may  sum  up  our  results  in  the  following 
manner : — 

If  in  any  system,  under  the  action  of  forces  we  assign 
arbitrary  virtual  velocities  to  the  various  parts,  then,  when 
passing  through  the  position  of  equilibrium,  the  algebraic 
sum  of  the  rates  of  working  of  all  the  forces  external  and 
internal  =  0. 

But,  if  the  virtual  velocities  are  such  that  they  do  not  violate 
the  geometrical  conditions  of  the  system,  then  all  internal 
forces,  and  all  reactions  at  smooth  surfaces,  may  be  omitted 
from  the  Equation  of  Virtual  Velocities. 

Note. — *Tn  solving  problems  by  means  of  the  principle, 
it  is  usual  to  omit  the  internal  reactions  from  the  very 
beginning  of  the  work. 


216.  Work  of  a  couple. — If  a  rigid  body  acted  on  by  a 
couple  of  moment  M  perform  a  complete  rotation  round  any 
point  (the  couple  maintaining  the  same  position  relative  to 
the  body),  the  work  done  by  the  couple  =  27rif. 
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Fig.  166. 


Let  the  rigid  "body  rotate  round  0 ;  and  let  OAB,  perpendicular  to 
the  lines  of  action  of  the  forces,  cut  them  in  A  and  B,  respectively. 
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Then  suppose  the  forces  P  and  P  applied  at  A  and  B.     B  describes  a 
circle  of  radius  OB,  and  P  always  acts  along  the  tangent  to  that  circle ; 

,\     -work  done  by  P  at  B  in  one  revolution  =  Px  2ir .  OB. 

Similarly,  work  done  by  P  at  A  in  one  revolution  =  —  Px  2ir .  OA  ; 

.-.    work  done  hy  couple  -  P .  2tt(0B-  OA)  =  2* .  P .  AB .  =  2*M . 

The  student  should  verify  for  himself  the  case  where  0  lies  hetweeD 
A  and  B. 


217.  We  will  now  work  some  examples  illustrating  the 
application  of  the  Principle  of  Virtual  Velocities. 

Examples. — (1)  In  the  accompanying  figure  A B  represents  a  plane 
inclined  at  an  angle  of  30°  to  the  horizon  ;  A  and  D  are  smooth  pegs, 
over  which  pass  strings  connecting  the  weights  P,  Q,  and  R. 

Given  P=Q=  a/3  lbs.,  and  R=  lib.,  find  the  angle  which 
the  string  DQ  makes  with  the  inclined  plane  in  the  position  of 
equilibrium. 

Let  0  be  the  required  angle.  Give  the  system  a  virtual  motion 
consistent  with  its  geometrical  conditions  ;  suppose  P  moving  vertically 
up  wilt i  velocity  u,  and  therefore  Q  moving  down  the  plane  with  the 
fame  velocity  ;  and  R  moving  vertically  down  with  velocity  v. 

Then  from  the  geometrical  conditions  we  obtain  (cf.  §  214)  resolved 
part  of  Q's  velocity  along  QD  =  resolved  part  of  P's  velocity  along  DR, 

i.e.,  ucos0  =  v  (1). 

Also,  algebraic  sum  of  rates  of  working  of  the  external  forces 
(excluding  reactions  at  smooth  surfaces)  =  0  (cf.  §  215)  ;; 

i.e.,  algebraic  sum  of  rates  of  working  of  the  weights  of  P,  Q,  and  R  =  0 ; 

i.e.,  P.  (-«)  +  Q.(ucoa60°)  +  E.v  =  0  (cf.  §  211) 

whence,  putting  in  numerical  values, 

-V3+^-  +0  =  0...  (2); 

m 

.'.     from  equation  (1) 

—  u v 3  +  — j —  -i  u cos 9=0; 

m 

whence         cos  6  =  *— ; 
2   ' 

.-.     6  =  30°, 

or  the  string  QP  is  horizontal. 


Fig.  167, 
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(2)  A  rod  whose  centre  of  gravity  is  not  at  its  middle  point  is 
resting  entirely  within  a  smooth  hemispherical  bowl.  Prove  that  in 
the  position  of  equilibrium  the  centre  of  gravity  will  be  vertically 
below  the  centre  of  the  bowl. 

Suppose  the  rod  to  slide  inside  the 
bowl,  and  let  AB,  A'B'  represent  two 
positions  of  the  rod,  G  and  G'  being  the 
corresponding  positions  of  the  centre 
of  gravity,  E  the  centre  of  the  bowl. 

Then  the  centre  of  gravity  will  alivays 
be  at  the  same  distance  from  E. 

For  AAEB  =  AA'EB'  (Euc.  I.  8) ; 
hence  AEAG=  LEA'G'  (Euc.  I.  4), 
i.e.,  EG  =  E(T; 

which  proves  that  G  is  always  at  the  same  distance  from  £. 

Hence  the  locus  of  G  is  a  circle ;  therefore  its  virtual  velocity  is 
always  at  right  angles  to  EG. 

Again,  since  the  geometrical  conditions  are  not  violated,  the  only 
force  which  enters  into  the  Equation  of  Virtual  Velocities  is  TV,  the  weight 
of  the  rod.     (Cf.  $  215.) 

Hence,  in  the  position  of  equilibrium,  rate  of  working  of  TV  =  0. 

Hence  the  virtual  velocity  ofG  must  be  horizontal;  but  virtual  velocity 
of  G  is  always  perpendicular  to  EG ; 

.  \     EG  must  be  vertical. 


Summary  op  Results. 

If  a  particle  under  the  action  of  a  system  of  forces  in 
equilibrium  receive  a  virtual  displacement,  the  algebraic 
sum  of  the  virtual  works  of  the  system  is  zero.       (§  208.) 

If  a  system  of  bodies  under  the  action  of  a  system  of 
forces  be  moving  with  given  virtual  velocities,  then, 
when  passing  through  the  position  of  equilibrium,  the 
algebraic  sum  of  the  rates  of  working  of  all  the  forces  is 
zero. 

If  the  virtual  velocities  do  not  violate  the  geometrical 
conditions  of  the  system,  the  algebraic  sum  of  the  rates  of 
working  of  the  external  forces  alone  (omitting  reactions  at 
smooth  surfaces,  and  tensions  of  inextensible  strings)  is 
zero,  (§  213.) 
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EXAMPLES   XV. 

1.  Prove  the  results  of  §  41  by  the  Principle  of  Virtual  Work. 

2.  Prove  the  r  suits  of  §  101  by  the  Principle  of  Virtual  Velocities. 
(Make  the  lever  rotate  round  the  fulcrum.) 

3.  A  mass  of  VZ  lbs.  rests  on  a  smooth  plane  inclined  at  an  angle 
of  30°  to  the  horizon.  It  is  attached  to  a  string  which  passes  over  a 
smooth  pulley  above  the  top  of  the  plane,  and  supports  a  mass  of  1  lb 
hanging  vertically.  Find  the  angle  between  the  plane  and  the  string 
by  the  Principle  of  Virtual  Work. 

4.  Prove  that  the  Principle  of  Virtual  Work  holds  good  in  the  first 
system  of  pulleys  if  there  are  three  moveable  heavy  pulleys. 

5.  A  weight  W,  constrained  to  move  in  the  circumference  of  a 
vertical  circle,  is  attached  to  another  weight  P,  hanging  vertically  by 
means  of  a  cord  passing  over  a  fixed  pulley  at  a  given  point  on  the 
circle.     Find  the  position  of  equilibrium  of  TV. 

6.  A  step-ladder  of  the  form  of  the  letter  A,  with  both  its  legs 
inclined  at  an  angle  a  to  the  vertical,  is  placed  on  a  horizontal  floor, 
and  is  held  up  by  a  cord  connecting  the  middle  points  of  its  legs, 
there  being  no  friction  anywhere.  Prove  that,  when  a  weight  TV  is 
placed  on  the  top  of  the  ladder,  the  tension  of  this  cord  is  increased 
by  TPtan  o.     (By  Virtual  Work.) 

7.  In  the  last  question,  prove  that,  when  the  weight  W  is  placed 
on  one  of  the  steps  at  a  height  from  the  floor  equal  to  ljn  of  the 
height  of  the  ladder,  the  increase  of  tension  is 

{TV  tan  a)  Jn. 

8.  A  square  is  formed  of  equal  heavy  rods  of  weight  TV.  It  is 
suspended  from  a  peg  at  one  corner,  and  kept  in  shape  by  a  string 
joining  this  corner  to  the  opposite  one.  Find,  by  Virtual  Work,  the 
tension  of  the  string. 

STAT.  Q 
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EXAMINATION   PAPER   VII. 

1.  State  and  prove  the  conditions  of  equilibrium  of  any  number  of 
forces  in  a  plane. 

2.  A  system  of  forces  in  a  plane  is  such  that  the  sum  of  their 
moments  about  a  point  A  in  the  plane  vanishes.  Prove  that  the  forces 
are  either  in  equilibrium  or  have  a  resultant  which  passes  through  A. 

3.  Prove  that,  if  n  forces  Px,  P2>  •••  Pn  act  in  a  plane  on  a  rigid 
body,  if  rectangular  axes  Ox,  Oy  be  taken  in  that  plane,  if  the  com- 
ponents of  any  force  such  as  Pr  parallel  to  these  axes  be  Xr,  Yr,  and 
if  the  coordinates  of  the  point  of  application  of  Pr  be  xr,  yr,  then  the 
system  Pu  P2,  ...  P„  is  equivalent  to  a  force  2Xr  acting  along  the 
axis  of  x,  a  force  5Fr  acting  along  the  axis  of  y,  and  a  couple 
2(xrYr  —  yrXr)  in  the  plane  of  x,  y ;  2  denoting  summation  for  all 
values  of  the  suffix  r  from  1  to  n. 

4.  A  frame,  consisting  of  two  pairs  of  parallel  bars  hinged  without 
friction  at  their  four  intersections,  being  supposed  in  strained  equi- 
librium under  the  tensions  of  two  diagonal  ties,  determine,  given  all 
particulars,  the  ratio  of  the  tensions  in  the  ties. 

6.  A  thin  board  is  free  to  move  on  a  horizontal  plane,  and  is  acted 
on  by  a  system  of  forces  which  all  lie  in  that  plane.  Prove  that 
there  is  usually  a  line  in  the  plane  such  that,  if  it  is  rigidly  connected 
with  the  board  and  any  point  on  it  is  held  fixed,  the  board  will  not 
move.     What  is  the  exceptional  case  ? 

6.  A  rough  heavy  body,  bounded  by  a  curved  surface,  rests  upon 
two  others  which  themselves  rest  on  a  rough  horizontal  plane.  Prove 
that  the  three  centres  of  gravity  and  the  four  points  of  contact  lie  in 
one  plane. 

7.  State  the  Principle  of  Virtual  Velocities,  and  apply  it  to  find  the 
relation  between  the  power  and  weight  in  the  third  system  of  pulleys, 
the  strings  being  parallel,  and  the  number  of  pulleys  n. 

[The  third  system  of  pulleys  is  that  in  which  each  string  is 
attached  at  one  end  to  the  weight.] 

8.  Describe  the  action  of  the  oar  of  a  boat,  and  compare  the  velocity 
of  the  boat  and  the  velocity  of  the  hands  pulling  the  oar.  Hence, 
find  the  ratio  of  the  resistance  to  the  effort  if  the  oar  be  /  feet  long 
and  the  rowlock  a  feet  from  the  hands. 

9.  Two  weightless  strings  are  tied  to  the  ends  of  a  uniform  bar ; 
each  passes  over  a  pulley,  and  has  a  weight  attached  to  it  equal  to  the 
weight  of  the  bar.  Prove  that,  when  in  equilibrium,  the  bar  is  hori- 
zontal, and  find  the  inclinatio*  of  the  strings  to  the  vertical. 

10.  A  uniform  bar  AB,  of  weight  W,  rests  in  a  horizontal  position 
on  two  supports  at  the  ends,  and  an  ideal  section  is  made  at  any 
point  P.  Determine,  for  the  part  BP,  the  force  at  P,  and  the  couple, 
which  might  statically  replace  the  supporting  action  of  the  portion  AP. 
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218.  We  have  often  had  occasion  to  make  use  of  the 
principle  thufc  when  two  perfectly  smooth  bodies  rest 
against  one  another  the  reaction  against  them  is  perpen- 
dicular, or,  as  it  is  sometimes  called,  "normal,"  to  the 
surfaces  in  contact.  But  no  body  ean  be  made  perfectly 
smooth,  however  much  its  surface  may  be  polished  or 
smoothed  down.  Hence  all  bodies  are  capable  of  exerting 
a  certain  resistance  which  tends  to  prevent  them  from 
sliding  along  one  another.  This  resistance  is  called 
friction. 

The  laws  of  friction  have  to  be  found  by  experiment. 
Accordingly,  we  shall  begin  by  describing  certain  experi- 
ments which  might  be  used  to  prove  them. 
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219.  Experiments   on  a  horizontal   plane. — I.  Let 

a  block  of  any  substance  (whose  faces  are  not  all  equal)  A 
be  placed  on  a  horizontal  table  or  surface  of  the  same 
or  any  other  substance,  and  let  the  block  be  tied  to  a 
string  passing  over  a  small  pulley  at  the  edge  of  the 
table,  and  carrying  at  its  other  end  a  light  scale  pan,  by 
which  weights  P  can  be  placed  tending  to  pull  the  block 
along  the  plane  (Fig.  169). 
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Then  it  will  be  found  that,  unless  total  suspended 
weight  at  P  exceeds  a  certain  amount,  the  block  will  not 
slide  along  the  plane.  Since  the  block  remains  in  equi- 
librium, the  table  must  exert  on  it  a  horizontal  force  equal 
and  opposite  to  the  pull  of  the  string,  and  therefore 
equal  to  the  weight  attached  at  P. 

By  increasing  the  weights  at  P,  we  shall  at  last  reach 
a  limit  beyond  which  it  is  impossible  to  add  further 
weights  without  making  the  block  slide.  After  this 
limit  has  been  passed,  the  friction  is  no  longer  able  to 
counteract  the  pull  of  the  string,  and  the  block  begins 
to  slide. 

Definition. — The  greatest  amount  of  friction  that  can 
be  called  into  play  between  two  surfaces  is  called  the 
limiting  friction.     Hence  we  have  the  following: — 

Law  I. — The  amount  of  friction  called  into  play 
between  two  surfaces  in  contact  will  just  suffice 
to  prevent  them  from  sliding  on  one  another,  pro- 
vided that  this  amount  does  not  exceed  the  limiting 
friction. 

220.  Experiment  II.  —  Let  weights  be  placed  at  P 
until  the  addition  of  any  more  weights  would  cause  the 
block  to  slide.  Then  these  weights  are  exactly  equal  to 
the  limiting  friction.  Now  double  the  load  A  resting 
on  the  table  by  placing  another  equal  block  of  the  same 
substance  on  top  of  the  first,  or  otherwise.  It  will  be 
found  that  the  weights  at  P  will  have  to  be  doubled 
before  the  block  begins  to  move.  If  the  weight  of  A  be 
trebled,  the  weights  at  P  will  have  to  be  trebled  before 
the  block  slides,  and  so  on. 

Hence  the  limiting  friction  is  proportional  to  the 
weight  of  Ay  say  -R.  But  the  plane  exerts  an  equal  and 
opposite  upward  reaction  R,  preventing  the  weight  A 
from  penetrating  into  it.  This  reaction  is  perpendicular 
to  the  plane,  and  is  therefore  the  normal  thrust  between 
the  surfaces.     Hence  we  have 

Law  IT. — The  limiting  friction  is  proportional  to 
the  normal  thrust  between  the  surfaces  in  contact. 
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221.  Experiment  III. — Let  the  weights  at  P  be  again 
adjusted  till  the  block  is  on  the  point  of  moving.  Let 
the  block  be  turned  over  on  one  of  its  other  faces.  Then, 
with  the  same  weights  at  P,  the  block  will  still  be  on  the 
point  of  moving.  This  shows  that  the  limiting  friction 
is  the  same  as  before,  although*  a  different  surface  is  in 
contact  with  the  table.     Hence 

Law  III. — The  limiting  friction  does  not  depend 
on  the  areas  of  the  surfaces  of  the  two  bodies. 


y 
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222.  Experiment  IV.  —  Let  the  weights  at  P  be 
sufficient  to  draw  A  along  the  plane.  Then  careful 
experiments  prove  that  A  and  P  move  with  approximately 
uniform  acceleration,  thus  showing  that  they  are  acted 
on  by  a  force  that  is  approximately  constant.  The  only 
forces  on  them  are  the  weight  at  P  and  the  friction  on  A. 
Hence  the  latter  is  approximately  constant;  and,  since 
the  velocity  of  A  is  continually  increasing,  we  see  that 

Law  IV. — When  slipping  takes  place,  the  friction 
is  approximately  independent  of  the  velocities  of 
the  surfaces  in  contact. 

Careful  experiments  show  that  the  friction  is  not  quite  constant,  but 
varies  slightly  as  the  velocity  changes. 

223.  Experiment  V. — If  bodies  of  different  material, 
but  of  the  same  weights,  be  substituted  for  A,  the  weights 
at  P  required  to  set  them  in  motion  will  be  different. 
They  will  also  be  altered  by  altering  the  material  of  which 
the  surface  of  the  table  is  formed. 

Hence  the  friction  between  two  bodies  varies 
according  to  the  nature  of  the  material  forming 
their  surfaces. 
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224.  Coefficient  of  friction. — Definition. — The  ratio 
of  the  limiting  friction  to  the  normal  thrust  is  called  the 
coefficient  of  friction.  It  is  generally  denoted  by  the 
Greek  letter  fx  (mu).  Thus,  if  E  denote  the  normal 
thrust  and  F  the  limiting  friction, 

f  =  /*,   or    F=nB    (1). 

Law  II.  shows  that  fi  is  the  same  for  different  weights 
formed  of  the  same  material.  Law  III.  shows  that  it  is 
independent  of  the  area  of  the  surfaces  in  contact,  and 
Experiment  V.  shows  that  fx  varies  with  the  nature  of 
the  materials  forming  these  surfaces. 

Even  for  the  same  materials,  the  coefficient  of  friction  can  be  dimin- 
ished by  smoothing  their  surfaces,  or  increased  by  roughening  them 
up  with  coarse  sand-paper.  By  greasing  or  oiling  the  surfaces,  the 
coefficient  of  friction  can  be  reduced  considerably  ;  this  is  the  reason 
why  in  machinery  all  sliding  surfaces  are  lubricated  (as  it  is  called) 
by  oiling. 


Fig.  170. 


225.  To  determine   the    coefficient   of  friction   by- 
experiments  with  inclined  planes. — Experiment  VI. 

— Let  a  body  W  of  any  substance,  and  of  such  a  shape  as 
not  easily  to  topple  over  when  tilted  on  one  side,  be  placed 
on  a  flat  slab  of  any  material,  and  let  the  slab  be  gradually 
tilted  up  on  one  side  so  as  to  form  an  inclined  plane. 
The  body  will  at  first  continue  to  rest  on  the  plane,  being 
kept  from  sliding  down  by  the  friction  of  the  plane. 
When  the  plane  has  reached  a  certain  inclination,  the 
body  will  just  be  on  the  point  of  sliding,  and  any  further 
increase  in  the  inclination  will  cause  the  body  to  slip 
down.  At  this  particular  inclination  the  friction  is 
limiting. 
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Now  the  body  is  acted  on  by  its  weight  W  (Fig.- J. 68)/ 
the  normal  reaction  B  (say)  of  the  plane  and  the  force  of 
friction  F  (say)  acting  along  the  plane  and  preventing  the 
body  from  sliding  down.  The  conditions  of  equilibrium 
are  therefore  the  same  as  if  the  inclined  plane  were  smooth 
and  the  body  were  supported  by  an  effort  F  applied  along 
the  plane.     Hence 

F_=W  =  B_ 

BG      AB      GA1 

F  W  B 


n 


or 


height  of  plane       length  of  plane       base  of  plane  ' 

.-.  coefficient  of  friction  p  =  *  =  |2  =  ^jght  of  plane 

B       CA        base  of  plane 

Hence,  by  measuring  the  height  and  the  base  of  the 
plane,  the  coefficient  of  friction  may  be  found. 

Corollary. — Hence 
ix  =  tan BAG=  tangent  of  inclination  of  the  plane...  (2). 

226.  Experiment  VII. — The  laws  of  friction  can  also 
be  verified  by  means  of  an  inclined  plane.  For,  if  different 
bodies  of  the  same  substance  be  placed  on  the  plane,  and 
the  plane  gradually  tilted  more  and  more,  the  bodies  will 
all  begin  to  slide  down  together,  and  when  they  slide 
they  will  all  slide  with  the  same  approximately  uniform 
acceleration.  This  shows  that  the  coefficient  of  friction 
is  the  same  for  any  two  bodies  whose  surfaces  are  of  the 
same  substance,  that  it  is  independent  of  the  areas  of 
the  surfaces  in  contact,  and  that  it  is  approximately 
independent  of  the  velocity  when  the  bodies  slide. 

227.  Angle  of  friction. — Total  reaction. 

Definition  1. — The  angle  whose  tangent  is  /*,  the 
coefficient  of  friction,  is  called  the  angle  of  friction. 
This  angle  is  expressed  by  the  trigonometrical  notation 

angle  of  friction  0  =  tan-1  fi  (2a). 

[This  may  be  regarded  as  equivalent  to  the  statement 

tan0  =  jx  (2).] 
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Definition  2. —  The  resultant  force  which  two  rough 
bodies  exert  on  each  other  (whether  friction  is  limiting 
or  not)  is  called  the  total  reaction  between  the  bodies. 

Thus  the  total  reaction  is  the  resultant  of  R  the  normal 
reaction  and  J?7  the  force  of  friction. 

Definition  3. — A  body  is  said  to  be  in  limiting  equi- 
librium when  the  limiting  friction  or  greatest  possible 
friction  has  to  be  called  into  play  to  prevent  it  from 
slipping. 

From  §  225  (2)  we  now  see  that  the  greatest  inclination 
at  which  a  body  will  remain  at  rest  on  an  inclined  plane  is 
equal  to  the  angle  of  friction. 

Let  us  consider  the  case  of  equilibrium  on  an  inclined 
plane  a  little  more  closely.  If  P  be  the  total  reaction  of 
the  plane,  the  conditions  of  equilibrium  require  that  P 


R\F\ 
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^ 

^ 

-XT**' 

* 

r 
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Fig.  171. 

should  be  equal  and  opposite  to  the  weight  W  (Fig.  169), 
since  P,  W  are  the  only  forces  on  the  body.  Hence  P 
must  be  vertical,  and  therefore 

Z  between  P  and  B  =  /.BAG. 

But,  when  the  body  is  on  the  point  of  slipping,  we  have 
seen  that   L  BAG  is  equal  to  the  angle  of  friction. 

Thus,  in  limiting  equilibrium,  the  total  reaction  makes 
with  the  normal  an  angle  equal  to  the  angle  of  friction. 

If  the  inclination  is  less  than  the  angle  of  friction,  no 
slipping  will  take  place.  If  greater,  the  body  will  slip 
down  the  plane. 

Hence  we  have  an  easy  way  of  finding  out  whether 
two  bodies  will  slip  when  placed  in  contact  under  any 
forces.      We  only  have  to  construct  the  direction  of  the 
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reaction  at  the  point  of  contact  which  would  be  required 
to  keep  them  in  equilibrium.  The  bodie3  will  slip  or 
stick  fast  according  as  the  angle  which  the  reaction  makes 
with  the  normal  to  the  surface  is  an  angle  greater  or  less 
than  the  angle  of  friction. 


Fig.  172. 


223.  Limiting  equilibrium  of  bodies  of  any  shape. 

— We  have  considered  above  the  case  of  a  body  on  an 
inclined  plane,  but  the  same  is  trne  for  any  bodies  in 
contact. 

Thus,  let  U,  V  be  two  bodies  touching 
each  other  at  A  in  the  plane  AX.  Then 
the  line  BAG  drawn  through  A  per- 
pendicular to  AX  is  the  common 
normal  at  A,  and  the  components  of 
the  total  reaction  at  A  resolved  along 
AB  and  in  the  plane  AX  are  the  normal 
reaction  and  friction,  respectively. 

Calling  these  R  and  F,  their  resultant 
(the  total  reaction)  makes  with  AB  an 
angle  whose  tangent  is  F/R  (vide  §  35, 

p.  32).  For  equilibrium,  F  must  be  less  than  /xR  or  F/R</j.  ;  hence 
the  inclination  of  the  total  reaction  to  the  normal  <  tan"1/*,  i.e., 
<  angle  of  friction. 

Examples. — (1)  A  ladder  is  resting  on  a  rough  ground,  and  leaning 
against  a  rough  wall ;  find  the  greatest  angle  at  which  the  ladder  can 
be  inclined  to  the  vertical  without  slipping ;  given  the  coefficients  of 
friction  for  the  ground  and  wall  are  -£r  V'S  and  \  \/3,  respectively. 

Let  AB  represent  the  ladder,  BO  the  ground,  and  CA  the  wall,  DE 
the  line  of  action  of  the  weight,  R  and  S  the  normal  reactions  at  B 
and  A,  respectively,  and  I  the  length  of  the  ladder  (Fig.  173).  Let  o 
be  the  greatest  angle  at  which  the  ladder  can  be  inclined  to  the  wall. 
Then  the  limiting  frictions  act  at  A  and  B,  as 
represented  in  the  figure. 

Now  apply  §  200,  Theorem  (2). 

or     rn 

Resolving  vertically, 


R  + 


-rr=o...  (i.), 


s-4-^*  =  o 


27 


(ii.). 


, ,          horizontally, 

Taking  moments  about  0, 

S.AC+  W.EC-R.BO  =  0; 
i.e.,      S.lcoBa+  JP.  £/sina--K  .  Zsina  =  0...  (iii.)-         Fig.  173. 
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From  (i.)  and  (ii.)  we  obtain 

*  =  9-^-3     and     jr=5-^*. 
4  2 

Substituting  in  (hi.),  dividing  through  by  SI  cos  o,  and  simplifying, 

we  find  tan  o ,     whence    a  =  30°. 

v'3 

(2)  A  rectangular  block,  ait.  long  and  b  ft.  high,  is  at  rest  on  a 
rough  horizontal  plane.  A  string  is  attached  to  the  top  of  the  block, 
and  pulled  horizontally  with  increasing  force  P.  Required  to  deter- 
mine whether  the  block  will  tilt  over  before  it  slides,  or  vice  versa 
(Fig.  174). 

We  must  first  determine  what  force  will  be  required  to  make  the 
block  tilt,  supposing  it  does  not  slide.     If  it  is  on  the  point  of  tilting, 


>P 


i.e.,  of  rotating  about  A,  the  moments  of  P  and  W  about  A  must 
balance,  i.e.,        Pb  =  W .%a,     whence     P  =  Wajlb. 

Next,  to  determine  what  force  will  make  the  block  slide,  supposing 
it  does  not  tilt. 

The  only  forces  with  a  horizontal  component  are  Pand  the  friction  ; 
but  the  friction  cannot  exceed  /*  W.  Hence  the  block  will  be  on  the 
point  of  sliding  when   P  =  /j.  W. 

Thus  the  block  will  slide  first  if  fiW<  Wa\W>y    i.e.,  if  fi<  a  1 2b. 


229.  Loss  of  work  by  friction.  —  When  a  body  is 
drawn  along  a  rough  plane,  the  friction  always  tends  to 
retard  it,  and  therefore  work  has  to  be  done  against 
friction  in  addition  to  any  other  work  that  is  done 
against  other  forces  that  may  be  present.  Hence,  when 
slipping  takes  place  there  is  a  loss  of  work  due  to 
friction. 

The  action  and  reaction  of  two  bodies  dne  to  friction 
are  equal  and  opposite,  but  the  points  of  the  bodies  in 
contact  do  not  move  together  when  slipping  takes  place; 
hence  the  works  done  are  not  equal  and  opposite  (§  213). 
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Friction  always  tends  to  retard  any  relative  slipping 
motion  of  the  two  surfaces  between  which,  it  acts.  It 
never  tends  to  produce  slipping.  Hence  any  work  that 
has  been  done  against  friction  can  never  be  recovered,  at 
any  rate,  in  the  form  of  useful  mechanical  work,  but  for 
all  practical  purposes  such  work  must  be  regarded  as 
lost. 

It  is  in  reality,  mostly  converted  into  heat  as  a  rule.  In  a  frictional 
electric  machine,  part  of  the  work  done  against  friction  takes  the 
form  of  electrical  energy.  The  Principle  of  Conservation  of  Energy 
tells  us  that  the  lost  energy  always  appears  in  some  form  or  other. 


230.  To  find  the  least  force  which  will  pull  a  body  up 
a  rough  inclined  plane,  the  force  being-  supposed  to  act 
parallel  to  the  plane. 

By  the  least  force  is  meant  that  force  which  will  draw  the  hody 
along  with  uniform  velocity — i.e.,  without  acceleration.  Such  a  force 
will  just  balance  the  limiting  friction  and  the  resolved  part  of  the 
weight  which  it  has  to  overcome ;  any  greater  force  will  draw  the  body 
up  with  constant  acceleration. 

Suppose  the  body  A  to  be  just  on  the  point  of  moving  up  the  inclined 
plane  BC  under  the  action  of  a  force  P  (Fig.  175).     Then  the  limiting 


friction  fiE  will  be  acting  down  the  plane.     Resolving  at  right  angles 
to  the  plane,  we  find  H  =  Wcosa. 

Resolving  parallel  to  the  plane,  we  find 

P  =  liR+  Wsuia  =  nWcosa+  Wsma  (3). 

In  the  same  way  it  may  be  proved  that,  if  the  inclination  of  the 
plane  is  less  than  the  angle  of  friction,  the  least  force  required  to 
make  it  move  down  the  plane  will  be  jxW cos  a—  JFein  a  ;  and  that, 
if  the  inclination  of  the  plane  is  greater  than  the  angle  of  friction,  the 
least  force  which  will  prevent  it  moving  down  the  plane  is 

TFsin  a— Mucosa. 


236 


STATICS. 


231.  Equilibrium  of  the  screw  press,  taking*  account  of 
friction. 

To  determine  'approximately  the  relation  between  the  effort  P  and  the 
resistance  Q  in  a  screw  press,  with  rectangular  thread  of  small  breadth,  if 
the  coefficient  of  friction  between  the  thread  of  the  screw  and  the  groove  in 
which  it  runs  is  /x. 

[Fig.  176  represents  the  screw,  and  Fig.  177  represents  a  section 
through  the  axis  showing  the  rectangular  form  of  the  thread ;  a  screw 
with  triangular  thread  being  shown  for  the  purpose  of  comparison  in 
Fig.  178.] 

Let  the  radius  of  the  cylinder  of  the  screw  be  r ;  let  OX  be  the  arm, 
of  length  a,  at  the  end  of  which  the  force  P  is  applied.  Imagine  the 
cylinder  of  the  screw  to  be  hollow,  and  to  be  cut  down  the  line  AE, 
and  spread  out  into  a  rectangle,  as  in  Fig.  179.  Then  the  line 
representing  the  thread  of  the  screw  would  be  cut  through  at  the 
points  B,  0,  D,  ...,  and  would  appear  as  the  parallel  straight  lines 
A2BU  B20i,  C2DU  ....  Also  BYB2,  C\C2,  ...  would  be  perpendicular 
to  AXEV  Let  /_A2BXB2  =  a  ;  then  a  represents  the  inclination  of  the 
thread  of  the  screw  to  the  horizontal  (the  screw  being  supposed 
vertical) . 


Figs.  177,  178. 


Fig.  179. 


Then  the  forces  acting  on  the  screw  are 

(1)  P,  applied  horizontally  at  the  end  of  the  arm  OX : 

(2)  Q,  the  resistance ; 

(3)  a  series  of  normal  reactions  Pj,    722,    ...    at  the  various 

points  of  contact  of  the  thread  of  the  screw  with  the 
groove  in  which  it  works  ; 

(4)  the  corresponding  series  of  limiting  frictions  ftPj,  fxR2,  .... 
Since  the  breadth  of  the  thread  is  assumed  to  be  small,  the  points 

of  application  of  the  reactions  between  the  thread  and  the  groove 
may  be  treated  as  lying  approximately  on  the  surface  of  the  cylinder. 
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Also,  since  the  thread  of  the  screw  is  inclined  at  an  angle  a  to  the 
horizontal  and  is  of  rectangular  section,  each  normal  reaction  will  he 
inclined  at  an  angle  a  to  the  vertical,  and  will  he,  approximately,  in 
the  tangent  plane  to  the  cylinder  at  its  point  of  application.*  Also 
each  corresponding  force  of  friction  will  for  the  same  reason  lie 
approximately  in  the  same  tangent  plane,  and  make  an  angle  a  with 
the  horizon. 

Thus  Rx  can  he  resolved  into  R{  cos  o  vertically  downwards,  and 
R}  sin  a  horizontal  and  tangential  to  the  cylinder ;  similarly  for  R^,  .... 

Also  fiEy  can  be  resolved  into  /xi?j  sin  a  vertically  upwards ;  and 
ju-ft,  cos  a  horizontal  and  tangential  to  the  cylinder. 

Thus,  resolving  vertically,  we  obtain 

Q  =  Rx  cos  a  +  RX  cos  a  +  ...  —  fj.Hi  sin  a  — fiR%  sina— ... 
=  (cos  a  —  fx  sin  a)  (Rl  +i?2+  ...), 

i.e.,  Q  =  (cosa  —  fx  sina)  2  (-S)     (i.), 

where  2  denotes  summation. 

Again,  taking  moments  about  the  axis  of  the  screw,  we  notice  that 
Q  and  the  vertical  resolved  forces  do  not  tend  to  turn  the  screw ; 
while  the  horizontal  resolved  forces,  being  regarded  as  tangential  to 
the  cylinder,  are  at  a  perpendicular  distance  r  (approximately)  from 
the  axis. 

Thus     Pa  =  rRx  sin  a  +  rR%  sin  a  +  ...  +  r/xRx  cos  a  +  r^R^  cos  a  +■ . . . 

=  r  (sin  a  +  /tcosa)  2  (R) (ii.). 

From  equations  (i.)  and  (ii.),  we  find 

p  _   r    sin  a  +  jit  cosa  q 
a    cos  a  —  ll  sin  a 
But,  if  6  he  the  angle  of  friction  /a  =  tan  6 ;  thus 

p  _    r  sin  a  4  cos  a  tan  6  ~  _  _r  sin  a  cos  8  +  cos  a  sin  8  q 
a  cos  a— sin  a  tan  6  a  cos  a  cos  6—  sin  a  sin  6 

-  £  ^f^  Q  =  ±  .  tan  («+  9)  Q     (4). 

a  cos  (a  +  6)  a 

If  £  denotes  the  step  or  distance  between  two  threads  (B\,  C{), 

**—£ <5)- 


whence  a  may  he  found. 


Cor.  I. — If  the  ecrew  is  smooth,  6  =  0; 

...    p=U 

a 
agreeing  with  the  result  of  §  132 


P=^tanaG  =  |*a  [from  (5)], 


*  If  the  thread  were  triangular,  the  reactions  E  would  act  as  in  Fig.  177,  and 
would  not  be  tangential  to  the  cylinder. 
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Cor.  II. — Comparing  the  last  two  results,  we  see  that  the  effect  of 
friction  is  equivalent  to  increasing  the  inclination  of  the  thread  to  the 
horizon  "by  the  angle  of  friction. 

Cor.  III. — Substituting  in  (4)  the  value  of  tan  o  from  (5),  and  /x  for 
tan0,  we  obtain 

pm   r_    &/2*r  +  »  Q  =  r_  b+^TtQ   (4a). 

a    l—pbfinr  a    2irr—  bfx 

232.  In  like  manner  we  can  consider  the  case  in  which  the  screw  is 
on  the  point  of  untwisting,  by  supposing  that  the  friction  acts  up  the 
screw.  In  this  case,  if  a  >  9,  the  force  required  to  prevent  the  press 
from  unscrewing  itself  under  the  action  of  Q  will  be  given  by 

P-  rtan(a-0)Q/«. 
If  a  <  6  (as  is  usually  the  case  in  practice) ,  the  force  required  to 
unscrew  the  press  will  be  given  by 

P=  rtan(e-a)Q/a. 

Summary  of  Results. 

The  magnitude  of  the  limiting  friction  depends  only  on 
the  roughness  of  the  surfaces  in  contact,  and  the  normal 
thrust  between  them ; 

F=fxB  (1); 

fx  =  tan0    (2). 

The  least  force  parallel  to  the  plane  which  will  pull  a 
body  up  a  rough  inclined  plane  is 

W  (sin  a  +/x  cos  a.)  (3). 

In  the  rough  screw  press  with  a  narrow  rectangular 
thread,  P  =  r  tan  (a  +  0)  Q/a  (4). 


EXAMPLES  XV. 

1.  A  bead  runs  on  a  rough  circular  wire  whose  plane  is  vertical;  if 
r  is  the  radius  of  the  circle,  and  6  the  angle  of  friction,  prove  that  the 
bead  can  be  in  equilibrium  at  any  point  of  a  certain  arc  whose  length 
is  2r0. 

2.  The  radius  of  a  screw  is  2  ins.,  its  step  is  88/21  ins.  ;  the  coeffi- 
cient of  friction  between  the  screw  and  the  groove  in  which  it  runs  is 
1/7  ;  determine  the  mechanical  advantage  when  worked  by  an  arm 
2  ft.  long. 
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3.  Determine  the  mechanical  advantage  of  a  screw  if  the  radius  of 
the  screw  is  r  in.,  the  step  b  in.,  the  arm  a  in.,  and  the  coefficient  of 
friction  /*. 

4.  Determine  the  least  force  parallel  to  the  plane  which  will  pull  a 
mass  of  4  lbs.  up  a  rough  plane  at  an  inclination  of  30°  to  the  horizon, 
if  the  angle  of  friction  is  30°. 

5.  Determine  the  least  force  parallel  to  the  plane  which  will  prevent 
a  mass  of  4  lbs.  from  sliding  down  a  rough  plane  inclined  to  the 
horizon  at  an  angle  of  60°,  if  the  angle  of  friction  is  30°. 

6.  Determine  the  least  force  parallel  to  the  plane  which  will  pull  a 
mass  of  20  lbs.  down  a  rough  plane  at  an  inclination  of  30°  to  the 
horizon,  if  the  angle  of  friction  is  60°. 

7.  If  the  least  force  parallel  to  the  plane  which  will  pull  a  weight 
up  a  rough  plane  inclined  at  an  angle  of  45°  to  the  horizon  is 
V2  times  the  weight,  find  the  coefficient  of  friction. 

8.  A  beam,  a  in.  broad  and  b  in.  thick,  is  lying  on  a  rough  plane 
parallel  to  one  edge.  If  the  plane  be  gradually  tilted  up  about  this 
edge,  prove  that  the  beam  will  slide  before  rolling  if  a  >  bjx. 

9.  Prove  that,  to  move  a  particle  resting  on  a  rough  horizontal 
plane  with  the  least  possible  effort,  the  force  should  be  applied  in  a 
direction  inclined  to  the  plane  at  the  angle  of  friction. 

10.  Prove  the  same  result  for  moving  a  particle  up  a  rough  inclined 
plane. 

11.  A  ladder  resting  against  a  rough  wall,  and  on  a  rough  ground, 
is  on  the  point  of  slipping  when  the  distance  of  its  foot  from  the  wall 
is  one-half  of  its  length.  Determine  the  coefficients  of  friction  with 
the  ground  and  with  the  wall,  respectively.  Given  that  their  product 
is  -16. 

12.  A  ladder  on  a  rough  ground,  against  a  rough  wall,  is  on  the 
point  of  slipping  down  if  the  top  of  the  ladder  is  four  times  as  far 
from  the  bottom  of  the  wall  as  is  the  bottom  of  the  ladder.  The 
coefficient  of  friction  with  the  ground  is  *12  ;  determine  that  with  the 
wall. 
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13.  The  two  ends  of  a  heavy  uniform  beam  are  in  contact  with  two 
planes  inclined  at  angles  of  60°  and  30°  to  the  horizon,  respectively. 
Prove  that  the  beam  can  just  rest  horizontally,  if  either  plane  is 
smooth,  and  the  angle  of  friction  of  the  other  is  30°. 

14.  A  heavy  uniform  beam  rests  with  one  end  on  a  rough  horizontal 
plane,  and  the  other  on  an  equally  rough  plane  inclined  at  60°  to  the 
horizon.  If  the  beam  is  on  the  point  of  slipping  down  when  inclined 
at  30°  to  the  horizon,  show  that  the  coefficient  of  friction  is  determined 
from  the  equation  fj?  +  4/t  \^3  -  3  =  0. 

15.  If  the  beam  in  the  last  question  can  just  rest  horizontally  when 
both  planes  are  rough,  prove  that  the  sum  of  the  two  angles  of  friction 
is  30°. 

16.  A  cylinder  rests  on  a  perfectly  rough  horizontal  plane ;  leaning 
against  it  is  a  heavy  bar,  hinged  to  the  horizontal  plane  at  one  end. 
If  6  be  the  angle  of  friction  for  the  bar,  find  the  greatest  angle  at 
which  the  bar  can  be  inclined  to  the  plane. 

17.  A  square  lamina  is  standing  upright  on  a  rough  horizontal 
plane.  A  string  is  attached  to  one  of  the  upper  corners,  and  pulled 
with  slowly  increasing  force  in  a  direction  at  right  angles  to  the 
diagonal  through  that  corner.  Prove  that  the  lamina  will  tilt  before 
it  slides  if  the  coefficient  of  friction  is  greater  than  -3. 

18.  A  particle  is  tied  to  one  end  of  a  light  string,  the  other  end  of 
which  is  fixed  to  a  point  in  a  rough,  plane  inclined  to  the  horizon  at 
an  angle  a,  which  is  greater  than  the  angle  of  friction  0.  Prove  that 
the  particle  cannot  remain  at  rest  if  the  angle  between  the  string 
and  the  line  of  greatest  slope  is  greater*  than 

sin-1  (tan  0cot  a). 

19.  A  uniform  bar  AB,  of  weight  W,  rests  in  a  horizontal  position 
with  the  end  A  against  a  rough  wall,  being  supported  by  a  string  con- 
necting its  middle  point  with  a  point  of  the  wall  vertically  above  A  at 
a  distance  equal  to  \AB.  Prove  that,  if  a  weight  nW  be  suspended 
from  B,  the  horizontal  and  vertical  components  of  the  reaction  of  the 
wall  at  A  will  be  (2»  +  1)  W a,n&  nW,  respectively. 

*  sin  "  '  x  denotes  the  angle  whose  sine  is  x,  just  as  tan  ~ ]  n  denotes  the  angle  whose 
tangent  is  /*.    (§  227,  Def.  1.) 
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233.  To  find  the  coordinates  of  the  C.G-.  of  a 
triangle  referred  to  any  two  lines  at  right  angles  \in  its 
plane. 

Let  (a?!,  2/1),  (x.2,  y2),  {xz,  ?/3)  be  the  coordinates  of  the 
three  vertices  ABC,  so  that  OK  =  xx,  KA  =■  yx,  &c.       ...  [   ^ 


Fig.  180. 

Then  the  required  c.G.  is  the  C.G.  of  three  equal  weights 
placed  at  A,  B,  C.  Taking  each  of  these  equal  weights  to 
be  unity,  the  formula}  of  §  174  give 


—  «^i  *t*  3^2  **»    *^3 

x-  3  > 


v- o • 


STAT. 
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234.  The  formulae  of  §  174,  quoted  above,  determine  the 
centre  of  gravity  of  a  number  of  weights  or  bodies  whose 
centres  of  gravity  are  all  in  one  plane,  referring  their 
positions  to  two  straight  lines  at  right  angles  in  that 
plane.  These  formulae  can  be  expressed  in  the  2$  notation 
very  briefly  thus : 

_  Mwx)  2(wy) 

2  O)  '  y  5  (w)  ' 
We  shall  now  prove  that  similar  expressions  can  be 
used  to  find  the  c.G.  of  a  body  from  which  part  has  been 
cut  off,  with  only  this  difference,  that  the  weight  of  the 
'portion  removed  has  a  minus  sign  prefixed  to  it  both  in  the 
numerator  and  denominator  of  the  fraction. 

235.  To  find  the  C.G.  of  a  body  from  which  part 
has  been  cut  off,  referred  to  two  lines  at  right  angles 

in  the  same  plane  with  the  c.G.  of  the  whole  and  that  of  the 
part.    ; 

Let  A  be  the  c.G.  of  the  whole  body,  W  its  weight,  and 
let  a  portion  of  weight  w  be  removed,  whose  C.G.  before 


Fig.  181. 
removal  is  at  B.     It  is  required  to  find  G,  the  c.G.  of  the 
remaining  portion. 

Let  OX,  OY  he  two  straight  lines  at  right  angles  in  the 
same  plane  with  A,  B,  G,  and  let  the  distances  of  A,  B 
from  OY  he  x0,  xv  Let  x  be  the  required  distance  of  G 
from  OY. 

Then  the  whole  body  (weight  W)  is  made  up  of  the 
portions  w  and  W—  iv,  whose  centres  of  gravity  are  at  G 
and  B.  Hence,  if  OY  be  placed  vertical,  the  equation  of 
moments  about  0  gives,  in  the  notation  of  the  figure, 

Wx  OK  =  wxOL+  (W-w)xOM, 
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or   Wx0  =  (W — w)x  +  wx^,  whence  (W—  w)x  =  WxQ^— wxx\ 

- Wxl)—wxl 

"     X''       W-w    ' 
Again,  let  y0,  yt,  y  be  the  distances  of  A,  B,  G  from  OX 
(i.e.,  the  distances  KA,  LB,  MG)  ;  then,  by  turning  the  body 
and  axes  round  till   OX   is   vertical  and  downwards,  we 
obtain,  in  like  manner, 

_  Wyt—  wyx 


y 


W-iv 


Ex.  1. — From  one  corner  of  a  square  lamina  A  BCD,  whose  side  is 
8  ins.,  a  smaller  square  EBFC  is  cut  off,  whose  side  is  6  ins.  To  find 
the  distances  of  the  c.g.  of  the  remaining  part  from  the  sides  AD,  DC. 

Let  Khe  the  c.g.  of  the  large,  and  L  that 
of  the  small,  square. 

The  weights  of  the  whole  square  and  the 
part  removed  are  proportional  to  their  areas, 
i.e.,  as  64  :  36,  or  16  :  9. 

We  may,  therefore,  denote  them  hy  I6w 
and  9w,  respectively,  where  w  is  some 
constant. 

The  distance  of  K  from  AD  is  4  ins. 

The  distance  of  L  from  EH  is  3  ins. ;  also       D  8in^ 

EH  is  2  ins.  distant  from  AD  ;  Fig.  182. 

.*.     the  distance  of  L  from  AD  is  3  +  2  ins.  =  5  ins. 
Hence,  if  %  be  the  required  distance  of  the  c.g.  from  AD  in  inches, 

\Qw  x  4—  9w  x  5 


x  — 


\6w 
64-45 


9w 
19 

:  7' 


The  required  c.g.  is  therefore  2-f-  ins.  from  AD,  and,  evidently  (hy 
symmetry),  it  is  also  2f  ins.  from  DC. 

Ex.  2. — To  apply  the  present  method  to  the  folded -over  square  of 
Ex.  1,  p.  177. 

The  figure  in  question  may  be  regarded  as  formed  by  taking  the 
whole  square,  removing  the  triangle  AEF,  and  adding  the  triangle 
EOF.  If  x  denote  the  distance  of  the  c.g.  to  the  right  of  0,  we  may 
write  x  down  at  once  by  the  formula 

_  WxQ-±JFxOK+±WxOL 

=  -}0K+±0L  =  -$.fa+i.|«-  -£•, 

and  the  minus  sign  shows  that  G  is  -^a  to  the  left  of  0. 
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236.  A  frustum  of  a  pyramid  or  cone  is  the  portion 
included  between  the  base  and  any  plane  drawn  parallel 
to  it. 

In  Fig.  183  the  lower  portion  of  the  pyramid  OABCD,  cut  off  by  the 
plane  abed,  is  called  a  frustum  of  the  pyramid. 

Before  applying  the  method  of  the  last  article  to  find  the  c.g.  of  a 
frustum  of  a  pyramid  or  cone,  it  will  be  necessary  to  compare  the 
volume  of  the  whole  pyramid  OABCD  with  that  of  the  upper  pyramid 
Oabcd  cut  off,  and  we  shall  now  prove  that  these  volumes  are  in  the 
ratio  of  the  cubes  of  the  heights  of  the  pyramids. 

For,  if  H,  h  be  the  heights,  V,  v  the  volumes, 
vol.  OABCD  :  =  i-ETx  area  ABCD  and  vol.  Oabcd  =  \h  x  area  abed. 

Now  the  areas  ABCD,  abed  are  similar  ; 
.-.     area  ABCD  :  area  abed  -  AB2  :  ab2  =  OB2  :  Ob2  =  IP  :  h2 ; 

.-.    v:v  =  n3:hs. 

The  same  result  may  be  proved  similarly  for  a  cone 


Fig.  183. 

237.  To  find  the  C.G.  of  a  frustum  of  a  pyramid  or 
cone. — Let  0  be  the  vertex,  P  the  c.G.  of  the  base  of  the 
pyramid.  Then,  if  OP  cats  the  plane  of  section  of  the 
frustum  (abed)  in  p,  the  point  p  is  the  C.G.  of  the  base  of 
the  upper  pyramid  cut  off. 

Hence  the  c.G.'s  of  the  whole  pyramid  and  that  of  the 
part  cut  off' are  on  OP,  and  their  distances  from  0  are  %0P 
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and  -|0/?,  respectively.  Also  the  weights  of  the  two 
pyramids  are  in  the  ratio  of  their  volumes,  and  therefore 
as  0PZ  :  Op3,  since  OP,  Op  are  evidently  either  equal  or  at 
any  rate  proportional  to  their  altitudes.* 

Therefore  the  c.G.   of  the  frustum  is   in    OP,   and  its 
distance  from  0  is  given  by 

or=:0P3x^0P-0p3x^0p 
OP3 -Op' 

Or,  if  a,  b  denote  the  lengths  OP,  Op,  respectively, 

nn—3  a*-bi=  3  Q2+ft2)0+&) 

=  4a3-63      4      a?+ab  +  b2 


238.  To  determine  the  centre  of  gravity  of  a 
circular  arc. — Let  ABG  be  a  uniform  wire  in  the  form  of 
a  circular  arc  (Fig.  184)  ;  let  B  be  the  middle  point,  and 
0  the  centre  of  the  circle.  Join  OB,  AC,  and  draw  NOM 
perpendicular  to  OB,  and,  therefore,  parallel  to  AG.  Let 
G  be  the  centre  of  gravity,  which  lies  on  OB  (by  symmetry). 


*  In  a  right  cone  or  regular  pyramid  OP  is  perpendicular  to  the  base, 
and  OP,  Op  are  the  altitudes  of  the  whole  and  the  upper  part. 
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Let  r,  c,  and  s  be  the  lengths  of  the  radius,  the  chord  AC, 
and  the  arc  ABC,  respectively. 

Now  suppose  the  wire  divided  into  a  large  number  of 
parts  each  of  which  is  so  small  that  it  may  be  regarded  as 
a  straight  line.  Let  PQ  be  one  of  these  parts,  and  R  its 
middle  point.  Draw  PS,  QT  perpendicular  to  AC,  and 
PI/,  RU  perpendicular  to  QT,  OB,  respectively.     Join  OR. 

Let  the  weight  of  unit  length  of  the  wire  be  w.  Then 
the  weight  of  the  arc  PQ  =  w  .  PQ  ;  and  this  weight  may 
be  collected  at  R ;  also  the  distance  of  R  from  MN  —  OU. 

Thus  OG  =  distance  of  the  centre  of  gravity  from  MN 
l{(*v.PQ).OU\      Z(PQ.OU) 
%(w.PQ)  %{PQ)      W' 

(Cf.  §  174.) 
But  %  (PQ)  =  arc  ABC  =  s. 
Again,  since  the  sides  of  the  triangle 
Pl/Q  are  respectively  perpendicular  to 
the  sides  of  the  triangle  OUR,  there- 
fore these  two  triangles  are  similar ; 

thus  PQ:PV  =  0R.0U; 

whence       PQ  .OU  =  PV  .OR. 
Thus    $(PQ.0U)=2(PI/.0R) 

=  r%(PV)=r^(ST) 

=  r.  AC  =  re. 


Thus,  from  (a), 


0G  =  rc/s  (1). 


Let  20  be  the  circular  measure  of  the  angle  subtended  by  the  arc  at 
0  so  that    L  BOA  =  6.      Then  c  =  2AD  =  2r  sin  0,  and    arc  *  =  2r0. 


Therefore 


0G  = 


sin  6 


(la). 


[When  0  is  very  small,    sin  0/0  =  1  by  Trigonometry,   and,  there- 
fore, OG  =  r,  as  it  should  be.] 

Cok. — The  C.G.  of  a  semi-circular  arc  is  found  by  putting 
6  =  ^7r,  and,  therefore,  OG  =  2rJTr. 
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239.  To  find  the  centre  of  gravity  of  the  area  of 
a  sector  of  a  circle. — Let  AOP  be  the  sector,  and  let  its 
radius  be  r.  Divide  AP  into  a  number  of  equal  arcs  AB, 
BC,  CD,  so  small  that  each  may  be  regarded  as  (approxi- 
mately) straight.     By  joining  the  points  of  section  to  0, 

.A 
\C 


Fig.  185. 

the    sector  will    be   divided   into  narrow  equal  isosceles 
triangles  AOB,  BOC,...  . 

Now  the  c.G.  of  each  of  these  triangles  is  a  distance  from 
0  of  §  its  median  line  (§  168),  that  is,  fr.  Hence  these 
C.G.'s  all  lie  on  a  circular  arc  of  radius  fr.  Replacing  each 
triangle  by  a  particle  of  same  mass  at  its  C.G.,  the  whole 
sector  will  be  replaced  by  a  number  of  equal  particles 
evenly  distributed  along  this  circular  arc,  and  when  the 
bases  AB,  BO, . . .  are  made  infinitely  small,  this  distribution  of 
particles  becomes  a  uniform  circular  arc  with  centre  0  and 
radius  fr,  and  of  the  same  angle  as  the  original  sector 
This  arc,  therefore,  has  the  same  c.G.  as  the  original  sector 
and  the  distance  of  this  c.G.  from  0 

=  *r™±l (2). 

3d  ' 

26  being  the  angle  of  the  sector  expressed  in  radians. 

Cor.  1 . — The  c.G.  of  a  semi-circular  area  is  found  by  putting 
20  =  7r  and   .-.   sin0  =1  ;  hence  its  distance  from  the  centre  =  4r/3ir. 

Cor.  2. —  The  c.G.  of  a  segment  of  a  circle  ABC  (Fig.  182)  is  the 
portion  which  is  left  when  the  triangle  OAC  is  cut  away  from  the 
sector  OABC.     Hence  the  c.G.  can  be  found  by  the  formula  of  §  235.  . 
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240.  Before  finding  the  centre  of  gravity  of  the  surface  of  any  zone 
of  a  sphere,  it  will  be  necessary  to  prove  the  following  lemma : 

Lemma. — The  surface  area  of  any  zone  of  a  sphere  cut  off 

between  two  parallel  planes  is  equal  to  that  which  the  planes  intercept 
on  a  circumscribing  cylinder  to  whose  axis  they  are  perpendicular. 

Fig.  186  represents  the  sectional  view  of  a  sphere,  with  a  cylinder 
CDD'C  circumscribing  it,  whose  axis  coincides  with  the  radius  OA  of 
the  sphere.  H,  K  are  two  points  on  OA  which  we  shall  firstly  suppose 
to  be  very  near  to  one  another ;  through  H,  K  two  planes  are  drawn 
both  perpendicular  to  OA.  We  have  to  prove  that  the  area  of  the 
zone  of  the  sphere  included  between  these  two  planes  is  equal  to  the 
area  of  the  zone  of  the  circumscribing  cylinder  included  between 
them. 

Firstly,  to  find  the  area  of  the  zone  of  the  circumscribing  cylinder, 
we  have 

breadth  of  zone  =  FG  =  HK; 
distance  round  the  zone 
=  circumf.  of  a  circle  of  rad.  EH 
=  2tt  .  EH  =  2tt  .  r  ; 
.•.     area  =  2ir .  r  x  HK. 

Secondly,  to  find  the  area  of  the 
zone  of  the  sphere,  we  have 
breadth  of  zone  =  PQ ; 
distance  round  the  zone 
=  circumf.  of  a  circle  of  rad.  RT 
=  2tt.  RT; 
.-.     area  =  2ir.RTy.PQ. 
But,  by  similar  as,  PSQ,  OTR, 

PQ:QS  =  0R:RT; 
.'.    PQ.RT=QS.OR  =  HK.r. 
This  proves  that  the  two  areas  are  equal. 

When  the  bounding  planes  ££,  FF  are  not  very  near  together 
(Fig.  187),  the  zones  may  be  divided  into  very  narrow  slices  by 
drawing  a  number  of  parallel  planes  at  small  distances  apart,  thus 
dividing  the  axis  HK  into  an  infinitely  large  number  of  infinitely 
small  portions.  Each  small  zone  of  the  sphere  is  equal  to  the 
corresponding  zone  of  the  cylinder,  and  therefore  the  same  is  true 
for  the  entire  zones. 

Cor. — By  dividing  the  whole  area  of  the  sphere  into  narrow  zones 
by  a  series  of  planes  perpendicular  to  OA,  we  can  show  that  the  area 
of  the  sphere  is  equal  to  the  corresponding  area  of  the  circumscribing 
cylinder ;  and,  since  the  height  of  the  corresponding  portion  of  the 
cylinder  is  2r,  this  area  becomes  2-n-r  x  2r  =  4tit2. 
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240.  To  determine  the  centre  of  gravity  of  a  zone 
of  the  surface  of  a  sphere. 

Suppose  Fig.  186  to  represent  a  thin  spherical  shell,  and 
a  circumscribing  cylinder  made  of  exactly  the  same  ma- 
terial. Then,  since  the  areas  of  the  narrow  zone  of  the 
sphere  and  the  narrow  zone  of  the  cylinder  are  equal, 
their  masses  are  also  equal ;  also  they  have  the  same 
centre  of  gravity,  viz.,  T. 

It  follows  that  in  any  problem  dealing  with  centre  of 
gravity  we  can  replace  the  mass  of  the  narrow  spherical 
zone  by  the  mass  of  the  corresponding  cylindrical  zone. 

Now,  in  Fig.  187,  we  are  required  to  find  the  centre  of 
gravity  of  the  spherical  zone  FHKL,  included  between  the 
planes  through  P  and  Q  perpendicular  to  OA. 
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Fig.  187. 


Divide  this  zone  up  into  a  large  number  of  narrow  zones 
oy  planes  perpendicular  to  OA  ;  we  can  then  replace  each 
narrow  spherical  zone  by  the  corresponding  zone  on  the 
cylinder  without  altering  its  mass  or  the  position  of  its  CG. 
Thus  we  see  that  the  centre  of  gravity  of  the  spherical 
zone  FHKL  is  the  same  as  that  of  the  cylindrical  zone  RSTU; 
and  the  centre  of  gravity  of  the  latter  is  obviously  G,  the 
middle  point  of  PQ. 

Thus  the  centre  of  gravity  of  a  spherical  zone  is  the  middle 
point  of  its  axis  (3). 

Cor. — The  C.G.  of  a  hemispherical  bowl  is  at  a  distance  of 
half  the  radius  from  the  centre,  as  the  same  argument  proves. 
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Fiff.  188. 


241.  To  find  the  C.G.  of  a  sector  of  a  solid  sphere. 

[Definition. — A  sector  of  a  sphere  is  the 
portion  of  a  solid  sphere  bounded  bj  the 
surface  of  a  (right  circular)  cone  whose 
vertex  is  the  centre  of  the  sphere.  (Fig. 188.)] 

Draw  a  network  of  lines,  dividing  up  the 
spherical  surface  of  the  sector  into  areas  so 
small   that  each  is  approximately  a  plane 
area.     These  small  areas  will  subtend  at  the  centre  of  the 
sphere  pyramids  of  which  the  sector  is  built  up,  and,  if  r 
is  the  radius  of  the  sphere,  the  c.G.  of  each  sector  is  at  a 
distance  f  r  from  the  centre. 

Hence  each  pyramid  may  be  replaced  by  an  equal  mass 
at  its  c.G.,  and  these  masses  will  lie  on  a  spherical  cap  of 
radius  fr,  bounded  by  the  cone  which  bounds  the  sector. 
Moreover,  each  mass  is  proportional  to  the  area  of  the  base 
of  the  pyramid,  and  therefore  also  to  the  area  on  which  it 
stands  on  the  spherical  cap  of  radius  j-r,  proving  that  the 
distribution  of  matter  over  this  cap  is  uniform.  Hence  the 
C.G.  of  the  sector  is  the  C.G.  of  the  corresponding  uniform 
spherical  cap  on  a  concentric  sphere  of  radius  %r. 

It  may  be  constructed  as  follows  : 


Let  AOBC  represent  the  sector  seen  in  Fig.  188. 
Then  the  c.g.  of  the  surface  of  the  cap  ACB  is  at  the  middle  point 
of  CD,  and  its  distance  from  0  is  =  \{0C  +  0D).     (See  §  236.)     Also. 
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the  c.g.  of  the  sector,  heing  the  c.g.  of  a  cap  of  f  the  radius,  is  at  a 
distance  from  0  of  f  this  amount. 
Hence,  if  G  he  the  required  c.g., 

0G  =  %(0C  +  0D); 
or,  if  6  =  I  CO  A  =  semi-vertical  Z  of  hounding  cone  AOB, 

OG  =  |r(l  +  cos  0). 

Cok.  1.     The   C.G.  of  the  volume  of  a   hemisphere  is  at  a 

distance  from  the  centre  of  |-  the  radius. 

Cor.  2.  The  c.g.  of  the  volume  of  the  segment  of  the  sphere  ACBD 
may  he  found  by  regarding  it  as  the  portion  left  when  the  cone  AOBD 
is  removed  from  the  sector  AOBC,  the  volumes  and  cg.'s  of  the  whole 
and  the  removed  part  heing  known. 


Summary  of  Results. 

Distance  from  the  centre  of  the  C.G.  of  a  circular  wire 
re  sin  6  /1n 

=  7=r_r (1)- 

For  a  circular  sector  the  distance  of  the  C.G.  from  the 
centre  is  §  that  of  the  arc  on  which  the  sector  stands 

.(2). 

Centre  of  gravity  of  a  spherical  zone  is  at  the  middle 
point  of  its  axis (3). 

For  a  spherical  sector  the  distance  of  the  C.G.  from  the 
centre  =  f  that  of  the  spherical  cap  on  which  the  sector 
stands (4). 


EXAMPLES  XVII. 

1.  Explain  how  to  find  the  c.g.  of  a  segment  of  a  circle  greater  than 
a  semi-circle. 

2.  Determine  the  centre  of  gravity  of  a  homogeneous  hemisphere 
of  radius  r,  from  which  a  concentric  hemispherical  portion  of  radius 
|r  has  heen  scooped  out. 

3.  Prove  that,  if  a  segment  be  cut  off  from  a  solid  sphere  of  radius  a 
by  a  plane  distant  b  from  the  centre,  the  c.g.  of  the  segment  is  at  a 

distance  from  the  centre  of         — ~. 
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4.  If  a  cone  be  placed  with,  its  base  in  contact  with  a  smooth  inclined 
plane,  and  be  prevented  from  slipping  by  a  horizontal  force  applied  at 
the  apex,  give  a  diagram  showing  the  arrangement  of  the  forces  acting 
on  it. 

Also,  if  the  inclination  of  the  plane  be  45°,  and  the  radius 
of  the  base  be  equal  to  '375  of  the  altitude,  prove  that  the  cone 
will  be  on  the  point  of  toppling  over. 

5.  A  truncated  cone  is  bounded  by  plane  faces,  perpendicular  to  the 
axis,  of  diameters  4  ft.  and  5  ft.,  respectively,  and  rests  with  its 
smaller  face  upon  a  horizontal  plane.  A  uniform  plank  of  length  6  ft. 
is  laid  upon  the  upper  surface,  its  middle  point  coinciding  with  the 
centre  of  the  latter,  and  is  just  tilted  by  a  vertical  force  at  one  of  its 
extremities.  Prove  that  the  truncated  cone  will  not  be  moved  provided 
its  weight  be  not  less  than  f  of  the  weight  of  the  plank. 

6.  Find  the  centre  of  gravity  of  a  quadrilateral  lamina,  two  of 
whose  sides  are  parallel  and  one  of  them  double  of  the  other,  calcula- 
ting its  distance  from  the  point  where  the  other  pair  of  sides  meet 
when  produced. 

7.  The  uniform  quadrilateral  ABCD,  right-angled  at  A  and  obtuse- 
angled  at  B,  is  bisected  by  the  diagonal  AC.  If  it  rest  with  the 
side  AB  on  a  horizontal  plane,  prove  that  BM  must  be  less  than  %AB, 
where  M  is  the  foot  of  the  perpendicular  from  0  on  AB  produced 
through  B. 

8.  Prove  that  a  thin  hemispherical  bowl  can  rest  in  equilibrium 
with  its  curved  surface  in  contact  with  a  rough  inclined  plane,  if  the 
inclination  does  not  exceed  30°. 
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EXAMINATION  PAPER  VIII. 

1.  State  the  laws  of  friction,  and  explain  what  is  meant  by  limiting- 
friction,  coefficient  of  friction,  angle  of  friction. 

2.  A  rigid  body  of  any  form  being  supposed  to  rest  on  a  rough 
horizontal  plane  ;  given  the  coefficient  of  friction  between  it  and  the 
plane,  determine,  in  direction  and  magnitude,  the  least  force  which,, 
acting  through  its  centre  of  gravity,  will  just  move  it. 

3.  A  body  of  weight  W  is  held  in  equilibrium  on  a  plane  of  inclina- 
tion 37-|°  by  a  force  applied  horizontally.  If  the  angle  of  friction  be 
7-^°,  construct  a  triangle  of  forces  from  which  (or  otherwise)  calculate 
the  greatest  and  least  values  of  the  horizontal  force  consistent  with 
equilibrium. 

4.  A  uniform  rod  of  given  length  is  to  be  supported  in  a  given 
inclined  position,  with  its  upper  end  resting  against  a  rough  vertical 
wall,  by  means  of  a  string  attached  to  the  lower  end  of  the  rod  and  to  a 
point  of  the  wall.  Find,  by  a  geometrical  construction,  the  highest 
and  lowest  points  of  the  wall  to  which  the  string  can  be  attached. 

5.  Prove,  by  any  method,  the  condition  for  equilibrium  in  the 
common  screw  press,  friction  being  taken  into  account. 

6.  Find  the  centre  of  mass  of  the  area  of  a  quadrilateral  the  coor- 
dinates of  the  angular  points  of  which  are  given. 

7.  Find  the  centre  of  mass  of  a  uniform  thin  bowl  of  hemispherical 
form. 

8.  From  the  position  of  the  c.g.  of  a  hemispherical  shell  deduce  the 
position  of  the  c.g.  of  a  solid  hemisphere. 

9.  Prove  that,  if  a  homogeneous  hemisphere  is  joined  to  a  cylinder 
on  the  same  base  and  of  the  same  material,  the  equilibrium  will  be 
stable  when  the  hemisphere  is  resting  on  a  horizontal  plane  if  the 
radius  of  the  base  is  greater  than  V2  times  the  height  of  the  cylinder. 

10.  In  the  so-called  "  first"  and  third  systems  of  pulleys  (the  two 
systems  in  which  each  pulley  is  worked  by  a  separate  string),  prove 
that  the  mechanical  advantages  are  reduced  to  (1  +  m)n  and  (1  +  m)n—  1, 
when  it  is  found  that  the  friction  of  the  rope  and  pulleys  causes  the 
tension  to  be  reduced  to  m  times  its  value  in  passing  round  a  pulley. 
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1.  The  centre  of  the  circumscribed  circle  of  a  triangle  ABC  is  0,  and 
the  intersection  of  the  perpendiculars  from  the  angular  points  on  the 
opposite  sides  is  P ;  prove  that  the  resultant  of  forces  OA,  OB,  00  will 
act  along  OP,  and  be  equal  to  OP. 

2.  Four  pegs  are  fixed  in  a  wall  at  the  four  highest  vertices  of  a 
regular  hexagon  (the  two  lowest  being  in  a  horizontal  straight  line), 
and  over  these  is  thrown  a  loop  suspending  a  weight.  The  loop  has 
such  a  length  that  the  angles  formed  by  it  at  the  lowest  pegs  are  right. 
Determine  the  tension  in  the  string  and  the  pressures  on  the  pegs. 

3.  A  bar  of  uniform  thickness  and  density,  12ft.  long  and  lcwt., 
is  supported  at  its  extremities  in  a  horizontal  position  ;  if  a  body  of 
2  cwt.  be  suspended  from  a  point  2  ft.  distant  from  one  end  and  a 
body  of  4  cwt.  at  4  ft.  from  the  other  end,  find  the  pressure  on  the 
points  of  support. 

4.  A  rigid  body  of  any  form,  supported  at  three  points  of  its  sur- 
face by  three  vertical  props,  is  in  equilibrium  under  the  action  of 
gravity.  All  particulars  being  supposed  given,  required  the  pressures 
P,  Q,  E  on  the  props. 

5.  A  uniform  straight  bar,  of  length  I  and  weight  W,  suspended 
from  a  fixed  point  by  two  cords,  of  lengths  a  and  b,  attached  to  its 
extremities,  is  in  equilibrium  under  the  action  of  gravity.  Required 
the  tensions  P  and  Q  on  the  cords. 

6.  An  equilateral  triangle,  whose  sides  are  light  rods  hinged  freely 
together,  stands  on  a  horizontal  plane.  A  weight  W  is  suspended 
from  the  vertex ;  determine  the  tension  of  the  base. 

7.  Determine  the  tension  of  the  base  in  the  last  question  if  there 
are  three  weights  W  suspended,  one  from  the  vertex,  and  one  from 
the  middle  point  of  each  side. 
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8.  Four  equal  heavy  rods  are  hinged  at  their  extremities  to  form  a 
rhomhus,  two  opposite  corners  of  which  are  joined  hy  a  string ;  if  the 
system  he  suspended  from  one  of  the  angular  points  to  which  the 
string  is  attached,  find  the  tension  of  the  string. 

9.  Five  equal  light  rods,  freely  hinged  together,  form  a  framework 
in  the  shape  of  a  rhomhus  ABCD,  with  a  diagonal  BD.  This  carries  a 
weight,  W,  at  D,  and  is  supported  hy  two  vertical  strings  at  A  and  C 
in  such  a  way  that  AB  and  CD  are  horizontal,  CD  being  on  the  lower 
level.     Determine  the  tension  along  BD. 

10.  ABCD  is  a  light  string  tied  to  two  fixed  points  at  A  and  D,  and 
carrying  weights  at  B  and  C.  Determine  the  ratio  of  the  weights  at 
B  and  C  if  AB  is  inclined  at  30°  to  the  vertical,  BC  at  30°  to  the 
horizontal,  and  CD  is  horizontal. 

11.  A  series  of  equal  weights  are  knotted  at  different  points  of  a 
string  the  two  extremities  of  which  are  tied  to  two  fixed  points. 
Prove  that  the  tangents  of  the  inclinations  to  the  horizontal  of  the 
successive  portions  of  the  string  are  in  a. p. 

12.  A  regular  hexagon  ABCDEF,  made  of  light  rods  freely  hinged 
together,  carries  equal  heavy  weights,  W,  at  the  angular  points ;  if 
the  side  AB  be  held  horizontally,  and  the  figure  kept  in  shape  by  a 
light  rod  CF,  find  the  thrust  along  CF. 

13.  If  the  regular  hexagon  in  the  last  question  were  kept  in  shape 
by  two  strings  AD,  BE,  instead  of  the  rod  CF,  determine  the  tension 
in  each  of  the  strings. 

14.  BC,  CA,  AB  are  three  weightless  rods  formed  into  a  triangular 
frame  ;  their  lengths  are  respectively  10,  8,  6  ;  the  frame  is  suspended 
from  the  angular  point  A  ;  a  weight  of  100  lbs.  is  hung  from  the 
middle  point  of  BC.     Find  the  stresses  in  BC. 

15.  What  would  be  the  answer  to  the  last  question  if,  instead  of  the 
100  lbs.  weight,  two  weights  of  50  lbs.  each  were  hung  from  B  and  C  ? 

16.  Draw  a  rectangle  ABCD  and  its  diagonals  AC,  BD  intersecting 
at  £,  the  lengths  AB  and  AC  being  6  and  10  ft.  respectively ;  let  its 
plane  be  vertical,  and  AB  horizontal. 

AC  and   BD   represent  two    weightless    rods    turning    freely 
about  a  pin  at  E,  with  their  lower  ends  A,  B  connected  by  a 
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thread,  and  standing  on  a  horizontal  plane.  If  a  weight  Wis 
hung  at  C,  find  the  pressures  on  the  ground,  the  tension  of  the 
thread,  and  the  stress  in  BD. 

17.  Two  weightless  levers  AOB,  COD,  whose  lengths  are  8  and  9  ins. 
respectively,  are  jointed  together  at  0  4  ins.  from  B  and  D.  If  A,  G 
be  connected  by  a  string  3  ins.  long,  and  B,  D  be  pulled  apart  by 
forces  P,  P  in  the  straight  line  BD,  find  the  tension  of  the  string. 

18.  The  string  ABCD,  attached  to  two  fixed  points  A  and  D,  has  two 
equal  weights  knotted  to  it  at  B  and  0,  and  rests  with  the  portions 
AB  and  CD  inclined  30°  and  60°  respectively  to  the  vertical.  Prove 
that  the  tension  in  the  portion  BC  is  equal  to  either  weight,  and  that 
BC  is  inclined  60°  to  the  vertical. 

19.  A,  B,  C  are  three  points  in  a  vertical  plane,  A  and  C  lying  on 
opposite  sides  of  the  vertical  line  through  the  highest  point  B.  A 
string  ADBCDE,  having  one  end  fixed  at  A,  passes  in  succession  through 
a  light  smooth  ring  D,  round  pegs  at  B  and  C,  again  through  the 
ring,  and  is  attached  to  a  weight  at  its  free  extremity  E.  Prove  that 
in  the  position  of  equilibrium  the  ring  and  the  weight  hang  vertically 
below  B. 

20.  Four  equal  weightless  rods  are  hinged  together  to  form  the 
rhombus  ABCD,  and  the  hinges  at  A  and  C  are  connected  by  a  string. 
If  the  rhombus  be  suspended  from  A,  and  equal  weights  of  1  cwt.  each 
be  suspended  from  B  and  D,  find  graphically  the  tension  of  the  string. 

21.  Five  equal  weightless  rods  are  hinged  together  so  as  to  form 
the  rhombus  ABCD,  and  the  diagonal  BD.  If  the  rhombus  be  sus- 
pended from  A,  and  a  weight  of  1  cwt.  be  suspended  from  C,  find  the 
thrust  in  BD. 

22.  Three  equal  smooth  spheres  on  a  smooth  horizontal  plane  are  in 
contact  with  each  other,  and  are  kept  together  by  an  endless  string  in 
the  plane  oj:  their  centres,  just  fitting  round  them.  If  a  fourth  equal 
sphere  is  placed  upon  them,  prove  that  the  tension  of  the  string  is  to 
the  weight  of  either  sphere  as  1  :  3\/6. 

23.  Two  equal  weightless  rigid  bars  AB  and  AC,  hinged  together 
at>4,  and  connected  by  a  weightless  string  BC,  are  placed  in  a  vertical 
plane,  with  B  and  C  upon  a  smooth  horizontal  plane.  If  a  given 
weight  be  suspended  from  a  point  0  in  AC,  find,  graphically,  the 
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action  at  A,  and  the  tension  of  the  string.     If  0  he  moved  along  AC, 
prove  that  this  tension  varies  as  00. 

24.  A  uniform  triangular  lamina,  ABO,  right-angled  at  B,  is  stand- 
ing on  its  side  BC,  on  a  horizontal  plane.  If  the  plane  he  gradually 
tilted,  so  that  0  is  higher  than  B,  prove  that,  all  sliding  heing  pre- 
vented, the  greatest  possihle  angle  of  inclination,  consistent  with  there 
being  no  toppling  over,  is  equal  to  A. 

25.  A  rectangular  block  ABCD,  whose  height  is  double  its  base, 
stands  with  its  base  AD  on  a  rough  floor  (/x  =  £).  If  it  is  pulled  by  a 
horizontal  force  at  0  till  motion  ensues,  determine  whether  it  will 
slide  or  topple. 

26.  A  lamina  hangs  freely  in  a  vertical  plane  with  a  point  A  fixed, 
and  in  this  position  a  horizontal  line  BO  is  drawn  upon  it ;  it  next 
hangs  with  B  fixed,  and  a  horizontal  line  is  drawn  through  A,  cutting 
BO  in  C.  Show  that,  if  C  be  fixed,  the  lamina  will  rest  with  the  line 
AB  horizontal. 

27.  Any  closed  polygon  is  drawn  with  2n  sides ;  E,  F,  6,  &c,  are  the 
points  of  bisection  of  n  alternate  sides;  e,  f,  g,  &c,  are  the  points  of 
bisection  of  the  remaining  n  sideB.  Prove  that  the  c.g.  of  any  n 
equal  weights  at  E,  F,  G,  &c,  Coincides  with  that  of  any  n  equal 
weights  at  e,  f,  g,  &c. 

28.  If  four  forces  acting  along  the  sides  of  the  plane  quadrilateral 
ABOD  be  in  equilibrium,  and  one  of  them  be  completely  represented 
by  AE,  where  £  is  a  given  point  in  AB  or  AB  produced,  and  if  the 
quadrilateral  AEF6  be  constructed,  having  its  sides  parallel  and  pro- 
portional to  the  four  forces,  prove  that 

AE    FG^  =  AG    EF 
AB  'CD      AD'  BC' 

29.  If  E  and  F  be  the  middle  points  of  the  diagonals  AC  and  BD  of 
the  quadrilateral  ABCD,  and  if  EFhe  bisected  in  G,  prove  that  the  four 
forces  AG,  BG,  CG,  and  DG  will  be  in  equilibrium. 

30.  Three  forces,  PA,  PB,  PC,  diverge  from  the  point  P  ;  and 
three  others,  AQ,  BQ,  CQ,  converge  to  the  point  Q,  Prove  that  the 
resultant  of  the  six  is  represented  in  magnitude  and  direction  by  3PQ, 
and  passes  through  the  c.g.  of  the  triangle  ABC. 

STAT.  S 
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31.  It  is  required  to  decompose  a  force,  whose  magnitude  and  line 
of  action  are  given,  into  two  equal  forces  passing  through  two  given 
points.  Give  a  geometrical  construction  for  solving  the  problem 
(i.)  when  the  two  points  are  on  the  same  side  of  the  line,  (ii.)  on 
opposite  sides. 

32.  ABCD  is  a  uniform  quadrilateral  lamina ;  E,  F,  G,  H  are  the 
c.g.'s  of  the  triangles  BCD,  CD  A,  DAB,  ABC.  Prove  that  the  quadri- 
lateral EFGH  is  similar  to  the  quadrilateral  ABCD  turned  through 
two  right  angles. 

33.  The  uniform  quadrilateral  ABCD,  right-angled  at>4,  and  obtuse, 
angled  at  B,  is  bisected  by  the  diagonal  AC.  If  it  rest  with  the  side 
AB  on  a  horizontal  plane,  prove  that  BM  must  be  less  than  f  AB, 
where  M  is  the  foot  of  the  perpendicular  from  C  on  AB  produced 
through  B. 

34.  Forces  P,  Q,  E  act  along  the  sides  BC,  CA,  AB  of  a  triangle. 
Prove  that  their  resultant  will  act  along  the  line  joining  the  centre  of 
the  circumscribing  circle  to  the  orthocentre  if 

cos  B      cos  C  .  cos  C      cos  A  .  cos  A      cos  B 


P:  Q:P  = 


cos  C      cos  B  '  cos  A      cos  C  '  cos  B      cos  A 


35.  A  uniform  ring  rests  with  its  plane  horizontal  over  the  top  of  a 
smooth  fixed  sphere.     What  is  the  nature  of  the  equilibrium  ? 

36.  A  weightless  triangular  lamina  ABC  is  supported  at  the  three 
angular  points  in  a  horizontal  position.  A  weight  W  is  placed  at  its 
orthocentre.     Determine  the  pressures  on  the  support  at  A. 

37.  Find  the  pressure  at  A  in  the  last  question,  if  the  weight  be 
placed  at  the  centre  of  the  circumscribing  circle. 

38.  Two  equal  smooth  spheres,  each  of  weight  W,  are  suspended 
by  parallel  weightless  strings  of  equal  lengths,  the  line  joining  their 
centres  being  horizontal,  when  an  isosceles  triangle  of  weight  W'\% 
thrust  between  them,  with  its  vertical  angle  la  downwards.  If  fi  be 
the  inclination  of  either  string  to  the  vertical  when  there  is  equi- 
librium, prove  that  cot  $  =  3  tan  a. 

39.  If  OA,  OB,  OC  ar„e  three  diverging  bars  of  the  same  material 
and  of  the  same  section,  prove  that,  if  their  c.g.  is  at  0,  the  sines  of 
the  angles  they  make  are  as  the  squares  of  their  lengths. 
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40.  Three  forces  P,  Q,  P  acting  at  a  point  are  in  equilibrium. 
Upon  their  respective  lines  of  action  three  points  A,  B,  0  are  taken, 
and  P  is  replaced  by  its  components  in  AB  and  AC;  Q  by  its  com- 
ponents in  BA  and  BO ;  P  by  its  components  in  CA  and  CB.  Prove 
that  the  two  forces  thus  acting  in  each  of  the  lines  AB,  BC,  CA  are 
equal  and  opposite. 

41.  Three  smooth  pegs,  A,  B,  and  C,  are  fixed  in  the  same  vertical 
plane,  B  being  3  ft.  vertically  above  A,  and  C  4  ft.  horizontally  distant 
from  A.  A  weightless  string  13  ft.  long  passes  round  A,  B,  and  C, 
and  is  attached  at  its  extremities  to  a  given  weight  W.  Find  the 
tension  of  the  string  and  the  pressure  on  the  peg  B  in  terms  of  W. 

42.  Two  particles  whose  weights  are  equal  are  connected  by  a  light 
string,  and  rest  on  a  rough  vertical  circle ;  the  coefficient  of  friction 
being  tan  €.  Show  that  when  there  is  no  friction  between  the  string 
and  the  circle,  and  both  weights  are  on  the  point  of  motion,  the 
radius  of  the  circle  through  the  middle  point  of  the  string  will  make 
an  angle  e  with  the  vertical. 

43.  A  wheel,  weight  W  and  radius  r,  rests  between  two  planes 
each  inclined  to  the  vertical  at  angle  o.  The  plane  of  the  wheel  is 
perpendicular  to  the  line  of  intersection  of  the  two  planes,  which  is 
itself  horizontal.  If  jx  be  the  coefficient  of  friction,  find  the  least 
couple  necessary  to  turn  the  wheel. 

44.  A  uniform  beam  of  weight  W,  laid  on  a  horizontal  plane,  can 
be  just  moved  by  pushing  it  with  a  horizontal  force  \WVZ.  Prove 
that  the  least  force  which  can  move  it  is  equal  to  W/2,  and  find  the 
direction  of  this  force. 

If  the  beam  be  pulled  slowly  by  a  rope  attached  at  one  end  A, 
prove  that  A  will  not  rise  from  the  ground  unless  the  inclination 
of  the  rope  to  the  horizon  be  60°  at  least. 

45.  A  cube  is  placed  with  one  edge  on  a  rough  horizontal  plane 
(coefficient  of  friction  =  fi)  and  a  parallel  edge  on  a  smooth  plane, 
inclined  at  an  angle  of  45°  to  the  horizon  ;  if  0  is  the  inclination  of 
the  base  of  the  cube  when  in  the  position  in  which  it  will  just  not 
slide  into  a  lower  position,  show  that  (1  +  3/x)  tan  0  =  1—h- 

46.  A  body  of  given  weight  Wis  urged  against  a  rough  inclined 
plane  by  a  force  P  acting  in  a  direction  at  right  angles  to  the  plane. 


260  STATICS. 

Under  what  circumstances  will  P  keep  the  body  from  sliding  down 
the  plane  ?  The  inclination  of  the  plane  to  the  horizon  being  30°,  and 
the  weight  of  the  body  20  lbs.,  what  must  be  the  coefficient  of  friction 
if  the  force,  acting  as  above,  which  just  keeps  the  body  from  sliding 
is  10  lbs.  ? 

47.  It  is  found  by  trial  that,  when  P  is  on  the  point  of  lifting  Q  by 
means  of  a  single  fixed  pulley,  P  =  (1  +m)Q,  where  m  is  a  constant 
depending  on  the  friction  of  the  various  parts  of  the  machine.  If 
three  such  pulleys  are  combined  into  a  block  and  tackle,  find  the  power 
requisite  to  raise  a  given  weight  by  means  of  it.  If  m  =  0-2,  find  the 
number  of  ft. -lbs.  of  work  done  against  friction  when  a  weight  of 
1000  lbs.  is  raised  20  ft.  by  means  of  a  block  and  tackle  of  three  such 
pulleys. 

48.  Two  weights,  Pand  Q,  hang  by  a  flexible  thread  over  a  fixed 
pulley,  capable  of  turning  on  a  rough  axle  ;  find  the  relation  between 
them  when  P  is  on  the  point  of  moving  downwards.  If  the  radii  of 
the  pulley  and  axle  are  10  in.  and  1  in.,  respectively,  and  if  a  weight 
of  101  lbs.  is  on  the  point  of  motion  when  counterbalanced  by  a 
weight  of  99  lbs.,  find  the  coefficient  of  friction  between  the  axle  and 
its  bearing. 

49.  Three  equal  rough  spheres  of  the  same  material  rest  in  contact 
on  a  horizontal  plane,  and  support  another  similar  sphere  on  the  top 
of  them.  Calculate  the  frictions  at  the  points  of  contact  of  the  upper 
sphere,  and  show  that,  if  the  equilibrium  is  disturbed,  it  will  be  by 
the  three  lower  spheres  rolling  along  the  plane. 

50.  Two  equal  and  similar  rough  cylinders,  whose  axes  are  parallel, 
and  which  rest  in  contact  on  a  rough  horizontal  plane,  support  another 
equal  cylinder  (whose  axis  is  parallel  to  theirs)  on  the  top  of  them. 
Calculate  the  frictions  at  the  points  of  contact  of  the  upper  cylinder ; 
and  show  that,  if  the  equilibrium  is  disturbed,  it  will  be  through 
-the  two  lower  cylinders  rolling  along  the  plane. 
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Examples  I.     (Pages  19,  20.) 

1.  About  151  lbs.  wt.  2.  16  lbs.  3.  10  lbs.  and  15  lbs. 

4.  (i.)  SAP,  where  P  divides  BC,  so  that  ZBP  =  5CP. 
(ii.)  5PA,  where  P  divides  BC,  so  that  IBP  =  ZCP. 
(iii.)  24P,  where  BO  is  produced  to  P,  and  2CP  =  AC 
(iv.)     PA,  where  fiC  is  produced  to  P,  and    CP  =  4BC 

(v.)  9/1P,  where  BC  is  produced  to  P,  and  9CP  =  2BC 
(vi.)     PA,  where  £<?  is  produced  to  P,  and    CP  =  SBC 

5.  13  lbs.  wt.     6.   a/3P,  at  right  angles  to  2  P  between  2P  and  3  P. 
7.  See  §  19  ;  2  a/2  in  a  north-easterly  direction.  8.  90°. 

10.  Zero.  11.  In  P,  where  (m-k)BP  -  (k-T)CP. 

12.  Draw  >4F  parallel  to  ED  to  meet  #Z)  in  F. 


1.  (i.) 
(iii.) 

(v.) 
(vii.) 
(ix.) 

2.  10  V5  lbs.  ;  inclined  to  vertical  at  an  angle  whose  cosine  is  2  /  a/5. 

3.  (i.)  1  lb.  along  each.  (ii.)  -|  lbs.  along  each. 

4.  (i.)  7  lbs.  (ii.)  26  grammes, 
(iii.)  1  ton.                                             (iv.)  5  kilog. 

(v.)  5  cwt.  (vi.)  2  a/7  lbs. 

(vii.)  5  a/3  lbs.  (viii.)  4\/l0  +  3v/3  mgm. 

(ix.)  2a/13-6a/3oz. 


Examples  II. 

(Pages  35,  36.) 

2  a/3  lbs.  ;  2  lbs. 

(ii.)  8  oz.  ;    8  oz. 

5  kilog. ;  5  a/  3  kilog. 

(iv.)  0  ;  3  tons. 

-  6  grs.  ;  6  a/3  grs. 

(vi.)    -|  a/2  lbs.  ;  f  s/2  lbs 

—  4  a/3  cwt.  ;  4  cwt. 

(viii.)   —4  mgm.  ;  0. 

6  stone ;  0. 

11  ANSWERS. 

5.  2  ^39  lbs. 

6J  12  lbs.  opposite  to  the  10-lb.  force,  and  2  a/3  lbs.  at  right  angles 
to  this  on  the  side  remote  from  the  4 -lb.  force. 

8.  2>/35-18a/2  lbs.  between  north  and  west.  9.  7  V%  lbs. 

10.  V3  lbs. 

12.  If  P  is  >  Q,  Q  and  VllS  are  perpendicular  to  each  other. 

13.  -f.  14.  -\.  15.  5 (V3  +  1)  lbs.  ;    5(V3-1)  lbe. 
16.  16-93  lbs.,  10-65  lbs.  ;    4-62  lbs.,  -78  1b. 

Examination  Paper  I.      (Page  37.) 

1.  See  §  5.  2.  See  §§  12,  13.  3.  See  $  16. 

AP 

4.  5  —  lbs.,  in  direction  parallel  to  /P,  where  BO  is  produced  toP, 

and  2B0  =  5CP. 

5.  See  §§  18,  20,  21.  6.  See  $  23.  7.  See  §$  26,  28. 

8.  Draw  DF  parallel  to  EA  to  meet  AB  in  F. 

9.  See  §  30.  10.  See  §  34. 

Examples  III.      (Pages  49,  50.) 

1.  (i.)  7*  lbs. ;  6  lbs.     (ii.)  32^  lbs.  ;  30  lbs.     (iii.)  8f  tons;  8ftons. 

(iv.)  45^  kilog.  ;  40  kilog.  . 

2.  (i.)  60  ft. -lbs.  (ii.)  390  ft. -lbs.  (iii.)  630  ft. -tons. 

(iv.)  1360  kilogram-metres. 

3.  (i.)  f  a/3  tons;  2 £  tons,  (ii.)  28  lbs.  ;  14 a/2  lbs. 

(iii.)  10  \/3  kilog.  ;  5  a/3  kilog.  The  reactions  are  respec- 
tively (i. )  -if  a/3  tons ;  f  a/3  tons.  (ii. )  28  a/2  lbs.  ;  14  a/2  lbs. 
(iii.)  20  kilog.  ;  5  kilog. 

4.  (i.)  4200  ft. -lbs.    (ii.)  42  v/2ft.-lbs.    (iii.)  J^  a/3  kilogram-metres. 

5.  (i.)  6f  lbs.     (ii.)  5£  lbs.  ;  13*  ft. -lbs.  6.  6A/2  1bs. 
7.  J^a/3  lbs.                       8.  |  ton.                    10.  5  lbs.  ;  f  a/3  lbs. 

11.  Along  the  plane,  7Fsin  o  ;    the  force  must  act  towards  the  plane 
at  an  angle  of  (90°— a)  with  it. 

12  T-   W  -  WWZ  13    Qi 

14.  28  a/2  lbs.  ;   when  the  angle  between  the  two  parts  of  the  string 

is  equal  to  or  greater  than  120°. 

15.  Anywhere  in  the  tube. 

17.  The  tension  in  each  string  equals  any  one  of  the  weights. 
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Examples  IV.      (Pages  61,  62.) 
1.  See  §  58.  2.  |  lb. 

5.  The  rod  is  inclined  at  30°  to  the  vertical ;  32  lbs. 

6.  1  \  ins.  ;  60°  with  horizontal. 

7.  ^1  w,    —  W.  where  7Fis  the  weight  of  the  rod. 

4  4 

8.  10^2  lbs.;  10  lbs.         9.  ^  W\    ~.  11.  —lb.;  -lb. 

2  2  2  2 

W 

12.  Tension  in  each  string  ■»  —  (\/3  — 1). 

L 

Examination  Paper  II.      (Page  63.) 
1.  See  §  52.  2.  See  \  53.  3.  See  $§  40,  57. 

4.  See  I  44.  5.  15  lbs.  6.  See  §  47. 

7.  2\/3  lbs.,  at  right  angles  to  the  5 -lb.  force  between  the  5 -lb.  and 

7 -lb.  forces. 

8.  See  §  53.     The  line  through  C  perpendicular  to  AB,  the  horizontal 

line  through  A,  and  the  vertical  line  bisecting  AB  must  all 
meet  in  a  point.  9.  Q  =■  bP/a,    H  =  cP/a. 

Examples  V.      (Pages  74,  75.) 

1.  (i.)  2£,  (ii.)  |V2,  (iii.)  \V2,  (iv.)  f  ^3,  in  ft. -lb.  units. 

2.  \A0  ;  4v4C  ;  f  >4£. 

3.  Towards  the  side  on  which  A  lies.          4.  See  \\  60,  68  ;    -v/3  :  4. 

6.  About  one  end,  0,  +4,  +18,   -32;    about  other  end,   +8,  —12, 

—  6,0;    about  middle  point,  +4,  —4,  +6,  —16.     The  sum 
of  the  moments  is  — 10,  round  any  one  of  the  points. 

7.  0,    Z— ±AB,    5^/3AB,    7VZAB,    —AB,   0. 

i      2  2 

8.  8V3,  10-v/3  ;    at  P  in  BC  produced,  such  that  CP  =  16  ft. 

9.  (P—  Q)  a  J  */ P2  +  Q?,  where  a  is  the  length  of  the  side. 

10.  Two  straight  lines  parallel  to  the  resultant  at  a  distance  of  J  the 

unit  of  length  on  each  side  of  it. 

11.  The  resultant  passes  through  A. 

12.  The  moments  and  sums  of  the  moments  round  the  four  corners 

are  respectively 
(i.)   _3,  -4,   +  10,   +12;    +15.      (ii.)    +6,  -4,  -5,     +12;    +9. 
(iii.)    +6,  +8,  -5,     -6;      +3.        (iv.)   -3,  +8,   +10,  -6;      +9. 

13.  Any  point  in  a  line  parallel  to  CD  and  distant  from  it  2a  on  the 

side  opposite  to  AB,    where   a  is  the  length  of  a  side  of 
the  square. 
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Examples  VI.      (Pages  89,  90.) 

1.  (i.)4  1bs.  ;     Hft.*,     *ft.  (ii.)  12  lbs.  ;     21  ins.,  15  ins. 
(iii.)  12  lbs.  ;  31^  ins.,   4^  ins.        (iv.)   14  lbs.  ;     30  ins.,  12  ins. 

(v.)  £  ton  ;      4  ins.,        2  ins.  (vi.)   1  kilog.  ;  6  cm.,    4  cm. 

2.  (i.)  2  lbs.  ;     3  ft.,         1ft.  (ii.)  2  lbs.  ;       10^  ft.,  7*  ft. 
(iii.)  9  lbs.  ;     3&  ft.,       £  ft.             (iv.)  6  lbs.  ;       70  ins.,  28  ins. 

(v.)^ton;      12  ins.,     6  ins.  (vi.)  200  gms.;  30  om.,  20  cm. 

3.  5|£  ft.  from  the  8 -lb.  end  ;   19  lbs.     ' 

4.  1  unit,  at  a  distance  of  1  ft.  from  the  force  of  2  units,  and  2  ft. 

from  the  force  of  1  unit. 

5.  The  bar  balances  about  a  point  distant  1  \  ft.  from  the  boy. 

6.  See  §  78.  7.  68^  lbs.,  81fT  lbs.  8.  25  lbs. 
9.  P  =  8  lbs.,  Q  =  9  lbs.               10.  12  lbs. 

13.  6  lbs.  ;  8  ft.  from  the  table.    14.  (P--Q2)jP,  if  P  be  the  greater. 

Examples  VII.      (Pages  102,   103.) 

1.  3  ft.  from  the  man  carrying  71  lbs. 

2.  21  lbs.,  acting  between  the  7-lb.  and  9-lb.  forces  at  a  distance 

of  3  ft.  from  the  latter. 

3.  When  the  100  lb3.  is  placed  on  the  end  furthest  from  a  prop,  the 

pressures  are  225  lbs.  downwards  on  the  nearer  prop,  and 
5  lbs.  upwards  on  the  further  prop  ;  when  the  100  lbs.  is 
placed  on  the  other  end,  the  downward  pressures  are  170  lbs. 
on  the  nearer  and  50  lbs.  on  the  further  prop. 

4.  17^  lbs. 

5.  11  lbs.,   acting  in  the  same  direction  as  the  7-lb.  force,  at  a 

distance  of  -fT  ft.  from  the  end  where  the  3  lbs.  is. 

6.  3.^  cwt.  on  each.  7.  3  ft.  from  the  first  prop.  8.  228. 
9.  (a)  36flbs.,  54|  lbs.     (£)  785j  lbs.,  12|lbs.     (c)  -5|lbs.,  96f  lbs. 

10.  540. 

11.  If  P  is  the  force,  and  M  the  moment  of  the  couple,  resultant  is  equal 

and  parallel  to  P,  and  at  a  distance  M\P  to  its  right ;   see  \  62. 

12.  15  units  parallel  to  AC,  and  at  a  distance  from  it  equal  to  %AB. 

13.  See  §  94.  14.  See  §  93. 

2P 

15.  (a)    —  .  area  of  triangle  ABC. 

BC 
(h)  2P  acting  along  the  line  bisecting  AC  and  BC 

16.  Complete   parallelogram  ABDC      Required   force  is    equal  and 

parallel  to  DA ,  at  aj  distance  from  it  ■--  \  the  distance  of  B  or  C. 

17.  2*»Y:  942£ft.-lb*. 

*  In  Examples  1,  2,  the  distance  of  the  resultant  from  the  smaller  conipcijeiij 
is  given  first. 
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Examination  Paper  III.      (Page  104.) 

1.  See  §  61.     2.  See  §  69,  and  converse  of  §  80,  Alternative  Proof. 

3.  See  §  78. 

4.  (a)  300  ft. -lb.  units.  ;    750  ft. -lb.  units,  in  opposite  senses. 
(b)  450  ft. -lb.  units  ;    to  the  side  of  AC  on  which  B  lies. 

5.  See  §  81.       6.  21  lbs.  on^,  9  lbs.  onfl  ;    10  lbs.  more  in  each  case. 

8.  4  lbs.  wt.,  acting1  parallel  to,  and  in  the  same  direction  as,  the 

given  force  of  4  lbs.,  and  at  a  distance  of  1*  ft.  to  its  right. 

9.  See  §§  86,  93.  10.  See  §  95,  Cor. 

Examples  VIII.      (Pages  123-124.) 
1.  15  lbs.  2.  f  cwt.,  acting  downwards.  3.  8  lbs.,  10  lbs. 

5.  3  ft.  from  the  man  bearing  94  lbs. 

6.  10  lbs.,  1047|f  ft. -lbs.  8.  94*  lbs.  9.  i\  A*. 

10.  P  =  9  lbs.,  Q  =  15  lbs.  12.  $AB  from  A  ;  pressure  -  a/3  P. 

1 3.  Tension  of  thread  =  W\  pressure  at  G  =  \/3  TFperpendicular  to  AB. 

14.  3  lbs.  ;  3  ft. 

15.  Radius  of  wheel  is  four  times  radius  of  axle  ;  weight  of  wheel 

and  axle  and  weight  of  man.  16.  See  §  111. 

17.  Replace  R  by  its  value  P  \-Q,  and  combine  the  two  terms  with 
the  effort  and  weight,  respectively. 

Examples  IX.      (Pages  141-143.) 
1.  -jk,  20  lbs.    2.  -fa,  14  lbs.    3.  6cwt.    4.  Three  moveable  pulleys. 
5.  22  lbs.  6.  Light  in  the  first  system,  heavy  in  the  third. 

7.  7  lbs.  8.  8  lbs.,  4  lbs.,  15  lbs.  9.  16  lbs.,  5  lbs.,  7  lbs. 

10.  250  lbs.  ;   250  lbs.,  500  lbs.,  1000  lbs.,  2000  lbs.  ;  difference  =  P- 

11.  7 \  stone,  18f  stone.  14.  9  stone. 

16.  The  radii  should  be  as  the  numbers  1,  2,  3  ...,  or  as  1,  3,  5  ..., 

according  as  the  string  is  fastened  to  the  lower  or  to  the 
upper  block. 

17.  Between  the   strings  over  the  fixed   pulley  and  the  next,  and 

\$  ft.  from  the  former. 

18.  1580  Its  nearly.  19.  ffin.  20-  Ut  lbs-  21.  224. 

Examination  Paper  IV.      (Page  144.) 
1.  See  §§  104-106.      2.  See  §  105.      3.  See  $§  111,  112.      4.  9  lbs. 
5.  See  §  128.        6.  See  §§  121,  123.        7.  622  lbs.       8.  See  §  132. 
9.  3j\~  ins.  ;  -||  in.  10,  3  lbs.,  mechanical  advantage  =  6. 
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Examples  X.      (Pages  156-159.) 

1.  (i.)  The  centre  of  the  triangle,      (ii.)  The  vertex  of  the  equi- 

lateral  triangle   described   on  the   other   side   of   the   base 
opposite  the  point  of  application  of  the  unlike  force. 

2.  Take  F  in  AB,  so  that  2AF  =  FB ;    the  centre  of  the  forces  is  at 

G  in  FC,  where  9FG  =  2GC. 

3.  Produce  BA  to  F,   so  that  AF  =  AB  ;    the  centre  of  the  forces 

is  at  G  in  FC,  where  ZFG  =  2GC. 

4.  4  ins.  5.  f  in.  nearer  the  centre. 

6.  It  is  moved  from  the  centre  of  the  square  to  the  corner  opposite 

the  point  of  application  of  the  reversed  force. 

7.  At  an  infinite  distance. 

8.   ,    —j  from  AB  and  AD  respectively. 

0.  At  K  in  EG,  such  that  OK  =  8  ins. 

10.  7  oz.  ;  9}  in.  from  A.  11.  See  §  150. 

Examples  XI.      (Pages  168,  169.) 

1.  6  lbs.       2.  See  §  152,  Ex.      3.  12  lbs.  ;  at  middle  point  of  rod. 
4.  2  oz.  ;   12  ins.  5.  See  §  151. 

6.  See  §  156  ;    if  the  8 -in.  side  was  originally  vertical,  the  block 

will  topple  when  the  plank  forms  an  inclined  plane,  such 
that  height  =  £  base. 

7.  It  trisects  the  straight  line  bisecting  AB  and  CD. 

8.  The  sphere  containing  the  lead  has  two  positions  of  equilibrium 

only  when  placed  on  a  table — one  stable,  the  other  unstable  ; 
the  other  sphere  is  neutral  in  all  positions. 

10.  450  sq.  ft. 

Examples  XII.      (Pages  185-187.) 

1.  Suspend  it  by  three  strings  from  one  point  from  which  is  hung  a 

plumb-line.  This  cuts  the  plane  of  the  hoop  in  the  required  c.  G. 

2.  2  ft.  from  vertex  ;   8  ins.  from  vertex. 

3.  \%AB,  ^\AB,  from  AB  and  AD  respectively. 

4.  4  ins.  from  AB,  3£  ins.  from  AD.         5.  ^AC  from  0  towards  C. 
7.  -fat  from  0  towards  middle  point  of  DE.  8.  See  §  177. 

11.  ±AB  from  0  towards  middle  point  of  CD.  12.  See  §  169. 

13.  2-55  ins.  from  base. 

14.  See  §  178.     The  volumes  of  the  whole  cone  and  the  part  cut  off 

are  proportional  to  the  cubes  of  their  axes ;  h  nee  apply  §  173 

15.  1  in.  and  \\  ins. 
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16.  — ,  where  TTis  the  weight  and  I  the  length  of  the  chain. 

z 

17.  One-sixth  of  radius  from  centre  of  board. 

«.  .-       ,  .  —    30+-V/6 

20.  The  masses  are  proportional  to  „p    ~.        ,    .        22.  " — r^ — <*• 

23.  One-third  of  the  diagonal  from  the  point  where  the  weight 

is  suspended. 

24.  At  the  middle  point  of  the  common  side. 

25.  16  ft. -lbs.  ;  5^  ins.  26.  192,500,000  ft. -lbs.  28.  fa. 

Examination  Papeb  V.      (Pagb  188.) 

1.  See  §  135.  2.  See  §  151.  3.  See  §  173.         4.  See  §  169. 

6.  See  §  159.      7.  7^  ins.  from  >4  ;  46  ins.  from  A  in  BA  produced. 

8.  2  ins.    from   centre   of   box   towards   the  middle  point  of  the 

vertical  face  to  which  the  hinges  are  attached. 

9.  See  §  176.  10.  Same  as  c.g.  of  original  triangle. 

Examples  XIII.      (Pages  200,  201.) 

1.  See  §  190.  2.  Hi  lbs-  3-  32  ™-  fr°m  fulcrum. 

4.  Its  c.g.  is  at  the  fulcrum.  5.  No. 

6.  5  ins.  from  the  weight.        7.  15  lbs.,  26  lbs.  ;   at  middle  of  rod. 

8.  1  lb.,  2  lbs.,  4  lbs.,  8  lbs.,  16  lbs.  ;    1  lb.,  3  lbs.,  9  lbs.,  27  lbs. 

9.  With  diminished  weight  he  cheats  his  customers,  with  increased 

weight  he  cheats  himself. 
10.  When  the  weight  is  hung  by  a  string.  12.  10  stone. 

Examination  Paper  VI.      (Page  202.) 

1.  See  §  182. 

2.  See  §§  191,    192  ;     only    one    weight   used,    and   this    a   com- 

paratively small  one. 

3.  See  §§  194,  195.  4.  See  §  186.  5.  10  lbs.  \  oz. 
6.  See  §  175.                           7.  20,000  ft. -lbs. 

8.  If    ACB    be    the    thread   and   C  the  position   of   the   weight, 

AC  =  6  ft.,     0B  =  3  ft. 

9.  £#  from  centre  of  hexagon  to  corner  opposite  to  that  at  which  no 

weight  is  situated,  a  being  side  of  hexagon. 


Vlll  ANSWERS. 

Examples  XIY.       (Page  214.) 

6.  Intersection  of  medians.  8.  Yes.  9.  21  ft.-lb.  units. 

10.  DB  must  bisect  AC;  2BD  along  BD,  0  along  AC. 
12.  Sum  of  moments  about  the  opposite  angular  point  must  be  zero. 

Examples  XV.       (Page  225.) 
3.  30°.  8.  2W. 

Examination  Paper  VII.     (Page  226.) 
8.  a/ (I- a).  9.  60°. 

Examples  XVI.       (Page  239.) 

2.  24.  3.  a(2irr-b^)lr(2irrn  +  b).  4.  4.  5.  4  a/3/3. 

6.  20.         7.  1.         11.  5a/3/36;  2a/3/5.         12.  -3.         16.  20. 

Examples  XVII.       (Page  251.) 

2.  Distance  from  centre  =  -ftV- 

Examination  Paper  VIII.     (Page  253.) 

3.  W and  \ a/3.  W. 

5.   Wn\*/{\  +  (j?)  in  a  direction  inclined  to  the  plane  at  the  angle  of 
friction.  8.  At  a  distance  3r/8  from  the  centre. 

Miscellaneous  Exercises.      (Pagb  254  ) 

2.  Tension  =  W;  thrusts,  7Fand  £a/2  .  W. 

3.  3£  cwt.  and  3|  cwt.  6.   WJ2VZ. 

7.  W\*/Z.  8.  2W.  9.  2JIWSJ9.  10.  2:1. 
12.   WVZ.           13.   WVZ.            14.  36  :  64.  15.  50. 
16.  W\  0;  -76 W;  \-2bW.             17.  3P/a/10.              20.  1  cwt. 
21.  \W*/%.             25.  Slide.           35.  Unstable. 

36.   TFcot  B  cot  C.  37.   TTcos  .4/2  sin  B  sin  C. 

38.  5W/6;  2  JF  a/5/3.  43.  Air7Tcoseco/(/i2+ 1). 

44.  30°  from  horizontal.  46.  "366. 

47.  7F(1  +  w)3/(3  +  3w  +  m2) ;  8483  about. 

48.  P(B-nr)  -  QiK  +  tur) ;  ji  -  -1.  49.  iJF(«/3  -  V2). 
50.  '134  JF. 


RESULTS    IN    MENSURATION. 


The  following  facts  in  Solid  Geometry  and  Mensuration  are 
assumed.  The  references  given  below  are  to  the  articles  in  Briggs 
and  Edmondson's  Mensuration,  where  the  reader  will  find  the  pro- 
perties in  question  fully  proved.  Proofs  of  them  are  also  given  in 
most  elementary  treatises  on  Solid  Geometry.  The  results  alone  need 
he  remembered : — 

(1)  The  area  of  a  triangle 

=   _.  {base)  x  {altitude) .  (§45.) 

(2)  The  area  of  a  trapezoid  {i.e.  a  quadrilateral  with  two 
sides  parallel)     =  {its  height)  x  (£  sum  of  parallel  sides).  (§  49.) 

(3)  The  length,  of  the  circumference  of  a  circle  of  radius  r 

=  ir  x  {diameter) 

=  2irr;  (§57.) 

where  the  Greek  letter  -n  ("pi")  stands  for  a  certain  "incommensur- 
able "  number  (that  is,  a  number  which  cannot  be  expressed  as  an 
exact  arithmetical  fraction),  whose  value  lies  between  3*141592  and 
3*141593.  The  following  approximate  values  should  be  remembered 
and  used,  unless  otherwise  stated. 
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ir  =  — ,     for  all  rough  calculations; 

ir  m  3*1416,  more  approximately. 


(4)  The  area  of  the  circle 

—  {radius')  x 

irr2.  (§  58.) 


=  —  {radius')  x  {circumference) 
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(5)  The  volume  of  a  pyramid 

=  —  [height)  x  {area  of  base) 
3 

~^hA,  (§105.) 

the  height  h  heing  the  perpendicular  from  the  vertex  on  the  plane  of 
the  base,  and  A  the  area  of  the  base. 

(6)  The  area  of  the  curved  surface  of  a  cylinder,  whose 
height  is  h  and  the  radius  of  whose  base  is  r, 

=  {height)  x  {circumference  of  base) 

-  2irrfc.  (§  115.) 

(7)  The  volume  of  the  cylinder 

=  {height)  x  {area  of  base) 

=  irr2ft.  (§  116.) 

(8)  The  area  of  the  curved  surface  of  a  right  circular 
cone,  whose  height  is  h  and  the  radius  of  whose  base  is  r, 

=  — -  {circumference  of  base)  x  {length  of  slant  side) 

=  7rrV(fc2+*-2);  (§117.) 

a  slant  side  being  a  line  drawn  from  the  vertex  to  a  point  in  the 
circumference  of  the  base. 

(9)  The  volume  of  the  cone 

=  — -  {vol.  of  cylinder  of  same  base  and  height) 
3 

=  _l_.n-r2&.  (§  I18-) 

3 

(10)  The  area  of  the  surface  of  a  sphere  of  radius  r 

=  4  times  area  of  circle  of  same  radius 

=  4<irr2.  (§126.) 

(11)  The  volume  of  the  sphere 

= {radius)  x  {surface) 

3 

=   i-irr3.  (§§  127,  128.) 
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PRESS  OPINIONS. 

"  This  book  combines,  in  a  high  degree,  popular  exposition  and 
scientific  treatment  of  the  subjects.  It  is  a  capital  example  of  what 
a  good  text-book  should  be  "  {Magnetism  and  Electricity). — Educa- 
tional News. 

"  If  we  were  asked  to  recommend  a  text-book  of  heat  we  should 
have  little  hesitation  in  naming  Dr.  Stewart's  compilation." — Elec- 
trical Review. 

u  A  full,  philosophical,  and  decidedly  original  treatment  of  this 
branch  of  physics  "  (Sound). — Educational  Times. 

"  The  author  writes  as  a  well-informed  teacher,  and  that  is  equivalent 
to  saying  that  he  writes  clearly  and  accurately.  There  are  numerous 
books  on  acoustics,  but  few  cover  exactly  the  same  ground  as  this 
or  are  more  suitable  introductions  to  a  serious  study  of  the  subject" 
(Sound). — Nature. 

' '  This  volume,  like  the  others  of  the  series,  leaves  little  to  be 
desired  from  a  teacher's  point  of  view.  Difficulties  are  thoroughly 
explained,  and  there  is  a  grand  array  of  problems  "  (Magnetism  and 
Electricity), — Educational  Times. 

"The  volumes  (Light  and  Heat)  will  be  found  well  adapted  for 
general  use  by  those  students  who  have  already  mastered  the  first 
principles  of  physics.  The  subjects  are  treated  both  mathematically 
and  experimentally,  and  the  most  important  theorems  are  illustrated 
by  diagrams  and  figures." — School  Guardian. 

"  Students  of  physics  will  be  wise  in  obtaining  this  volume  " 
(Sound) . — Electricity \ 

"Mr.  Wallace  Stewart,  in  his  text-book  of  Magnetism  and  Electri- 
city, maintains  the  high  level  of  excellency  which  his  already  published 
science  text-books  possess.  We  can  again  congratulate  the  author 
on  the  thoroughly  good  book  he  has  given  us. — Literary  Opinion. 

"We  can  heartily  recommend  it  to  all  who  need  a  text-book" 
(Magnetism  and  Electricity). — Lyceum. 

• '  From  past  experience  and  present  inspection  we  honestly  and 
unhesitatingly  recommend  Dr.  Stewart's  book"  (Heat). — Royal  College 
of  Science  Magazine. 

"The  style  of  the  book  is  simple,  the  matter  well  arranged,  and 
the  underlying  principles  of  the  subjects  treated  of  accurately  and 
concisely  set  forth  "  (Light). — Educational  Review. 

"  One  of  the  best  volumes  on  the  subject  that  we  remember  to  have 
seen  of  late  years  "  (Magnetism  and  Electricity). — Publishers'  Circular. 

"  The  principles  of  the  subject  are  clearly  set  forth,  and  are  exem- 
plified by  carefully  chosen  examples  "  (Heat). — Oxford  Magazine. 

"Clear,  concise,  well  arranged,  and  well  illustrated,  and,  as  far  as 
we  have  tested,  accurate  "  (Heat). — Journal  of  Education. 
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Zhe  THnlversitt)  {Tutorial  Series. 


General  Editor:  WILLIAM  BiUGGS,  M.A.,  LL.B.,  F.C.S.,  F.R.A.S. 
Classical  Editor:  B.  J.  Hayes,  M.A. 


The  object  of  the  University  Tutorial  Series  is  to  provide 
candidates  for  examinations  and  learners  generally  with  text-books 
which  shall  convey  in  the  simplest  form  sound  instruction  in  accord- 
ance with  the  latest  results  of  scholarship  and  scientific  research. 
Important  points  are  fully  and  clearly  treated,  and  care  has  been 
taken  not  to  introduce  details  which  are  likely  to  perplex  the  be- 
ginner. 

The  Publisher  will  be  happy  to  entertain  applications  from  School- 
masters for  specimen  copies  of  any  of  the  books  mentioned  in  this 
List. 


SOME    PRESS    OPINIONS, 

"  This  series  is  successful  in  hitting  its  mark  ami  sxrpplying  much  help  to  students 
in  places  where  a  guiding  hand  is  sorely  needed." — Journal  of  Education. 

"The  volumes  in  this  series  are  strictly  practical." — Guardian. 

"The  series  is  eminently  successful." — Spectator. 

"The  classical  texts  in  this  series  are  edited  by  mcu  who  arc  thoroughly  masters 
of  their  craft."— Saturday  Review. 

"This  series  of  educational  works  has  been  brought  to  a  high  level  of  efficiency." — 
Educational  Times. 

"  This  series  has  proved  serviceable  to  many,  and  is  now  well-known  for  its 
ncuracy  in  teaching  elementary  principles,  and  the  thoroughness  of  the  aid  which 
it  supplies."  —Educational  Rcvieio. 

"  The  more  we  see  of  these  excellent  manuals  the  more  highly  do  we  think  of 
them." — Schoolmaster. 

"  The  evident  care,  the  clearly  conceived  plan,  the  genuine  scholarship,  and  the 
general  excellence  of  the  productions  in  the  series  give  them  high  claims  to  com- 
mendation.''— Educational  JYetcs. 

"  This  useful  series  of  text-books." — Nature. 

"  It  may  justly  be  said  that  any  books  published  in  this  series  are  admirably 
adapted  for  the  needs  of  the  large  class  of  students  for  whom  they  are  intended." 
— Cambridge  Review. 
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Xatin  anb  (Breek  Claeaics* 

(See  also  page  4.) 

The  editions  of  LATIN  and  GREEK  CLASSICS  contained  in  the  UNI- 
VERSITY Tutorial  Series  are  on  the  following  plan: — 

A  short  Introduction  gives  an  account  of  the  Author  and  his 
chief  works,  the  circumstances  under  which  he  wrote,  and  his  style, 
dialect,  and  metre,  where  these  call  for  notice. 

The  Text  is  based  on  the  latest  and  best  editions,  and  is  clearly 
printed  in  large  type. 

The  distinctive  feature  of  the  Notes  is  the  omission  of  parallel 
passages  and  controversial  discussions  of  difficulties,  and  stress  is 
laid  on  all  the  important  points  of  grammar  and  subject-matter. 
Information  as  to  persons  and  places  mentioned  is  grouped  together 
in  a  Historical  and  Geographical  Index;  by  this  means  the 
expense  of  procuring  a  Classical  Dictionary  is  rendered  unnecessary. 

The  standard  of  proficiency  which  the  learner  is  assumed  to  possess 
varies  in  this  series  according  as  the  classic  dealt  with  is  usually  read 
by  beginners  or  by  those  who  have  already  made  considerable  progress. 
A  complete  list  is  given  overleaf. 

Vocabularies,  arranged  in  order  of  the  text  and  interleaved  with 
writing  paper,  are  issued,  together  with  Test  Papers,  in  the  case  of 
the  classics  more  commonly  read  by  beginners ;  the  price  is  Is.  or  (in 
some  instances)  Is.  6d.      A  detailed  list  can  be  had  on  application. 

Caesar.— Gallic  War,  Book  I.  By  A.  H.  Allcroft,  M.A.  Oxon.,  and 
F.  G.  Plaistowe,  M.A.  Camb.     Is.  6d. 

"A  clearly  printed  text,  a  pood  introduction,  an  excellent  set  of  notes,  and  a 
historical  and  geographical  index,  make  up  a  very  good  edition  at  a  very  small 
price." — Schoolmaster. 

Cicero. — De  Amicitia  and  De  Senectute.    By  A.  II.  Allcroft,  M.A. 
Oxon.,  and  W.  F.  Masom,  M.A.  Lond.     Is.  6d.  each. 
"The  notes,  although  full,  are  simple." — Educational  Times. 

Horace.— Odes,  Books  I. — III.  By  A.  H.  Allcroft,  M.A.  Oxon.,  and 
B.  J.  Hayes,  M.A.  Lond.  and  Camb.     Is.  6d.  each. 

"Notes  which  leave  no  difficulty  unexplained." — Schoolmaster. 

"The  Notes  (on  Book  III.)  are  full  and  good,  and  nothing  more  can  well  be 
demanded  of  them." — Journal  of  Education. 

Livy.— Book  I.    By  A.  H.  Allcroft,  M.A.  Oxon.,  and  W.  F.  Masom, 
M.A.  Lond.     Third  Edition.     2s.  6d. 
"  The  notes  are  concise,  dwelling  much  on  grammatical  points  and  dealing  with 
questions  of  history  and  archaeology  in  a  simple  hut  interesting  fashion." — Education. 

Vergil.— Aeneid,  Books  I.— XII.  By  A.  H.  Allcroft,  M.A.  Oxon., 
assisted  by  "W.  F.  Masom,  M.A.  Lond.,  and  others.     Is.  6d.  each. 

Xenophon. — Anabasis,  Book  I.  By  A.  H.  Allcroft,  M.A.  Oxon., 
and  F.  L.  D.  Richardson,  B.A.  Lond.     Is.  6d. 

"The  notes  are  all  that  could  be  desired." — Schoolmaster. 
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SNttons  of  Xatln  ano  (Sreefc  Classics. 

(Introduction,  Text,  and  Notes.) 

Books  marked  (t)  are  in  preparation. 


Aeschylus— Persae,  3/6 ;  Pro- 
metheus, 2/6  ;  Septem  Contra 
Thebas,  3/6. 

Aristophanes— Ranae,  3/6. 

Caesar— Gallic  War,  Bks.  1, 2,  3, 
4,  5,  6,  (each)  1/6;  Gallic  War, 
Bk.  1,  Ch.  1-29,  1/6;  Gallic 
War,  Bk.  7,  2/6  ;  Gallic  War, 
Bk.  7,  Ch.  1-68,  1/6;  Invasion 
of  Britain  (IV.  20- V.  23),  2/6. 

CiCEKO — Ad  Atticum,  Bk.  4,3/6; 
De  Amicitia,  1/6  ;  De  Finibus, 
Bk.  1,2/6;  De  Finibus,  Bk.  2, 
3/6  ;  De  Officiis,  Bk.  3,  3/6 ; 
Pro  Cluentio,  3/6;  Pro  Milone, 
3/6;  Pro  Plancio,  2/6;  De 
Senectute,  In  Catilinam  I., 
Pro  Archia,  Pro  Balbo,  Pro 
Marcello,  (each  Book)  1/6. 

Demosthenes — Androtion,  4/6  ; 
Meidias,  5/0. 

Euripides — Alcestis,  3/6 ;  Andro- 
mache, 3/6  ;  Bacchae,  3/6  ; 
Hecuba,  3/6 ;  Hippolytus,  3/6. 

Hekodotus— Bk.  3,  4/6 ;  Bk.  6, 

2/6;  Bk.  8,  3/6. 

Homer— Iliad,  Bk.  6,  1/6  ;  Iliad, 
Bk.  24,  3/6  ;  Odyssey,  Bks.  9, 
10,  2/6;  Odyssev,  Bks.  11,  12, 
2/6;  Odvssey,  Bks.  13,  14,2/6; 
Odyssey,^  Bk.  17,  1/6. 

Horace— Epistles,  3/6;  Epodes, 
1/6;    Odes,  3/6;     Odes,    (each 


Juvenal— Satires,  1,  3,  4,  3/6 
Satires,  8,  10,  13,  2/6  ;  Satires. 
11,  13,  14,  3/6. 

LlVY— Bks.  1,  5,  21,  (each)  2/6; 
Bks.  3,  6,  9  (each),  3/6;  Bk. 
21,  Ch.  1-30,  1/6;  Bk.  22,  Ch. 
1-51,  2/6. 

LuciAN—t  Charon  and  Timon,3/6. 

LYSI AS— f  Eratosthenes  and  Ago- 
ratus,  3/6. 

Nepos — Hannibal,  Cato,  Atticus, 
1/0. 

Ovid— Fasti,  Bks.  3,  4,  2/6 ; 
Heroides,  1,  5,  12,  1/6;  Meta- 
morphoses, Bks.  11,  13,  14, 
(each)  1/6;  Tristia,  Bks.  1,  3, 
(each  Book)  1/6. 

Plato  —  Apology,  Ion,  Laches, 
Phaedo,  (each)  3/6. 

Sallust — Catiline,  2/6. 

Sophocles— Ajax,  3/6 ;  Antigone, 
2/6  ;  Electra,  3/6. 

Tacitus— Annals,  Bk.  1,  3/6; 
Annals,  Bk.  2,  2/6  ;  Histories, 
Bk.  1.,  3/6. 

Terence — Adelphi,  3/6. 

Thucydides— Bk.  7,  3/6. 

Vergil — Aeneid,  Books  1-12, 
(each)  1/6;  Eclogues,  3/6; 
Georgics,  Bks.  1,  2,  3/6. 

XENOPHON — Anabasis,  Bk.  1,  1/6; 
Anabasis,  Bk.  4,  3/6;  Cyro- 
paedeia,  Bk.  1,  3/6;  Hellenica, 
Bk.  3,  3/6  ;  Hellenica,  Bk.  4, 
3/6     Oeconomicus,  4/6. 


Book)  1/6;    t Satires,  4/6 

A  detailed  catalogue  of  the  above  can  be  obtained  on  application. 
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Grammars  and  Readers. 

The  Tutorial  Greek  Header.  With  Vocabularies.  By  A.  Waugh 
Young,  M.A.  Lond.,  Gold  Medallist  in  Classics,  Assistant  Ex- 
aminer at  the  University  of  London.     Second  Edition.    2s.  6d. 

The  Tutorial  Greek  Grammar.  [In  preparation. 

Higher  Greek  Reader:  A  Course  of  132  Extracts  from  the  best  writers, 
in  Three  Parts,  with  an  appendix  containing  the  Greek  Unseens 
set  at  B.A.  Lond.  1877-1897.     3s.  6d. 

The  Tutorial  Latin  Dictionary.  By  F.  G.  Plaisxowe,  M.A.  Lond. 
and  Camb.,  Gold  Medallist  in  Classics,  late  Fellow  of  Queens' 
College,  Cambridge.     6s.  6d. 

The  Tutorial  Latin  Grammar.  By  B.  J.  Hayes,  M.A.  Lond.  and 
Camb.,  and  W.  F.  Masom,  M.A.  Lond.     Third  Edition.    3s.  6d. 

"  Practical  experience  in  teaching  and  thorough  familiarity  with  details  are 
plainly  recognisable  in  this  new  Latin  Grammar.  Great  pains  have  been  taken  to 
bring  distinctly  before  the  mind  all  those  main  points  which  are  of  fundamental 
importance  and  require  firm  fixture  in  the  memory." — Educational  News. 

"It  is  accurate  and  full  without  being  overloaded  with  detail,  and  varieties  of 
type  are  used  with  such  effect  as  to  minimise  the  work  of  the  learner.  Tested  in 
respect  of  any  of  the  crucial  points,  it  comes  well  out  of  the  ordeal." — Schoolmaster. 

The  Tutorial  Latin  Grammar,  Exercises  and  Test  Questions  on.  By 
F.  L.  D.  Richardson,  B.A.  Lond.,  and  A.  E.  W.  Hazel, 
LL.D.,  M.A.,  B.C.L.     Is.  6d. 

"This  will  be  found  very  useful  by  students  preparing  for  University  examina- 
tions."— Westminster  Review. 

The  Preceptors'  Latin  Course.  [In  the  press. 

Latin  Composition  and  Syntax.   With  copious  Exercises.   By  A.  II, 
ALLCROFT,   M.A.  Oxon.,  and  J.  H.   HAYDON,  M.A.  Lond.  and 
Camb.     Fourth  Edition.     2s.  6d. 
"This  useful  little  book." — Journal  of  Education. 

"  Simplicity  of  statement  and  arrangement:  apt  examples  illustrating  each  rule; 
exceptions  to  these  adroitly  stated  just  at  the  proper  place  and  time,  are  among  some 
of  the  striking  characteristics  of  this  excellent  book." — Schoolmaster. 

"The  clearness  and  concise  accuracy  of  this  book  throughout  are  truly  remark- 
able."— Education. 

Higher  Latin  Composition.  By  A.  H.  Allcroft,  M.A.  [In  preparation. 
The  Tutorial  Latin  Reader.    With  Vocabulary.     2s.  6d. 

"A  soundly  practical  work." — Guardian. 

Advanced  Latin  Unseens :  Being  a  Higher  Latin  Reader.  Edited  by 
H.  J.  Maidment,  M.A.  Lond.  and  Oxon.,  and  T.  It.  Mills,  M.A. 
3s.  6d. 

"A  work  which  will  be  found  generally  useful  by  students.  The  notes  are 
valuable." —  Westminster  Review. 

"  Contains  some  good  passages,  which  have  been  selected  from  a  wider  field  than 
that  previously  explored  by  similar  manuals." — Cambridge  Review. 
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The  Tutorial  History  of  Rome.     (To  14  A.D.)     By  A.  H.  Allcroft, 
M. A.  Oxon.,  and  W.F.  Masom,  M.A.  Lond.    With  Maps.     3s.  6d. 
"  It  is  well  and  clearly  written." — Saturday  Review. 

A  Longer  History  of  Rome.      In  Five  Volumes,  each  containing  a 
Chapter  on  the  Literature  of  the  Period  : — 

I.  History  of  Rome,  287-202  B.C. :  The  Struggle  for  Empire. 

By  W.  F.  Masom,  M.A.  Lond.     3s.  6d. 

II.  History  of  Rome,  202-133  B.C.:   Rome  under  the  Oligarchs. 

By. A.  H.  Allcroft,  M.A.  Oxon.,  and  "W.  F.  Masom, 
M.A.  Lond.     3s.  6d. 

III.  History  of  Rome,  133-78  B.C.:  The  Decline  of  the  Oligarchy. 

By  W.  F.  Masom,  M.A.  Lond.     3s.  6d. 

"  This  volume  gives  a  vigorous  and  carefully  studied  picture  of  the  men  and  of 
the  time." — Spectator. 

IV.  History  of  Rome,  78-31  B.C. :  The  Making  of  the  Monarchy. 

By  A.  H.  Allcroft,  M.A.  Oxon.     3s.  6d. 

"Well  and  accurately  written." — Yorkshire  Post. 

V.  History  of  Rome,  31  B.C.  to  96  A.D. :   The  Early  Principate. 

By  A.  H.  Allcroft,  M.A.  Oxon.,  and  J.  H.  Haydon, 
M.A.  Camh.  and  Lond.     Second  Edition.     3s.  6d. 
'"  "Written  in  a  clear  and  direct  style.     Its  authors  show  a  thorough  acquaintance 

with  their  authorities,  and  have  also  used  the  works  of  modern  historians  to  good 

effect." — Journal  of  Education. 

History  of  Rome,  390-202  B.C.      By  W.  F.  Masom,  M.A.  Lond.,  and 
W.  J.  Woodhouse,  M.A.  Oxon.     4s.  6d. 

"  A  good  specimen  of  a  well-told  historical  narrative."—  Westminster  Revieiv. 

A  History  of  Greece.     In  Six  Volumes,  each  containing  a  Chapter  on 
the  Literature  of  the  Period  : — 

I.  Early  Grecian  History.     (To  495  B.C.)  By  A.  H.  Allcroft, 

M.A.  Oxon.,  and  W.  F.  Masom,  M.A.  Lond.     3s.  6d. 

"For  those  who  require  a  knowledge  of  the  period  no  better  book  could  be 
recommended." — Educational  Times. 

II.  History  of  Greece,  495  to  431  B.C. :  The  Making  of  Athens. 

By  A.  H.  Allcroft,  M.A.  Oxon.    3s.  6d. 

III.  History  of  Greece,  431-404  B.C. :    The  Peloponnesian  War. 

By  A.  H.  Allcrofi,  M.A.  Oxon.     3s.  6d. 

IV.  History  of  Greece,  404-362  B.C.  :  Sparta  and  Thebes.     By 

A.  H.  Allcroft,  M.A.  Oxon.      3s.  6d. 

V.  History  of  Greece,   371-323  B.C. :     The  Decline  of  Hellas. 

By  A.  H.  Allcroft,  M.A.  Oxon.     3s.  6d. 

VI.  History  of  Sicily,  490-289  B.C.     By  A.  H.  Allcroft,  M.A, 

Oxon.,  and  W.  F.  MASOM,  M.A.  Lond.     3s.  6d. 
"  We  can  bear  high  testimony  to  its  merits." — Schoolmaster. 
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The  Tutorial  French  Accidence.    By  Ernest  Weekley,  M.A.  Lond., 
Professor   of   French,   University    College,   Nottingham.      With 
Exercises,  and  a  Chapter  on  Elementary  Syntax.     3s.  6d. 
"The  essentials  of  the  accidence  of  the  French  Language  are  skilfully  exhibited 
in  carefully  condensed  synoptic  sections." — Educational  News. 
"A  most  practical  and  able  compilation." — Public  Opinion. 

The  Tutorial  French  Syntax.  By  Ernest  Weekley,  M.A.  Lond., 
and  A.  J.  Wyatt,  M.A.  Lond.  &  Camh.  With  Exercises.    3s.  6d. 

"It  is  a  decidedly  good  book  and  should  have  a  ready  sale."— Guardian. 

"  Mr.  Weekley  has  produced  a  clear,  full,  and  careful  Grammar  in  the  '  Tutorial 
French  Accidence,'  and  the  companion  volume  of  '  Syntax,'  by  himself  and  Mr. 
Wyatt,  is  worthy  of  it." — Saturday  Review. 

The  Tutorial  French  Grammar.  Containing  the  Accidence  and  the 
Syntax  in  One  Volume.      4s.  6d. 

The  Preceptors'   French   Course.      By  Ernest  Weekley,    M.A. 

Lond.     2s.  6d. 

French  Prose  Composition.     By  Ernest  Weekley,   M.A.    3s.  6d. 

"  The  arrangement  is  lucid,  the  rules  clearly  expressed,  the  suggestions  really 
helpful,  and  the  examples  carefully  chosen."— Educational  Times. 

The  Preceptors'  French  Reader.    By  Ernest  Weekley,  M.A.  Lond. 
With  Notes  and  Vocabulary.     Second  Edition.     Is.  6d. 
"A  very  useful  first  reader  with  good  vocabulary  and  sensible  notes." — School- 
master. 

French  Prose  Reader.     Edited  "by  S.  Barlet,  B.  es  Sc,  Examiner 

in  French  to  the  College  of  Preceptors,  and  W.  F.  Masom,  M.A. 

Lond.      With  VOCABULARY.      Third  Edition.     2s.  6d. 

"Admirably  chosen  extracts.    They  are  so  selected  as  to  be  thoroughly  interesting 

and  at  the  same  time  thoroughly  illustrative  of  all  that  is  best  in  French  literature." 

— School  Board  Chronicle. 

Advanced  French  Reader:    Containing  passages  in  prose  and  verse 

representative  of  all  the  modern  Authors.     Edited  by  S.  BARLET, 

B.  es  Sc,  Examiner  in  French  to  the  College  of  Preceptors,  and 

W.  F.  Masom,  M.A.  Lond.     Second  Edition.     3s.  6d. 

"Chosen  from  a  large  range  of  good  modern  authors,  the  book  provides  excellent 

practice  in  'Unseens.'  " — Schoolmaster. 

Higher  French  Reader.   Edited  by  Ernest  Weekley,  M.A.  3s.  Gd. 

"  The  passages  are  well  chosen,  interesting  in  themselves,  and  representative  of 
the  best  contemporary  stylists." — Journal  of  Education. 

The  Intermediate  Text-Book  of  English  History:  a  Longer  History. 

of   England.       By   C.    S.    Fearenslde,    M.A.    Oxon.,    and  A. 

Johnson  Evans,  M.A.  Camb.,  B.A.  Lond.  With  Maps  &  Plans. 

Vol.  I.,  to  1485  (In  preparation.)    VOL.  III.,  1603  to  1714.    4s.  6d. 

Vol.  II.,  1485  to  1603.     4s.  6d.       Vol.  IV.,  1714  to  1837.   4s.  6d. 

"  The  results  of  extensive  reading  seem  to  have  been  photographed  upon  a  small 

plate,  so  that  nothing  of  the  effect  of  the  larger  soene  is  lost." — Teachers'  Monthly. 

"  It  is  lively ;  it  is  exact ;   the  style  is  vigorous  and  has  plenty  of  swing ;  the  facts 

are  numerous,  but  well  balanced  and  admirably  arranged." — Education. 


THE    UNIVERSITY  TUTORIAL   SERIES. 


j£ngli6b  language  anb  literature* 

The  English  Language :  Its  History  and  Structure.     By  W.  H.  Low, 
M.A.  Lond.    With  Test  Questions.    Fourth  Edition.     3s.  6d. 

CONTENTS : — The  Relation  of  English  to  other  Languages — Survey 
of  the  Chief  Changes  that  have  taken  place  in  the  Language — 
Sources  of  our  Vocabulary — The  Alphabet  and  the  Sounds  of 
English — Grimm's  Law — Gradation  and  Mutation — Trans- 
position, Assimilation,  Addition  and  Disappearance  of  Sounds  in 
English — Introductory  Remarks  on  Grammar — The  Parts  of 
Speech,  etc. — Syntax — Parsing  and  Analysis — Metre — 320  Test 
Questions. 

"  A  clear  workmanlike  history  of  the  English  language  done  on  sound  principles." 
— Saturday  Review. 

"The  author  deals  very  fully  with  the  source  and.  growth  of  the  language.  The 
parts  of  speech  are  dealt  with  historically  as  well  as  grammatically.  The  work  is 
scholarly  and  accurate." — Schoolmaster. 

"The  history  of  the  language  and  etymology  are  both  well  and  fully  treated." — 
Teachers'  Monthly. 

"Aptly  and  cleverly  written." — Teachers'  Aid. 

"The  arrangement  of  the  book  is  devised  in  the  manner  most  suited  to  the 
student's  convenience,  and  most  calculated  to  impress  his  memory." — Lyceum. 

"  It  is  in  the  best  sense  a  scientific  treatise.  There  is  not  a  superfluous  sentence." 
—Educational  News. 

The  Preceptors'  English  Grammar.      With  numerous  Exercises.      By 
Arnold  Wall,  M.A.  Lond.  [In  preparation. 

The  Intermediate  Text-Book  of  English  Literature.  By  W.  H.  Low, 
M.A.  Lond.,  and  A.  J.  Wyatt,  M.A.  Lond.  and  Camb. 

Part  I.  (to  1660),  3s.  6d. ;  Part  II.  (1660-1832),  3s.  6d. 

"Really  judicious  in  the  selection  of  the  details  given." — Saturday  Review. 

"  A  very  readable  and  lucid  account  of  the  literature  of  the  time." — Literary 
World. 

"A  serviceable  student's  digest  of  an  important  period  in  our  literature." — 
Schoolmaster. 

"This  volume  seems  both  well-informed  and  clearly  written.  The  illustrative 
selections  are  very  happily  chosen.  Those  who  need  a  handbook  of  literature  will 
not  readily  find  a  more  workmanlike  example  of  this  size  and  price." — Journal  of 
Education. 

"  The  historical  part  is  concise  and  clear,  but  the  criticism  is  even  more  valuable, 
and  a  number  of  illustrative  extracts  contribute  a  most  useful  feature  to  the  volume. 
As  a  compendium  for  examination  purposes  this  volume  ought  to  take  high  rank." — 
School  World. 

"A  very  serviceable  text-book,  closely  analytic  throughout,  with  fairly  safe 
judgments  and  adequate  provision  of  specimens.  Two  more  competent  editors  of  a 
text-book  on  English  authors  it  would  have  been  difficult  to  find." — Educational 
'limes. 

"A  well -prepared  text-book.  In  the  chapter  entitled  'A  General  Survey  of 
Eighteenth  Century  Literature'  we  find  not  merely  research,  but  much  sound 
rritieism," — Westtninster  Review. 
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Addison.— Essays  on  Milton,  Notes  on.   By  W.  H.  Low,  M.  A.   2s. 
Chaucer. — Prologue,  Knight's  Tale.    With  Introduction  and  Notes 

by  A.  J.  AVi'.vrr,  M.A.  Lond.  and  Camb.,  and  a  Glossary  by 

S.  J.  Evans,  M.A.  Lond.     2s.  6d. 

"The  notes  are  of  real  value." — Educational  Review. 

"  Quite  up  to  date.    The  Glossary  is  excellent."— Morning  Post. 

Chaucer. —Man  of  Lawes  Tale,  with  the  Prologue  to  the  Canter- 
bury Tales.  Edited  by  A.  J.  Wyatt,  M.A.  Lond.  and  Camb., 
with  a  Glossary  by  J.  Malins,  M.A.  Lond.    2s.  6d. 

Dryden.—  Essay  of  Dramatic  Poesy.     Edited  by  W.  H.  Low,  M.A. 

Lond.      Second  Edition.     3s.  6d. 

Goldsmith.— Poems.    Edited  by  Austin  Dobson.      2s.  6d. 
Langland. — Piers  Plowman.    Prologue  and  Passus  I. -VII.,  Text  B. 

Edited  by  J.  F.  Davis,  D.Lit.,  M.A.  Lond.     4s.  6d. 
Milton.—  Paradise  Regained.   Edited  by  A.  J.  Wyatt,  M.A.     2s.  6d. 

"The  notes  are  concise  and  to  the  point." — Cambridge  Review. 
Milton.-  Samson  Agonistes.    Edited  by  A.  J.  Wyatt,  M.A.    2s.  6d. 

"  A  capital  Introduction.    The  notes  arc  excellent."— Educational  Times. 

Milton.-  Sonnets.     Edited  by  W.  F.  Masom,  M.A.  Lond.     Is.  6d. 

Shakespeare. — With  Introduction  and  Notes,  by  Prof.  W.  J. 
ROLFK,  D.Litt.,  in  40  volumes.     2s.  each. 

A  descriptive  catalogue,  containing  Prof.  Rolfe's  Hints  to  Teachers 
and  Students  of  Shakespeare,  can  be  obtained  on  application. 

Merchant  of  Venice 
Tempest 
Midsummer     Night's 

Dream 
As  You  Like  It 
Much  Ado  About  Nothing 
Twelfth  Night 
Comedy  of  Errors 
Merry  Wives  of  Windsor 
Love's  Labour's  Lost 
T  wo  Gentlemen  of  Verona 
The  Taming  of  the  Shrew 
All' s  Well  that  Ends  Well 
Measure  for  Measure 

This  edition  is  recommended  by  Professor  Dowden,  Dr.  Abbott,  and  Dr.  Furnivall. 

Shakespeare. — Henry  VIII.    Edited  by  W.  H.  Low,  M.A.  Lond.   2s. 
Shelley.— Prometheus  Unbound.     Edited  by  V.  D.  Scudder,  M.A. 

3«.  6d.  -  . 

Spenser.— Faerie  Queene,    Book    I.      Edited    with    Introduction 

Notes,  and  Glossary,  by  W.  H.  Hill,  M.A.  Lond.     2s.  6<L 


Winter's  Tale 

Hamlet 

King  John 

King  Lear 

Richard  II. 

Cymbeline 

Henry  IV.     Part  I. 

Julius  Caesar 

Henry  IV.     Part  II. 

Coriolanus 

Henry  V. 

Antony  and  Cleopatra 

Henry  VI.     Part  I. 

Timon  of  Athens 

Henry  VI.     Part  II. 

Troilus  and  Cressida 

Henry  VI.     Part  III. 

Pericles 

Richard  III. 

The  Two  Noble  Kinsmen 

Henry  VIII. 

Titus  Andronicus 

Romeo  and  Juliet 

Venus  and  Adonis 

Macbeth 

Sonnets 

Othello 
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Ethics,  Manual  of.  By  J.  S.  Mackenzie,  M.A.,  Professor  of  Logic 
and  Philosophy  in  the  University  College  of  South  Wales  and 
Monmouthshire,  formerly  Fellow  of  Trinity  College,  Camhridge, 
Examiner  in  the  Universities  of  Cambridge  and  Aberdeen. 
Third  Edition,  revised,  enlarged,  and  partly  rewritten.     6s.  6d. 

"In  writing  this  book  Mr.  Mackenzie  has  produced  an  earnest  and  striking  con- 
tribution to  the  ethical  literature  of  the  time." — Mind. 

"This  excellent  manual." — International  Journal  of  Ethics. 

"  Mr.  Mackenzie  may  be  congratulated  on  having  presented  a  thoroughly  good 
andhelpful  guide  to  this  attractive,  yet  elusive  and  difficult,  subject." — Schoolmaster. 

"Mr.  Mackenzie's  book  is  as  nearly  perfect  as  it  could  be.  The  pupil  who 
masters  it  will  find  himself  equipped  with  a  sound  grasp  of  the  subject  such  as 
no  one  book  with  which  we  are  acquainted  has  hitherto  been  equal  to  supplying." — 
Literary  World. 

"Written  with  lucidity  and  an  obvious  mastery  of  the  whole  bearing  of  the  subject." 
— Standard, 

"  No  one  can  doubt  either  the  author's  talent  or  his  information.  The  ground  of 
ethical  science  is  covered  by  his  treatment  completely,  sensibly,  and  in  many 
respects  brilliantly." — Manchester  Guardian . 

Logic,  A  Manual  of.    By  J.  Welton,  M. A.  Lond.  and  Camb.    2  vols. 
Vol.  I.,  Second  Edition,  8s.  6d. ;  Vol.  II.,  6s.  6d. 

This  book  embraces  all  those  portions  of  the  subject  which  are 
usually  read,  and  renders  unnecessary  the  purchase  of  the  numerous 
books  hitherto  used.  The  relative  importance  of  the  sections  is 
denoted  by  variety  of  type,  and  a  minimum  course  of  reading  is  thus 
indicated. 

Vol.  I.  contains  the  whole  of  Deductive  Logic,  except  Fallacies, 
which  are  treated,  with  Inductive  Fallacies,  in  Vol.  II. 

"  A  clear  and  compendious  summary  of  the  views  of  various  thinkers  on  important 
and  doubtful  points." — Journal  of  Education. 

"A  very  good  book  .  .  .  not  likely  to  be  superseded  for  a  long  time  to  come." — 
Educational  Review. 

' '  Unusually  complete  and  reliable.  The  arrangement  of  divisions  and  subdivisions 
is  excellent." — Schoolmaster. 

"The  manual  may  be  safely  recommended*" — Educational  Times. 

Psychology,  A  Manual  of.  By  G-.  F.  Stout,  M.A.,  Fellow  of  St 
John's  College,  Cambridge,  Lecturer  on  Comparative  Psychology 
in  the  University  of  Aberdeen.    8s.  6d. ;  or  Two  Vols.,  4s.  6d.  each. 

"  It  is  unnecessary  to  speak  of  this  work  except  in  terms  of  praise.  There  is  a 
refreshing  absence  of  sketchiness  about  the  book,  and  a  clear  desire  manifested  to. 
help  the  student  in  the  subject." — Saturday  Review. 

"  The  book  is  a  model  of  lucid  argument,  copious  in  its  facts  and  will  be  invaluable 
to  students  of  what  is,  although  one  of  the  youngest,  perhaps  the  most  interesting 
of  the  sciences." — Critic. 

"The  student's  task  will  be  much  lightened  by  the  lucidity  of  the  style  and  the 
numerous  illustrative  facts,  which  together  make  the  book  highly  interesting." — 
literary  World. 
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Boohs  marked  (%)  are  in  the  Organized  Science  Series. 
Algebra,    A     Middle.      By     William    Beiggs,     M.A.,     LL.B., 
F.R.A.S.,  and  G.  H.  Beyan,  Sc.D.,  M.A.,  F.R.S.    Based  on  the 
Algebra  of  Radhakrishnan.     3s.  6d. 
Algebra,  Tbe  Tutorial.     By  the  same  Authors. 

Part   I.      ELEMENTAEY    COUESE.       In   preparation.       Part   IT. 
Advanced  Couese.    6s.  6d. 

"  Every  teacher  of  mathematics  should  possess  this  volume,  and  we  hope  that  the 
impulse  that  it  gives  "will  revolutionise  the  teaching  of  algebra." — Oxford  Magazine. 

"  All  the  theorems  usually  associated  with  advanced  algebra  are  here  given,  with 
proofs  of  remarkable  force  and  clearness."' — Schoolmaster. 

Astronomy,  Elementary  Mathematical.    By  C.  W.  0.  Baelow,  M.A., 

Lond.  and  Camb.,  B.Sc.  Lond.,  and  G.  H.  Beyan,  Sc.D.,  M.A., 

F.R.S.,  late  Fellow  of  St.  Peter's  College,  Cambridge.      Second 

Edition,  with  ANSWEES.     6s.  6d. 

"  Probably  within  the  limits  of  the  volume  no  better  description  of  the  methods  by 

which  the  marvellous  structure  of  scientific  astronomy  has  been  built  up  could  have 

been  given." — Athenamm. 

Book-keeping,  Practical  Lessons  in.  Adapted  to  the  requirements  of 
the  Civil  Service,  Society  of  Arts,  London  Chamber  of  Commerce, 
College  of  Preceptors,  Oxford  and  Cambridge  Locals,  etc.  With 
100  Exercises.  ByTHOMAsCnALiCEjACKSON,B.A.,LL.B.  3s.  6d. 

"  This  work  fully  maintains  the  high  level  of  excellence  we  have  noticed  in  other 
works  of  the  series." — Guardian. 

"The  book  is  an  excellent  one." — The  Accountant. 

"A  well  arranged  and  well  explained  treatise,  adapted  for  use  in  schools,  and  for 
commercial  and  other  candidates." — Educational  Times. 

Coordinate  Geometry:    The  Right  Line  and  Circle.      By  William 

Beiggs,  M.A.,  LL.B.,  F.R.A.S.,  and  G.  H.  Beyan,  Sc.D.,  M.A., 

F.R.S.     Third  Edition.     3s.  6d. 

"  It  is  thoroughly  sound  throughout,  and  indeed  deals  with  some  difficult  points 

with  a  clearness  and  accuracy  that  has  not,  we  believe,  been  surpassed." — Education. 

"Thoroughly  practical  and  helpful." — Schoolmaster. 

Dynamics,  The  Tutorial.  By  William  Beiggs,  M.A.,  F.C.S., 
F.R.A.S.,  and  G.  H.  Beyan,  Sc.D.,  M.A.,  F.R.S.     3s.  6d. 

"  This  volume  seems  in  every  way  most  suitable  for  the  use  of  beginners,  the 
initial  difficulties  being  fully  explained  and  abundantly  illustrated." — Journal  of 
Education. 

Euclid.— Books  I. -IV.     By  Rlteet  Deakin,  M.A.  Lond.  and  Oxon., 
Headmaster   of   Stourbridge   Grammar   School.      2s.  6d.       Also 
separately:  Books  I.,  II.,  Is. 
"  The  propositions  are  well  set  out,  and  useful  notes  are  added.    The  figures  and 
letterpress  are  both  well  printed." — Cambridge  Review. 

"The  teacher  of  Euclid  who  may  found  his  teaching  on  the  model  here  provided 
can  hardly  fail  of  success.  Great  care  has  been  bestowed  on  the  diagrams." — 
Schoolmaster. 

Geometry  of  Similar  Figures  and  the  Plane.  (Euclid  VI.  and  XL) 
With  numerous  Deductions  worked  and  unworked.  By  C.  W.  C. 
Bahlow,  M.A.,  B.Sc.,  and  G.  H.  Beyan,  Sc.D.,  F.R.S.   2s.  66, 
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/Ifoatbemattcs  ant)  flhecMnics -co?itmued. 

Hydrostatics,  An  Elementary  Text-Book  of.     By  William  Briggs, 
M.A.,   F.C.S.,   F.R.A.S.,  and  G.   H.   Bryan,   Sc.D.,   F.R.S. 
Second  Edition.     2s. 
"The  work  is  thoroughly  sound.     The  earlier  chapters  are  models  of  lucidity. 
The  hand  of  the  practical  teacher  is  manifest  throughout." — Educational  Review. 
"An  excellent  test-book." — Journal  of  Education. 

"  The  diagrams  and  illustrations  are  all  very  practical.  The  text  is  written  so  as 
to  give  a  clear  and  systematised  knowledge  of  the  subject." — Schoolmaster. 

^Mathematics,  Second  Stage.     Edited  by  William  Briggs,  M.A., 
LL.B.,  P.O.S.J  F.R.A.S.     3s.  6d. 

"Thoroughly  adequate  for  its  purpose." — Education. 

"We  commend  the  present  volume  for  its  clearness,  simplicity,  and  thoroughness. 
No  candidate  for  a  certnicate  in  this  subject  and  stage  should  be  without  a  copy." — 
Educational  iVcws. 

"To  students  preparing  for  the  second  stage,  it  will  be  useful  to  have  the  three 
subjects  so  fully  treated,  and  yet  within  the  limits  of  a  single  volume." — Journal  of 
Education . 

\ Mechanics,  Advanced.     By  Wm.  Briggs,  M.A.,  LL.B.,  F.R.A.S., 
and  G.  H.  Bryan,  Sc.D.,  F.R.S. 
Vol.  I.     Dynamics.    3s.  6d.        Vol.  II.    Statics.     Second 
Edition.     3s.  6d. 

Vols.  I.  and  II.  deal  respectively  with  those  portions  of  Dynamics  and  Statics 
which  are  required  for  the  Science  and  Art  Second  (Advanced)  Stage  Examination 
in  Theoretical  Mechanics. 

Mechanics,   An   Elementary   Text-Book  of.      By  the  same  authors. 

Second  Edition.     3s.  6d. 

"  From  whatever  point  of  view  regarded,  the  work  appears  to  us  to  merit  un- 
qualified recommendation." — Technical  World. 

"  It  is  a  good  book— clear,  concise,  and  accurate." — Journal  of  Education. 
"Affords  beginners  a  thorough  grounding  in  dynamics  and  statics." — Knowledge. 
"A  most  useful  and  helpful  manual." — Educational  Review. 

}  Mechanics  (of  Solids),  First  Stage.     By  F.  Rosenberg,  M.A.,  B.Sc. 
Second  Edition.     2s. 
"The  work  of  a  practical  teacher." — Educational  Review. 

Mechanics,  The  Preceptors'.   By  F.  Rosenberg,  M.A.,  B.Sc.    2s.  6d. 

"  The  general  style  of  the  book  is  eminently  calculated  to  teach  in  the  clearest 
manner  possible." — Electrical  Review. 

"The  book  possesses  all  the  usual  characteristics  and  good  qualities  of  its 
fellows." — Schoolmaster. 

"A  practical  book  for  this  subject.  It  will  be  found  exceedingly  useful." — 
Educational  Neics. 

{Mechanics  of  Fluids,  First  Stage.   By  G.  H.  Bryan,  Sc.D.,  F.R.S., 

and  F.  ROSENBERG,  M.A.,  B.Sc.     Second  Edition.     2s. 

"  The  book  seems  to  be  excellently  adapted  to  its  purpose,  and  to  cover  just  the 
right  amount  of  ground. "—Educational  Times. 

Mensuration  of  the  Simpler  Figures.  By  William  Briggs,  M.A., 
F.C.S.,  F.R.A.S.,  and  T.  W.  EDMONDSON,  M.A.  Camb.?  B.A- 
lyond.      Third  Edition.     2s.  6d. 
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/l&atbematics  anfc  Mechanics— continued. 

Mensuration  and   Spherical  Geometry:    Being  Mensuration  of  the 

Simpler  Figures  and  the  Geometrical  Properties  of  the  Sphere. 

Specially  intended  for   London   Inter.  Arts  and   Science.      By 

the  same  authors.     Third  Edition.     3s.  6d. 

"The  book  comes  from  the  hands  of  experts;  we  can  think  of  nothing  better 

qualified  to  enable  the  student  to  master  this  branch  of   the  syllabus,  and    to 

promote  a  correct  style  in  his  mathematical  manipulations." — Schoolmaster. 

Statics,  The  Tutorial.    By  William  Beiggs,  M.A.,  LL.B.,  F.K.A.S.. 
and  G.  H.  Beyan,  Sc.D.,  M.A.,  F.B.S.     3s.  6d. 

"This  is  a  welcome  addition  to  our  text-books  on  Statics.  The  treatment  is 
sound,  clear,  and  interesting,  and  in  several  cases  the  familiar  old  proofs  are  simpli- 
fied and  improved." — Journal  «f  Education. 

Trigonometry,  The  Preceptors'.   By  William  Beiggs,  M.A.,  LL.B., 
F.C.S.,  and  G.  H.  Beyan,  Sc.D.,  M.A.,  F.R.S.     2s.  6d. 

Trigonometry,  The  Tutorial.     By  William  Beiggs,  M.A.,  LL.B., 
F.R.A.S.,  and  G.  H.  Beyan,  Sc.D.,  M.A.,  F.R.S.     3s.  6d. 

"An  eminently  satisfactory  text-book,  which  might  well  be  substituted  as  an 
elementary  course  for  those  at  present  in  use." — Guardian. 

"  Good  as  the  works  of  these  authors  usually  are,  we  think  this  one  of  their  best." 
— Education. 

"An  excellent  text-book." — School  Guardian. 

"  The  book  is  very  thorough." — Schoolmaster. 

Trigonometry,  Synopsis  of  Elementary.    By  William  Beiggs,  M.A., 
LL.B.,  F.K.A.S.     Interleaved.     Is.  6d. 


Biology 


Botany,  Text-Book  of.     By  J.  M  Lowson,  M.A.,  B.Sc.     6s.  6d. 

"  It  represents  the  nearest  approach  to  the  ideal  botanical  text-book  that  has  yet 
been  produced." — Pharmaceutical  Journal. 
"  An  excellent  book." — Guardian. 
"A  workmanlike  and  well  graded  introduction  to  the  subject." — Scotsman. 

Zoology,  Text-Book  of.  By  H.  G.  Wells,  B.Sc.  Lond.,  F.Z.S., 
F.C.I*.  Enlargedand  Revised  by  A.  M.DAYIES,  B.Sc.  Lond.  6s.6d. 

"  The  information  appears  to  be  well  up  to  date.  Students  will  find  this  work 
of  the  greatest  service  to  them." — Westminster  Revieio. 

"This  book  is  a  distinct  success,  and  should  become  the  standard  work  for  the 
Loudon  Intermediate  Examinations.  It  is  carefully  written  throughout,  clear  and 
concise,  and  yet  is  extremely  interesting  reading." — Glasgow  Herald. 

(Seneral  )£lementan>  Science. 

General  Elementary  Science.  Edited  by  William  Beiggs,  M.A., 
LL.B.,  F.C.S.     Second  Edition.     3s.  6d. 

"  The  book  is  decidedly  above  the  average  of  this  class  of  work.  The  Mechanics 
is  sound,  and  the  experimental  part  of  the  Chemistry  is  decidedly  good."— 
Guardian. 

"  "We  can  confidently  recommend  this  book." — Journal  of  Education. 

"  Extremely  well  adapted  for  its  purpose." — Education. 

"  The  exposition  throughout  is  clear  and  concise,  and  the  book  is  thoroughly 
adapted  to  the  wants  of  the  student." — Aberdeen  Free  Press. 
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Cbemistr^ 


Rooks  marked  (X)  are  *n  ^ie  Organized  Science  Series. 

Analysis  of  a  Simple  Salt.      With  a  Selection  of  Model  Analyses, 

and  Tables  of  Analysis  (on  linen).     By  William  Briggs, 

M.A.,    LL.B.,    F.C.S.,    and  E.    W.    Stewart,    D.Sc.    Lond. 

Fourth  Edition.     2s.  6d.     TABLES  o  F  ANALYSIS  (separately) .     6d. 

"The  selection  of  model  analyses  is  an  excellent  feature." — Educational  Times. 

Chemistry,  The  Tutorial.     By  G.  H.  Bailey,  D.Sc.  Lond.,  Ph.D. 
Heidelberg,  Lecturer  in  Chemistry  at  Victoria  University.    Edited 
by  William  Briggs,  M.A.,  F.C.S. 
Part  I.,  Non-Metals.    3s.  6d.    Part  II.,  Metals.    3s.  6d. 

"  A  good  text-book.  The  treatment  is  thorough  and  clear,  and  the  experiments 
are  good  and  well  arranged." — School  Guardian. 

"  The  leading  truths  and  laws  of  chemistry  are  here  expounded  in  a  most  masterly 
manner;  made,  in  fact,  accessible  to  very  moderate  capacities." — Chemical  News. 

Carbon  Compounds,  An  Introduction  to.     By  E.   H.  Adie,   M.A., 

B.Sc.     2s.  6d. 
"The  subject-matter  of  elementary  organic  chemistry  is  sketched  in  both  an 
interesting  and  profitable  manner." — Guardian. 

Chemis  vy,  Synopsis  of  Non-Metallic.     With  an  Appendix  on  Calcu- 
lations.   By  William  Briggs,  M.A.,  LL.B.,  F.C.S.     New  and 

Revised  Edition.  Interleaved.     Is.  6d. 
"  Arranged  in  a  very  clear  and  handy  form." — Journal  of  Education. 

♦Chemistry,  First  Stage  Inorganic.   By  G-.  H.  Bailey,  D.Sc.    2s. 

"  This  book  is  clearly  written,  and  most  of  the  statements  are  illustrated  by  well- 
explained  and  described  experiments." — Educational  Review. 

•'  This  book  is  a  very  good  one.  The  illustrations  are  very  clear,  and  the  experi- 
ments to  be  done  are  well  chosen." — Education. 

"  It  is  an  admirable  book,  lucidly  written,  well  arranged,  and  illustrated.  All 
through,  instructions  for  practical  work  are  given." — Educational  Times. 

♦Chemistry,   First   Stage   Practical  Inorganic.       By  F.   Beddow, 
D.Sc,  Ph.D.     Is. 
"This  is  an  excellent  guide  for  the  beginner  in  practical  laboratory  work.    The 
instructions  are  very  clear." — Educational  Times. 

Chemistry,  Practical  Organic.     By  G-eorge  George,  F.C.S.     Is.  6d. 

"The  author  has  succeeded  in  producing  a  work  which  will  be  found  useful,  not 
only  to  the  examinee,  but  also  to  the  general  student  of  chemistry.  The  system 
upon  which  the  tests  are  arranged  is  sound  and  practical." — Electrical  Review. 

Chemical  Analysis,  Qualitative   and   Quantitative.     By    William 
Briggs,  M.A.,  LL.B.,  F.C.S.,  and  E.  W.  Stewart,  D.Sc.  Lond. 
3s.  Gd. 
"  The  instructions  are  clear  and  concise.      The  pupil  who  uses  this  book  ought  to 
obtain  an  intelligible  grasp  of  the  principles  of  analysis." — Nature. 
"The  matter  is  well  and  clearly  arranged." — School  Guardian. 
"  A  most  careful  and  reliable  compendium  of  inorganic  analysis.    The  book  has 
our  commendation." — Practical  Teacher. 

Metals  and  their  Compounds.   By  G.  H.  Bailey,  D.Sc,  Ph.D.  Is.  Gd. 
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Books  marked  (J)  are  in  the  Organized  Science  Series. 
By  R.  W.  Stewaet,  D.Sc.  Lond. 

Heat  and  Light,  Elementary  Text-Book  of.     Third  Edition.     3s.  6d. 
"  It  will  be  found  an  admirable  text-book."— Educational  News. 

Heat,  Elementary  Text-Book  of.     2s. 

JHeat,  Advanced.     (For  the  Advanced  Stage  of  the  Science  and  Art 
Department.)     Second  Edition.     3s.  6d. 
"The  statements  are  accurate,  tbe  style  clear,  and  the  subject-matter  up  to 
date ." — Education. 

Light,  Elementary  Text-Book  of.     2s. 

JMagnetism  and  Electricity,  Advanced.  (For  the  Advanced  Stage  of 
the  Science  and  Art  Department.)     3s.  6d. 

^Magnetism  and  Electricity,  First  Stage.  By  R.  H.  Jtjde,  M.A., 
D.Sc.     2s. 

"Asa  first  course  on  magnetism  and  electricity  the  book  should  prove  service- 
able."— Nature. 

"  We  heartily  welcome  this  book,  and  strongly  recommend  it  to  the  notice  of 
teachers." — School  Guardian. 

^Physiography,  First  Stage.     By  A.  M.  Davies,  B.Sc    2s. 

"  Simplicity  of  exposition  is  one  of  the  best  features  of  this  excellent  volume  on 
physiography,  which  will  be  found  thoroughly  suited  to  its  purpose." — Educational 
Times. 

JSound,  Light,  and  Heat,  First  Stage.  By  John  Don,  M.A.,  B.Sc.  2s. 

"  Mr.  Don's  volume  is  a  useful  addition  to  existing  books  on  the  subjects  of  which 
it  treats,  and  quite  worthy  of  the  series  to  which  it  belongs." — School  Guardian. 

Sound,  Elementary  Text-Book  of.    By  John  Don,  M.A.,  B.Sc.    Is.  6d. 

THE  TUTORIAL  PHYSICS. 

By  E.  Catchpool,  B.Sc.  Lond.,  First  Class  Honourman. 
Vol.      I.     Sound,  Text-Book  of.     Second  Edition.     3s.  6d. 

By  R.  W.  Stewart,  D.Sc.  Lond. 
Vol.    II.     Heat,  Text-Book  of.     Third  Edition.     3s.  6d. 

Vol.  III.     Light,  Text-Book  of.     Third  Edition.     3s.  6d. 

Vol.  IV.     Magnetism  &  Electricity,  Text-Book  of.  Third  Edition.  3s.  6d. 

"  The  author  writes  as  a  well-informed  teacher,  and  that  is  equivalent  to  saying 
that  he  writes  clearly  and  accurately.  There  are  numerous  books  on  acoustics,  but 
few  cover  exactly  the  same  ground  as  this,  or  are  more  suitable  introductions  to  a 
serious  study  of  the  subject." — Nature. 

"Clear,  concise,  well-arranged  and  well-illustrated,  and,  as  far  as  we  have  tested, 
accurate." — Journal  of  Education. 

"Distinguished  by  accurate  scientific  knowledge  and  lucid  explanations." — 
Educational  Times. 

"The  author  has  been  very  successful  in  making  portions  of  the  work  not 
ordinarily  regarded  as  elementary  appear  to  be  so  by  his  simple  exposition  of 
them. ' ' — Teach ers'  Monthly. 


Zbe  ®rgani3efc  Science  Series 

Adapted  to  the  Requirements  of  the  Science  and  Art  Department 

FOE  THE   ELEMENTARY  STAGE.     2s.  each  Vol. 

First  Stage  Mechanics  (Solids).    By  F.  Rosenberg,  M.A.,  B.Sc. 
First  Stage  Mechanics  of  Fluids.    By  G-.  H.  Bryan,  Sc  D.,  F.R.S., 

and  F.  Rosenberg.  M.A.,  B.Sc.      Second  Edition. 
First  Stage  Sound,  Light,  and  Heat.     By  John  Don,  M.A.,  B.Sc. 
First  Stage  Magnetism  and  Electricity.     By  R.  H.  Jude,  D.Sc. 
First  Stage  Inorganic  Chemistry  (Theoretical).  By  G.  H.  Bailey,  D.Sc. 
First  Stage  Physiography.     By  A.  M.  Davies,  B.Sc. 

First    Stage  Inorganic    Chemistry    (Practical).      By  F.   Beddow, 

Ph.D.,  D.Sc.     Is. 
Practical  Organic  Chemistry.     By  George  George,  F.C.S.     Is.  6d. 

FOR  THE   ADVANCED   STAGE.     3s.  6d.  each  Vol. 

Second  Stage  Mathematics.  Edited  by  William  Briggs,  M.A.,  F.C.S. 
Advanced  Mechanics  (Solids).    By  "William  Briggs,  M.A.,  F.C.S., 

F.R.A.S.,  and  G.   H.   Bryan,  Sc.D.,  M.A.,   F.R.S.      Part  I. 

Dynamics.    Part  II.    Statics. 
Advanced  Heat.     By  R.  W.  Stewart,  D.Sc.  Lond. 
Advanced  Magnetism  and  Electricity.     By  R.  W.  Stewart,  D.Sc. 
Advanced  Inorganic  Chemistry  (Theoretical) .  By  G.  H.  Bailey,  D.Sc. 
Practical  Organic  Chemistry.     By  Geohge  Gi<:orge,  F.C.S.     Is.  6d. 

The  following  are  in  preparation.  For  the  Elementary 
Stage— First  Stage  Mathematics,  First  Stage  Physiology,  First 
Stage  Botany,  First  Stage  Hygiene,  Section  One  Physiography.  For 
the  ADVANCED  STAGE — Advanced  Inorganic  Chemistry  (Practical). 
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Issued  every  Saturday.     Price  Id.,  by  Post  l^d. ;  Half-yearly 
Subscription,  3s. ;  Yearly  Subscription,  5s.  6d. 


Examination  HHrectouies, 

Matriculation  Directory,  with  Full  Answers  to  the  Examination 
Papers.  (No.  XXVII.  will  be  published  during  the  fortnight  following 
the  Examination  of  Jan.,  1900).  Nos.  VI.,  VII.,  IX.,  XI.— XXL 
XXIII.,  XXV.,  XXVI.     Is.  each.  net. 

Intermediate  Arts  Directory,  with  Full  Answers  to  the  Examination 
Papers  (except  in  Special  Subjects  for  the  Year).  Nos.  II.  (1889) 
to  VI.  (1893),  2s.  6d.  each,  net. 

Inter.  Science  and  Prelim.  Sci.  Directory,  with  Full  Answers  to  the 
Examination  Papers.     Nos.  I.  to  IV.  (1890-3),  2s.  6d.  each,  net. 

B.A.  Directory,  with  Full  Answers  to  the  Examination  Papers 
(except  in  Special  Subjects  for  the  Year.)  Nos.  I. — III.,  1889-91. 
2s.  6d.  each,  net.  No.  IV.,  1893  (with  Full  Answers  to  the  Papers 
in  Latin,  Greek,  and  Pure  Mathematics).     2s.  6d.  net. 
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